Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



._: •« If 




"^ 



600009059T 



f.i' 



3/. 



IX)NDON 

PRINTED UT THOMAS DATISOV, WIIITEFRIARS. 



PREFACE. 



Throughout the course of the eighteenth century, 
a period in which the philosophy of nature has achieved 
its highest triumphs, the science which treats of the 
phenomena of light and of the laws of vision seems to 
have been almost overlooked. From the era of New- 
ton's discoveries, for more than a hundred years, few 
important contributions were made to the knowledge 
of the physical properties of light; while the ma- 
thematical development of the laws of reflexion and 
refraction, and its application to the theory and con- 
struction of telescopes, engaged, as compared with the 
other mixed sciences, little notice. The names of Euler, 
indeed, and of Clairaut, of D'Alembert, and Boscovich, 
are to be found enrolled in the history of this depart- 
ment of science ; but owing to the painful and elaborate 
analysis which they have employed, and the compli- 
cated and inelegant character of the results which have 
in general arisen from its application, the researches 
of these writers, even where well directed, have been 
little known. 

At length, however, these important subjects have 
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begun to receive their merited share of attention. The 
discoveries of Young and Mains have opened a new and 
fertile field in experimental philosophy; nor have the 
labourers been unskilful or the harvest scanty. The 
beautiful and diversified phenomena of polarized light, 
whicli were developed during the researches that 
followed, have riveted the attention of the scientific 
world for the last twenty years ; and the singular con- 
nexions that have been found to subsist between these 
phenomena and the interna! structure of the bodies 
by whose action they are exhibited seem to promise 
a clue to some of the most mysterious recesses of the 
labyrinth of nature. Of late years, too, the mathe- 
matical branches of optics have received a fresh and 
vigorous impulse from the hands of some of the ablest 
analysts of this country ; and Science has pressed for- 
ward to lend her all-important aid to Art in the im- 
provement of those instruments which have extended 
the domain of sense, and borne the mind of man into 
those realms of space in which the imagination itself 
scarcely dares to wander. 

The following pages were commenced in the hope 
that they might prove in some degree instrumental in 
facilitating the approach to this interesting region of 
science. In their progress the author has had recourse 
to most of the sources from which he expected to de- 
rive information and assistance. Of these aids, how- 
ever, he has availed himself rather in pointing out the 
results, than in directing the steps by which they were 
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to be attained ; and it is hoped that any sacrifice which 
he may have been compelled to make in this respect, 
will be moie than compensated by the advantages at- 
tending uniform and analogous methods. 

Much benefit too, it is hoped, has arisen from the 
peculiar notation which has been adopted throughout 
the greater part of this volume. In this notation, which 
has been employed by Mr. Herschel in his valuable 
Essay on lAght^ the reciprocal of the focal distance is 
considered as a distinct variable, and denoted by a 
proper symbol. Nor is this function of importance 
merely as a subsidiary quantity, introduced for the 
purpose of facilitating analysis and giving symmetry 
to its results : it has a real and positive signification, 
being the measure of the degree of divergence or con- 
vergence of the pencil. The author has accordingly 
ventured upon the use of a new term, and designated 
it the vergeTicy of the pencil. 

The present volume is divided into three parts. The 
first of these contains the theory of simple or homo- 
geneous light, and its se veralmodifications indirect trans- 
mission, reflexion, or refraction. In the general theory 
of reflexion and refraction, as laid down in the fourth 
and seventh chapters of this part, surfaces of revo- 
lution alone have been considered, and the subject 
confined to the case in which the incident ray is in 
a plane passing through the axis. This case, which is 
in itself sufficiently comprehensive, and beyond which 



it is necessary to have recourse to the geometry of three 
dimensions, seems to present a natural resting-place iu 
the boundless field of investigation ; and it is accord- 
ingly the limit which the author has proposed to him- 
self in these pages as best suited to the purposes for 
which they were written. The reader who is pre- 
pared to grapple with the difficulties of the subject in 
its most comprehensive form is referred to the memoir 
of Professor Hamilton, entitled An Essay on the 
Theory of Systems of Hays, published in the Trans- 
actions of the Royal Irish Academy — one of the ablest 
efforts of analytical skill of which the present day can 
boast. Many of the most important cases, not in- 
cluded within the limit above mentioned, will also be 
found in Professor Airy's'paper On the Spherical Aber- 
ration of the Eye-pieces of Telescopes, published in 
the Transactions of the Cambridge Philosophical So- 
ciety, and in Mr. Coddington's late Treatise on the 
Reflexion and Refractioriof Light. 

The second part of this volume contains the theory 
of compound or solar light — the discoveries of Newton, 
DoUond, Blair, and Fraunliofer — the laws of the dis- 
persion of light by any combination of prisms or lenses, 
and the conditions of achromatism — and, finally, the 
explanation of the phenomena of the colours of natural 
bodies. 

The third part treats of the laws of vision — the 
human eye — and the various combinations of lenses or 
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specula by which it is aided in the perception of minute 
OF distant objects. In this part it has been the au- 
thor's aim to introduce the scientific reader to a know- 
ledge of the general theory of telescopes and micro- 
scopes, rather than to direct the artist in their con- 
struction ; and accordingly the subject, though some- 
what fully considered, has not been pursued into the 
details requisite to the latter purpose. The con- 
structions of some of the simpler optical instruments 
—such as the camera lucida, the camera obscura, the 
magic lantern, &c. — ^which do not strictly come under 
the head of assisted vision, are described in the 
earlier chapters of the work, whose principles they tend 
to illustrate. 

In the appendix the principles already laid down 
are applied to explain the laws of atmospheric re- 
fraction, and to account for some other phenomena — 
as rainbows, halos, &c. — connected with the atmosphere, 
and arising from the reflexion and refraction of Ught. 

Should these pages be found of service to those for 
whose use they are destined, it is the writer's hope 
that he may be enabled, at some future period, to com- 
plete the task which he has undertaken by the pub- 
lication of a second volume on physical optics. Of the 
future, however, he is compelled to speak vaguely. 
The laborious duties of the profession to which he be- 
longs may conspire with other causes, over which he 
has no control, to withhold him from again appearing 
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before the public ; and the delays of Yimous kinds^ 
which the present volume has had to experience in 
its progress through the presi^ bare deducted largely 
from the stock of self-reliance tfith which it was cofnn 
menced. 

Trinity Collboe^ 
Feb. 16, 1831. 
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OF SIMPLE OR HOMOGENEOUS LIGHT. 



INTRODUCTION. 

OF THE NATURE AND GENERAL PROPERTIES OF LIGHT. 

(1.) The physical nature of light, or the immediate cause of 
the sensation which we call light, has not been, as yet, satis- 
factorily determined. Notwithstanding our ignorance on this 
fundamental point, however, the information which we actually 
possess concerning light is of the utmost value ; by the idd of 
experiment and observation, philosophers have attained the 
knowledge of several of its leading properties ; and it is the 
province of optical science to unfold these general properties, 
and by means of them to exhibit and explain all the less obvious 
modifications which it undergoes. Thus the science of optics 
is built upon certain leading facts, established by experience, 
and independent of all hypothesis whatsoever; and accordingly, 
the conclusions to which it leads us remain unshaken, whatever 
opinion respecting the nature of light itself shall eventually be 
found to be the true one. 

(^.) Light cwmsts of separable and independent parts. 

This property, which is assumed in all our reasonings re* 
specting light, is readily established by familiar experience. 
Any portion of light may be intercepted by an opaque obstacle, 
and the rest allowed to pass ; and this latter part is never found 
to be affected in any way by its separation from that which is 
intercepted. 
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The smallest portion of light which we can thus intercept, 
or allow to pass, is called a ray, 

(3.) The direction of the rays of lights zchile they continue 
in the same medium*^ is always rectilinear. 

This may be familiarly exhibited by su£Pering a beam of the 
sun^s light to enter a dark room through a small aperture; the 
particles of dust or smoke, floating in the atmosphere of the 
room, reflect the light of the sun, and exhibit the form of the 
beam, which is always observed to be rectilinear, ^ly. It 
appears also from the fact, that it is impossible to see any object 
when an opaque body is interposed in the right line joining the 
object and the eye. Sdly, It is also proved by the shadows of 
bodies, which are always bounded by right lines. 

(4.) What has been hitherto said applies to light, in what- 
ever state it is found. Light, however, undergoes various mo- 
difications under different circumstances ; and these modifica- 
tions are found to be subject to general laws, which are therefore 
to be ranked amongst its leading properties. 

The modifications of light, with which we have to do at pre- 
sent, are chiefly three: 1. When propagated directly from 
some object which has in itself the power of exciting the sensa- 
tion of light in the eye : such bodies are termed luminous^ and 
the light proceeding from them is said to be direct or emitted. 
2. When meeting with any obstacle it is turned back into the 
medium from which it came : it is then said to be reflected. 
S. When it passes through the medium which it meets, bat 
bent into a different course : it is then said to be refracted. 

(5.) Light is propagated from luminotis bodies in aU direC" 
tionSf in straight lines. 

The former part of this proposition is evident from the cir- 
cumstance that luminous bodies are visible, whatever be the 
position of the eye, provided no body intervenes to intercept 
their light. The latter part of the proposition has been already 
established. 

This may be considered as the fundamental law of direct or 
emitted light. 

* Any space which light traverses, whether occupied by matter 
or not, is termed a medium. 
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(6.) When a ray of light falls upon the surface of any me- 
dium, and is there reflected, the portions of the ray, befcn'e 
and after the incidence on the medium, ai*e called the incident 
and reflected rays, respectively; and the angles, which they 
form with the perpendicular to the surface at the point of in- 
cidence, are called the angles of incidence and reJUwion. 

The angles of incidence and rejlexion are always in the 
same plane^ and eqtud. 

This is the fundamental law of reflected Ughty and may be 
exhibited by the following simple experiment: — Let a rectan. 
gular piece of wood or 
pasteboard be provided^ 
having its opposite sides 
bisected by the lines ab^ 
CD; and let it be im- 
mersed perpendicularly 
in water, as far as the 
line AB, and so placed 
that a small beam of the sun^s light, admitted through the 
shutter into a darkened room, may be incident at the point o, 
along the line eo. A portion of this ray will be observed to be 
turned back, or reflected^ along the line of, on the same surface; 
and the distances ce, cf, being measured, are found equal. 

Now, since the incident and reflected rays, eo, fo, together 
with the perpendicular to the reflecting surface, co, all lie in 
the plane of the board, it follows that the angles of incidence 
and reflexion are in the same plane. And since the distances 
ce, cf, are found equal, — co being common to the two tri- 
angles coe, cof, and the angles at c right, — it follows that the 
angles at o, or the angles of incidence and reflexion, are also 
equal. 

This experiment should be repeated at difierent altitudes of 
the sun, so as to give diflerent incidences. 

(7.) When a ray of light falls upon the surface of any me- 
dium, and is there refracted, the two portions of tthe ray, before 
and after incidence on the medium, are called the incident and 
refracted rays ; and the angles, which they make with the per- 
pendicular to the surface at the point of incidence, are called 
the angks of incidence and rtfraction^ respectively. 
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The angles of incidence and refraction lie always in the 
same plane, and their sines are to one another in an invariable 
ratio. 

This is the fundamental law of refracted light, and may be 
illustrated in the following manner : — All things being arranged 
as in the last experiment, it will be found, as before, that part 
of the incident light is turned back or reflected at the surface 
of the water ; part, however, will enter the water, and this por- 
tion, instead of proceeding directly forward in the line oe', is 
observed to be bent into the line of', on the same surface. 

Now, since the incident and refracted rays, eo, of', together 
with the perpendicular to the refracting surface, CD, all lie in 
the plane of the board, it follows that the angles of incidence 
and refraction are in the same plane. Also, if the distances 
CE, df', be measured, and thence eg, f'o, computed, it will be 

EC F D 

found that the fractions — , and -p, always bear to one another 

EO F'o "^ 

a constant ratio, whatever be the direction of the incident ray 

EO ; {. e. that the sines of the angles eoc, f'od, (which are the 

angles of incidence and refraction) are to one another in an 

invariable ratio. 

(8.) Lifflit is propagated, in free space, with a velocity of 
about 195,000 miles per second. 

That the propagation of light is not instantaneous, but pro- 
gressive, was first discovered by Roemer, while engaged in ob- 
serving the eclipses of Jupiter's satellites. He found that when 
Jupiter was in opposition, and therefore at a distance from the 
earth less tlian his mean distance by the radius of the earth's 
orbit, the eclipses happened about eight minutes earlier than 
they should according to the astronomical tables ; while, when 
Jupiter was in conjunction, and therefore farther than his mean 
distance by the radius of the earth's orbit, these eclipses hap- 
pened eight minutes later. Hence, supposing these difierences 
to arise from the progressive propagation of light, its velocity 
must be such that it shall traverse the diameter of the earth^s 
orbit in sixteen minutes nearly ; and therefore in a second it 
describes about 195,000 miles. 

The progressive propagation of light was afterwards most 
successfully applied by Bradley to explain the phenomenon of 
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the aberration of the fixed stars. From the theory of aberra- 
tion, thus explained, it appears that the velocity of the light of 
the fixed stars is to the velocity of the earth in its orbit as radius 
to the sine of the greatest aberration, which is about ^Oj-''. 
Now the value of the velocity of light, obtained in this way, 
agrees with that deduced from the eclipses of Jupiter^s satellites, 
within limits which may be fairly ascribed to the errors of ob- 
servation; the difference corresponding to a variation in the 
observed quantities, which is below the probable amount of 
such errors. Hence, these results, derived from sources so 
widely different, may be considered as completely confirming 
each other. 

From this we conclude, also, that the direct light of the fixed 
stars, and the reflected light of the satellites, proceed with the 
same velocity. 

(9.) Before we conclude this part of our subject, it may not 
be amiss to give a brief sketch of the two principal hypotheses, 
which have, in latter times, been held respecting the physical 
nature of light. 

The Cartesians held that light consisted in the utidulaiions 
or pulses of a highly elastic medium, which pervades all space, 
and to which the oscillatory motion is communicated by the 
impulse of some body, which is therefore called luminous ; in 
the same manner as sound is known to consist in the pulses of 
the air, which is set in vibration by the impulse of the sounding 
body. This elastic medium is conceived to be of such extreme 
tenuity, as to afford no appreciable resistance to the motions 
of the planets, comets, &c. It also penetrates all bodies, but is 
supposed to be of a different density and elasticity within them 
than when free and disengaged ; and it is on this difference in its 
state that the reflexions and refractions, which light undergoes 
in encountering such bodies, are made to depend. 

Newton, on the contrary, nMiintained that light is a ma- 
ferial substance^ the minute particles of which are projected or 
emitted from the luminous body, with a prodigious velocity, in 
all directions. These minute bodies are supposed to be acted 
on by attractive and repulsive forces, resident in the bodies 
which they meet, and thus to be turned out of their course 
according to the laws of reflexion and refraction. 
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The Newtonian hypothesis has been that generally received 
by philosophers since its publication by the great inventor. 
That of Des Cartes, however, has not been without ita sup- 
porters; the celebrated Huygens has deduced from it all the 
leading phenomena of light in his elegant treatise De la Lu- 
miere; and in the present day it has had two able supporters 
in M. Fresnel and the lamented Dr. Young. It is somewhat 
remarkable, that all the principal phenomena of li^t are de- 
ducible, by strict mathematical reasoning, from either suppoa- 
tion ; so that there does not appear, on a general view at least, 
to be any experimentum crucis, to which we can appeal, to 
establish the truth or falsehood of either*. 

(10.) The principal objection urged against the imduUstory 
hypothesis is that, according to it, light should not only be 
propagated in right lines, but in every direction, as is the case 
with sound ; so that there could be no shadow, no absence of 
light produced by the intervention of an obstacle. To this the 
supporters of the system reply, that this lateral propagation of 
the pulses of an elastic medium is less, the greater the veloci^ 
of the pulses, as that of sound is less than that of water, &c. ; 
so that they consider themselves justified in inferring, that when 
the velocity of propagation is so great as that of light, the 
lateral propagation must be insensible. 

Against the material hypothesis have been urged, 

1st, The waste of the luminous bodies, which would arise 
from emission, if light be a material substance ; and, 

2dly, The interference of the rays, and the consequent 
disturbance of vision, which would result from the meeting of 
the particles of light, flowing from innumerable luminous objects 
in every direction. 

In answer to the first of these ohgections, it is asserted, that 
the particles of light are of such extreme minuteness, that no 
sensible diminution could thence arise, in any finite space of 

* In the explanation of the law of refraction^ the undulatory 
hypothesis requires that the velocity of the light should be less in 
the denser medium than in the rarer; while, in the material system, 
the contrary must be the case. Could this fact be submitted to ex- 
perimeni^ we should immediately be enabled to decide the question. 
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time, in the magnitude of the luminous body. The second 
objection is entirely obviated by showing, that it is by no means 
necessary that the particles constituting a ray of light should 
be contiguous, nor therefore that the rays should interfere in 
crossing. It appears by experience, that the impression pro- 
duced by light on the retina continues about T" after the light 
has ceased to act, and in this time light describes more than 
22,000 miles ; wherefore, if the distance between any two par- 
ticles which compose a ray be not greater than this quantity, 
the sensation produced by them will be continuous. Accord- 
ingly, we may suppose a space of 22,000 miles to intervene 
between the particles composing a ray, a space &r more than 
sufficient to prevent interference. 

The Newtonian theory, however, is not without its difficulties. 
The nicest experiments have failed to exhibit any of the pro- 
perties of matter in light : the light of the sun has been con- 
densed into a focus by a powerful burning glass, and thus made 
to impinge upon a thin metallic leaf, carefully suspended in 
vacuo; and though the substance transmitted few or none of 
the incident rays, not the slightest motion could be detected. 
Further, the velocity of light itself — a velocity which would 
require an impulsive force inconceivably great to emit the par- 
ticles — seems to make against the material hypothesis* And, 
lastly, the uniforviiiy of this velocity — proceeding, as light 
does, from such various bodies as those composing the system 
of the universe, and situated at such various distances — seems 
hardly reconcileaUe to any system which makes that velocity 
depend upon an emissive force. 

On the whole, the question is still a doubtful one. fiut, 
whichsoever way it be decided, the truths of optical science re- 
main unmoved ; for these truths are the necessary consequences 
of the ^^ laws of optics," which, as has been already stated, are 
£icts derived from observation and experience, and independent 
of all hypothesis. Thus, the question respecting the nature 
of light, however interesting in itself, is, as far as relates to 
these conclusions, one of a nature merely speculative. 
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CHAPTER L 



OF DIRECT LIGHT. 



I. 

Of Hie Intensity of Direct Light at different Distances. 

(11.) When a medium transmits the whole of the light which 

is incident upon it, it is said to be perfectly transparent^ or 

free ; and, on the other hand, it is said to be imperfectly trans^ 

parentj when it transmits only a part of the incident light and 

intercepts the rest. 

(12.) In a free medium^ the intensity of the lights which is 
propagated in parallel rays^ is constant. 

This is evident: for, in a free medium, there is no obstacle 
whatever to the progress of the light; and the rays, being 
parallel, always preserve the same mutual distance. 

(13.) In a free meditim^ the intensity of the light, which is 
propagated in rays diverging from a point, varies inversely 
as tlie sqiuzre of the distance from that point. 

For if we conceive several concentric spherical surfaces, 
having the given point as their common centre, severally to 
receive the light diverging from that point ; it is evident that 
the w1u)le quantity of light, incident on each of these surfaces, 
must be the same ; and, accordingly, the intensity of the light 
on each will be inversely as the space over which it is diffused, 
{. e. inversely as the surfaces themselves, or the squares of their 
radii, which are the distances from the radiating point. Where- 
fore, if A be taken to represent the intensity of the light at the 
unit of distance, that at any other distance, ^, will be repre- 
sented by the fraction 

A 
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(14.) The intensities of two luminous points being given, it 
is required to determine, in the line connecting them^ the point 
of equal illumination. 

Let m and n be taken to represent the intensities of the two 
lights at the unit of distance ; also^ let a denote the interval 
between them, and x the distance of the required point from 
the light m. Now, the intensities of the two lights at this point 

are — and . __ v^ respectively; wherefore, by the conditions 
of the question, there is 

x^ (a — x)^ X a — X 

from which we get the twofold value of jr, 

a >/m 
X = --, 

from which it appears that there are two points, in the line 
joining the two lights, at which their illuminations are equal. 

When m = w, or the two lights of equal intensity, one of the 
values of ^ becomes infinite, and the other is reduced to \a\ 
showing that, in this case, the point of equal illumination is in 
the middle of the line joining the two lights, or infinitely distant 
from both. 

(16.) The intensities of two luminous points being given, it 
is required to determine the equation of the surface, every 
point of which is equally illuminated by the two lights. 

m and n denoting the intensities of the two lights (as before), 

and a the interval between them, let the joining line be taken 

as the axis of dbsAsscB^ and one of its extremities as the origin ; 

then, at any point whose co-ordinates are a?, y, Zy the intensity 

of the light proceeding from the two points will be, respectively, 

m . n 

and 



^'^ + «/* -1- «* (a — a?)2 + «/« + «2' 

therefore, equating these values, and reducing, we have for the 
equation of the required surface, 

9mia m 



^ n — m n -- m 



ma 



and if we transform this equation, by making x = x' 9 

it becomes 
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"^ (n — «)«' 
the equation of a sphere, whose radius = . a. 

The centre of this sphere is at the origin of the transformed 
co-ordinates ; it lies, therefore, on the line joining the luminous 

points, and at a distance from the former, = . 

* w — w 

If we seek the intersections of this sphere with the line 

joining the two points, by making y = 0, » = 0, we find, as 

before, 

When m = w, or the intensities of the two lights equal, 
the radius of the sphere becomes infinite, as does also the ab- 
scissa of the centre ; indicating that the sphere becomes, in this 
case, a plane. In fact, the former of the equations, which we 
obtained above, becomes in this case 2j; = a ; indicating a plane 
perpendicular to the joining line, and cutting it at its middle 
point. 

(16.) If, now, the light diverging from the luminous point 
be received upon any object, the degree of illumination of each 
point of this object will be, ccet. par., proportional to the 
quantity of light incident on the unit of surface. If then the 
form of the object be a spherical surface, whose centre is the 
luminous point, as every portion of that surface is perpendicular 
to the incident light and equidistant from the luminary, the 
quantity of light incident upon the unit of surface will be the 
same throughout the whole extent of the object, and equal to 

A 

-r^, I being the radius of the spherical surface^ or the distance of 

the object. Hence, if ^ be a constant quantity, whose magni- 
tude is dependent on the nature of the object, the degree of 
illumination is represented by 

^ • 

The same formula will also represent the degree of illumina- 
tion of a small plane object, placed so as to receive the incident 



INTENSITY OF LIGHT. 11 

light perpendicularly ; since such an object may, without error, 
be considered as a portion of a spherical surface concentric with 
the luminary. 

If the illuminated object be a small plane surface inclined to 
the incident light, the quantity of light incident upon the unit 
of surface will be diminished in the proportion of radius to the 
sine of the inclination of the surface to the line connecting it 
with the luminous object. Hence, if 6 be taken to denote this 
angle^ the degree of illumination in this case is represented by 

Af.sin.d 

¥~' 

When the magnitude of the illuminated object is not incon- 
siderable, the angle of inclination and the distance both vary, 
and the degree of illumination will vary throughout the extent 
of the object, according to the formula just given. 

(17.) A small white surface being placed horizontally upon 
a table, and illuminated by a lamp or candle, placed at a given 
horizontal distance, a, required the height of the flame which 

will give the greatest possible illumination. 

a 

Taking as the variable, there is 3 = -, and the degree 

of illumination is equal to 



a« 



. sm. 6. cos.^ 6. 



Wherefore, making sin. B cos.^ 6 a maximum, we find 

cos.«6- 2sin.2 6 = 0, 
or tan.«6 = 4^. 
Now, if h denote the height of the flame, h = a tan. ; where- 
fore, in the case of greatest illumination, 

(18.) The eye aflbrds no direct means of measuring the in- 
tensity of any light, or of estimating the relative strength of 
different lights compared together ; for, though capable at once 
of discerning a difference in the intensities of two unequal 
lights, presented to it at the same time, it is wholly unable to 
determine their comparative strength. And again, one and the 
same degree of light will affect the eye, at different times, with 
widely different impressions, dependent on the state of sensi- 
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bility of the organ, which is continually changing. By the aid 
of that power which we possess, however, namely, of detecting 
a difference^ when it exists, in the intensities of two lights pre- 
sented together, we are enabled, indirectly, to compare the 
relative intensities of any two lights. 

Let two pieces of white paper, of the same size and material, 
and placed close together, be illuminated each by one of the 
two lights whose intensities we would compare, the light being 
made to fall on them perpendicularly. Then, one of the lights 
being shifted backwards and forwards, until there is no longer 
any sensible difference in the degree of illumination of the two 
objects, the intensities of the two lights will be obviously as the 
squares of their respective distances from the objects illuminated. 

If the lights to be measured be not readily moveable, the 
equalization may be effected by inclining the illuminated objects 
at various angles to the incident light, and noting the angles 
when the illuminations are equal; the intensities of the two 
lights, then, will be as the squares of the distances directly and 
inversely as the sines of the angles of inclination. 

(19.) A very convenient method of employing the principle 
described in the last article was suggested by Count Rumford. 
It consists in equalizing the shadows cast by the two lights to 
be compared on a screen or surface prepared to receive them. 
The shadow cast by each light, in this case, is illuminated by 
the other, and the rest of the screen by both lights together ; 
if, then, the shadows be of equal intensity, the illuminations of 
the two lights must be so too, and the intensities of the lights 
themselves, therefore, as the squares of their distances from the 

screen. 

(20.) Mr. Ritchie's photometer is also founded on the same 
principle. It consists of a rectangular box, abcd, open at the 
opposite sides, ac, bd. In 
the centre of the top of the 
box is a narrow slit, mn^ 
covered with oiled paper; 
and within are fixed two 
rectangular pieces of plane looking-glass, ef and eg, with their 
reflecting surfaces turned outwards, inclined to the top, each at 
an angle of 45% and meeting in e, the middle of the slit •, where 
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also is fixed a strip of blackened card, to prevent the lights 
reflected from the two glasses from intermingling. 

In using this instrument, the box is to be placed between the 
two lights to be compared, so that the light of each shall fall 
on the reflector next to it, and then moved towards one or other 
of the lights, until the paper mn appears equally illuminated 
on both sides of the division e. The intensities of the two 
lights then, it is evident, are as the squares of their distances 
from the centre of the box. 

(21.) We now proceed to consider the variation of the in- 
tensity of light in passing through a medium of imperfect 
trcmsparency. 

First, then, when the light is propagated in parallel rays : let 
A denote the absolute intensity of the light, or the whole number 
of rays, at its entrance into the medium ; and a the ratio which 
the transmitted part bears to the whole, after passing through 
a unit of thickness ; then Aa is the portion transmitted through 
the first unit ; and, since a is a constant quantity whose magni- 
tude is independent of the quantity of the incident light, the 
portion transmitted through the second unit of thickness will 
be Aa^ ; that transmitted through three such units, Aa^ ; and, 
finally, the portion transmitted through any thickness, denoted 
by 6, will be 

Aa^, 
in which a is a quantity less than unit, whose value depends 
upon the nature of the medium. 

Hence it appears, that as the thickness increases in arith- 
metical progression, the intensity of the transmitted light, which 
is propagated in parallel rays, is diminished in geometric pro- 
gression. 

From this it follows that the transmitted light can never be 
wholly extinguished by a medium of any finite thickness ; for, 
however small the quantity a be, the quantity Aaf can never 
vanish for any finite value of 6, however great. When, how- 
ever, the fraction a is small, its power, a^, becomes so very small 
for a moderate value of the thickness 6, that the quantity of the 
transmitted light, Aa^, may be regarded as wholly insensible. 

(22.) This is the principle of the ludgrade^ an instrument 
invented by Franfois Marie, for the purpose of comparing the 
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intensities of two lights together. The instrument consists 
merely of a number of glass plates, homogeneous and of equal 
thickness, placed together. Each light is observed through 
these plates, and plate after plate is added until it ceases to be 
visible ; the ratio of the intensities is then determined by the 
number of the plates. For, let a and a' be the absolute in- 
tensities of the two lights, a the ratio which the transmitted 
portion bears to the whole after passing through a single plate, 
n and n' the number of plates added, in each case, until the 
light ceases to be visible. Then it is evident that the portions 
of the two lights which reach the eye under these circumstances 
are, respectively, Aa* and A'a"'. Now these, being eadi reduced 
to the limit of sensible light, are equal ; we have, therefore, 

Aa* = A'a*'; whence, — ;= a*'""*. 

a' 

(S3.) When the light, diverging from a .luminous point, is 
incident upon an imperfectly transparent medium, the law of 
the variation of its intensity is somewhat more complicated. 
Let d be the distance of the luminous point from the surface of 
the medium, which we shall suppose to be a portion of a 
spherical surface whose centre is the luminary ; then, if a de- 
note the intensity of the light at the unit of distance, at its 

incidence upon the surface of the medium its intensity is --::^. 

Now, to obtain the intensity of the light after passing through 
a unit of the thickness of this medium, we must multiply this 
fraction by a (21), and substitute 6 + 1 for 3, so that it is 

-^ ; similarly, the intensity of the light after passmg 

Aa^ 

through two such units will be t v , ^vo > and generally, it is 

\0 + iC) 

expressed by 

Aa^ 

(d + ey 

denoting the number of units of thickness of the medium 
iivfaich it traverses. 

When the medium, through which the light is transmitted, 
IB of a highly transparent nature, a is nearly equal to unit, and 
te fowers decrease very slowly; in this case, therefore, the 
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variation of the intensity will depend chiefly on the denomi- 
nator of the fraction. On the contrary, when the medium 
stops a considerable portion of the light, the thickness through 
which any sensible portion of light is transmitted is inconsider- 
able ; d therefore may be neglected in comparison with ^, and 
the intensity is expressed by 

A'o6^, 

in which a' = -r^ = intensity of light at its incidence on the 
medium of imperfect transparency. 



II. 

Of Shadow and Penujnbra. 

(24.) We have hitherto considered light as proceeding in a 
medium, which affords either no obstruction whatever to its 
passage, or else produces a gi'adiud diminution in its intensity. 
We are now to consider it as meeting with some obstacle which 
perfectly debars its progress; and to examine the total and 
partial absence of light thence arising. 

To simplify the subject, we shall at first consider the lu- 
minous object, as well as the body which obstructs the passage 
of the light, as circular, and their planes perpendicular to the 
line joining their centres. Then ab, being the diameter of the 
luminous object, and a/3 that of the obstacle, let the lines Aa, 
B/3, be drawn touching them externally, and AjS, Ba, touching 
internally. Then it is evident that the space aO/3, contained 
by the external tangents, is perfect shadow ; while in the an- 
gular spaces oaa', OjS/3', contained between the external and 
internal tangents, the light is but partially excluded, gradually 
diminishing from the internal to the external tangent; this 
space is called the penumbra^ or partial shadow. 

(25.) Let it be required to determine the heights of the 
conical shadow and penumbra, measured from the centre of 
the obstacle. 
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If the line aD be drawn parallel to the axis of the cones co, 
on account of the similarity of the triangles AaD, ao/^ there is 

— = — ; or, denoting by r and r' the semidiameters of the 
aD o/ o J 

luminary and obstacle, the distance between them by d, and 
the heights of the conical shadow and penumbra by h and h\ 

r — fJ r' , _ b.r' 

1- = T' ^^'^""^ * = 7:.-7- 

Again, by reason of the similar triangles Ban, ao'y, — = ^. 
that is, 

— r — = ttj whence n! = r. 

(26.) These results may be expressed under a different form ; 
for, if the semiangles of the conical shadow and penumbra be 
denoted by s and J, then is 

-J- = tan. f, -7^ = tan. « . 

And again, if B denote the apparent semidiameter of the lu- 
minous object, as seen from the centre of the obstaclci O' that 
of obstacle as seen from luminary, there is 

— = tan. 6, -r- = tan. 6^; 
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if then these values be substituted in the equations of the pre- 
ceding article, we obtain 

tan. g = tan. 6 — tan. 0', tan. g' = tan. 6 + tan. &, 

equations which determine the angles of the conical shadow and 
penumbra, and therefore also their heights measured from the 
obstacle. 

If these equations be added together, we find 

tan. g -h tan. g' = 2 tan. 6, 

from which it appears that the tangent of the apparent semi- 
diameter of the luminary is an arithmetical mean between the 
tangents of the semiangles of the two cones. 

(27.) When the luminous object is infinitely distant^ as in 
the case of the sun and moon, 0^ = 0, and therefore 

g = g' = e. 

Also, the angle of the penumbra, a'ao, which is equal to g -f g*, 
in this case becomes 26. Hence, the angles formed by the 
lines bounding the shadow and penumbra, respectively, as well 
as the angular space occupied by the penumbra alone, are all 
equal to 20, the apparent diameter of the luminary. 

In the case of the sun and moon, however, since 20 is only 
about SCy, the penumbra, as well as the diminution of the 
shadow arising from the convergence, will be hardly perceptible, 
unless the screen which receives it be at a considerable distance 
from the obstacle. 

Also, since A = r'. cot. g, h' = r'. cot. g', the heights of the 
conical shadow and penumbra, when the luminary is infinitely 
distant, are 

fe = A' = r'. cot. 0. 

(28.) A screen being placed to receive the shadow, it is re- 
quired to find the breadth of the shadow and penumbra, at 
any distance from the obstacle. 

mnp being the screen, whose plane is perpendicular to the 
axis of the shadow, let ww, the breadth of the perfect shadow, 
be denoted by 6, mp, the breadth including penumbra, by i'; 
and let wy, the distance of the screen from the obstacle, be x. 
Then, on account of the similar triangles a/o, wmo, there is 

c 
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ya O 



-^; whence 

» = <' - f )• 




»ip 7a 



Likewise, in the similar triangles, ayo', />mo', there is -=^ = ^ 



or 



y 



A' + or ~ A' 



= -7^; whence 



y=/(i+0 



To find the breadth occupied by the penumbra alone, we 
have only to subtract the former of these expressions from the 

latter, and we find ^ — 6 = ^^( ^ + ^\ 

wt — + -77 = tan. 8 + tan. g' = 2 tan. 6, hence there is 

y — 6 = artan.6; 

^fjlttdh it appears that the breadth of the penumbra is 

_ bidfipeiKlent of the magnitude of the obstacle, and 

lib iritti the apparent diameter of the luminary and 

4i ^ floreen from the obstacle — ^being equal to a 

1^ ^ ^Mftraoe of the screen from the obstacle. 
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subtends an angle equal to the apparent diameter of the lu- 
minous object. 

(29.) It appears from the values of A an(f A', given (25.), 
that the latter is always positive; while the former is positive, 
negative, or infinite, according as r is greater, less, or equal to 
f^. It follows therefore, from the values of b and U^ given in 
the preceding article, that b\ the breadth of the entire shadow, 
always increases as the distance of the screen increases. When 
r >7'j 6, the breadth of the perfect shadow, diminishes until 
a; = A, when it vanishes altogether; when r Kt'y b always in- 
creases with the distance ; and, finally, when r = r', 6 is invari- 
able at all distances from the obstacle, being equal to /, the 
semidiameter of the obstacle. The breadth of the penumbra, 
ff — 5, always increases with the distance of the screen. 

(30.) What has been above established may be applied to 
the case in which the figures of the luminous object and obstacle 
are not circles, but any figures whatever, symmetrical with 
respect to a point ; for we have only to consider the lines ab, 
aj3, as the intersections of any plane, passing through these 
points, with the plane of the two figures, and we shall thus 
have the properties of the section of the shadow and penumbra 
in that plane. It is obvious, however, that the lines bounding 
the shadow and penumbra will intersect all in the same point, 
only when the figures of the obstacle and luminous object, 
projected on planes perpendicular to the line joining their 
centres, are similar. 

(31.) When the distance of the luminous object may be re- 
garded as infinite, the shadow, projected on a screen parallel 
to and very near the obstacle, will be a figure similar to the 
obstacle; while, if the screen be removed to a considerable 
distance, the shadow will be similar to the luminous object. 
This will readily appear from the value of V^ which in this 
case becomes 

fi' = r' + a?.y; 

for, when x is very small, b' = /, j./?.? and therefore the figure 
of the shadow is, as to sense, similar and equal to that of the 

obstacle. But, when x is very considerable, V := x. — nearly, 

c2 
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and is therefore proportional to r, the semidiameter of the 
section of the lupiinary. 

Hence is seen the reason why the shadows of bodies, pro- 
jected by the sun's lights are circular when received on a screen 
at a sufficient distance. 

(SS.) It will be readily seen that what has been established 
relatively to light, a part of which is intercepted by an obstacle, 
will hold true also of light, part of which is suffered to pass 
through an aperture. We have only to substitute perfect light 
for perfect shadow, and to reverse the order of the decrease of 
light in the penumbra. 
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CHAPTER II. 



OF LIGHT REFLECTED AT PLANE SURFACES. 



I. 

Of a Single Pencil of Rays reflected at Plane Surfaces. 

(33.) The angle of incidence is the angle contained between 
the incident ray and the perpendicular to the surface at the 
point of incidence. 

The angle of reflexion is the angle contained by the reflected 
ray with the same line. 

The angle of deviation is the angle contained by the re- 
flected ray with the incident ray produced. 

(34.) It has been already shown that the angles of inddence 
and reflexion are in the same plane, and equal. As this law, 
however, is the foundation of the whole theory of reflected 
light, and as the method above given is suited to serve the 
purposes of illustration, rather than those of accurate demon- 
stration, it will not be amiss to show how the equality of the 
angles of incidence and reflexion may be more strictly esta- 
blished. 

Let MN be any plane reflecting surface, placed horizontally. 

This position will be assumed by the surface itself, if it be 
fluid ; if not, this position can readily be ^ven to it by means 
of the spirit level. Let si be a ray of hght coming from some 
remote object, as the sun, and incident upon the surface at i ; 
and let it be reflected in the direction lo. Now, let o, the 
centre of a small graduated circle, be placed somewhere in the 
line ID ; and os', oh, being conceived drawn in the direction of 
the object and the horizon, let the angles s'oi and s'oh, the 



S3 



HOMOGENEOUS LIGHT. 



angular distances of the object from its reflected image, and 
from the horizon, respectively, be measured. It will be found 
that the former of these angles is always double the latter. 



/•s' 




Now, the object being very remote, s'o may be considered 
as parallel to si ; also, oh is parallel to mn. Wherefore, if B 
and ff denote the angles which the incident and reflected rays 
make with the surface, there is s'oh = sin = 6, hoi = oim = ff, 
and therefore s'oi = d + Gf ; now s'oi is double s'oh, or 
6 4- 0' = 2d, wherefore ff = d; and the angles of incidence 
and reflexion are equal. 

(35.) If a ray of light meet a second reflecting surface, in- 
clined to the first at any angle, it is required to determine its 
direction after any number of reflexions. 

We shall limit ourselves to the case in which the reflexion 
takes place in a plane perpendicular to the two reflecting sur- 
faces. Let OP, oa, be the intersection of the two surfaces with 




such a plane, and abcde the course of the ray after any number 
of reflexions. Then, if s denote the inclination of the two 
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mirrors ; d„ 63, 6„ &c. the angles formed by the ray with the 
surface at the 1st, 2dy 3d incidence, &c. ; there is 

PCB = o + QBC = o + ABQ, that is, 6j = 61 + f. 
In like manner we find 6, = d, -f g, &c. So that there is the 
following series of equations : 

0, - e, = 8 



^n+1 — ^n = « 



and, adding, there is 

^n+l "- ^1 = w«» 

When n is an even number, the angles 0„^i and 6^ are con- 
tained with the same surface ; but the difference of the angles 
formed by two right lines with the same surface is evidently 
equal to the angle contained by the lines themselves ; therefore 
the angle contained by the ori^nal ray, and that after n re- 
flexions — or the total deviation — is equal to ns, n times the 
inclination of the mirrors. 

When the ray suffers one reflexion at each mirror, the angle 
contained between the direct and the doubly reflected ray is 
double the inclination of the mirrors. This is the principle of 
Hadley^s sextant, an instrument to be described hereafter. 

(36.) From the formula of the last article it appears that 
the value of 6„+i is increasing at each reflexion by g, the in- 

clination of the mirrors. When 6^ + w« = — , that is, if the 

first angle of incidence, -^ — 0„ be equal to ws, any multiple of 

tj then 6„+i = •^, or the ray after n refle2dons will be per- 
pendicular to one of the mirrors, and therefore return back 
exactly in the same course. When this is not the case, it is 
evident that some value of n will render O^^.^ = 6,-1- wg, greater 

than — ; in which case the ray, after going up the angle, will 

return back, but in a different course. Finally, when 6„+i is 
either equal to, or greater than ^, the reflexion ceases ; for the 
ray becomes either parallel to one of the mirrors, or meets it 
when produced backwards. 
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If the inclination of the mirrors be a submultiple of four right 
angles, i. e. if ne = Scr, then O^^.^ = 2t + 6, ; i. e. the ray after 
n reflexions will form with the surface the same angle as at 
first. 

(37) We now proceed to consider the reflexion o£ several 
rays, composing what is called in optics a pencil. 

Any number of rays proceeding from, or tending to, a point, 
is called a pencil of rays. 

When that point is infinitely distant, the rays constituting 
the pencil are parallel. In all other cases they are said to 
diverge or converge^ according as they proceed from, or tend 
to, the common point. 

The point from which the rays proceed, or to which they 
tend, is called the ^bci^ of the pencil ; and the line drawn from 
this point, perpendicular to the reflecting or refracting surface, 
is called the axis of the pencil. 

The focus of the incident pencil is sometimes called the 
radiant ; and the focus of the reflected or refracted pencil, its 
conjugate. 

These Jbci are said to be real, when the rays actually meet 
there ; imaginary, or virttcal^ when they meet only when pro- 
duced. 

(38.) If a pencil of parallel rays be reflected at a plane sur- 
face, the reflected rays are also parallel. 

For, since the incident rays are parallel, as also the perpen- 
diculars to the surface at the points of incidence, the planes of 
reflexion must be parallel, and the angles of incidence equal. 
But the angles of reflexion are equal to the angles of incidence, 
and therefore equal to each other. Hence, as the reflected rays 
lie in parallel planes, and contain equal angles with parallel 
lines, namely, the perpendiculars to the reflecting surface, they 
must be parallel. 

Hence, all that has been said above, respecting the direction 
of a single ray after any number of reflexions, may be also 
applied to a pencil of parallel rays. 

(39.) If a pencil of rays, diverging from a point, be reflected 
at a plane surface, the foci of the incident and reflected rays 
will be equally distant from the surface, at opposite sides. 

For, let QU be any ray proceeding from the point o,, the 
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focus of thie incident pencil, and let it he reflected in the direc- 
tion ss. Again, let qo be a perpendicular from the point o, on 
the reflecting surface 
OR, and let it be pro- 
duced to meet the 
reflected ray, pro- 
duced backwards, at 
g. Then, since the 
incident and reflected 
rays make equal 
angles with the sur- 
face, QRO = srr' = 
gRO ; also ro is com- 
mon to the two tri- 
angles, and the angles 
at o are right. Hence 50 = qo. In the same manner, it will 
appear that any other reflected ray, r's', produced backwards, 
will meet the perpendicular qo in the same point g. That 
point is therefore the focus of the reflected pencil, and is, as 
has been proved, at the same distance behind the surface, as 
the point q is before it. 

(40.) A radiant point being situated between two parallel 
plane reflecting surfaces, required the foci of the reflected rays. 










.4.. 



f/ 



? 






Through the point q, the focus of incident rays, let the line 
AQB be drawn perpendicular to both surfaces, and produced 
indefinitely. Then taking a^ = aq, q' will be the focus of 
rays after reflexion by first surface. But these reflected rays 
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will become inddent on the second surface, diverging from €f. 
If, therefore, we take By" = bj', 5" will be the focus of the 
rays after a second reflexion, and so forth. Again, the rays 
diverging from q, and incident on the second surface, will have 
a conjugate focus in q^\ the rays diverging from this, and inci- 
dent on first surface, have a conjugate focus in q^ hq^ being 
equal Aq^^ &c. &c. Thus there are an infinite number of foci, 
all arranged on the line ab, and becoming more and more 
distant after each reflexion. 

The distance o^, ojfy &c. are readily calculated. 

For, making oa = a, qb = &, and ab = a + 6 = c, there is 

Qg^ = ^AQ = 2a, 

Qjf = BQ -I- Bj/ =: Qgr' + gfiQ = 2a + 26 = 2c, 
Q,f = AQ + A?" = og^' + 2aq = 2c + 2a, 

og'^'' = 2c + 2a + 26 = 4c, &c 8U5. 

In like manner we find 

Q<^, = 26, Qq^^ = 2c, ilq^^^ = 2c + 26, nq^^^ = 4c, &c. 
(41.) A radiant point being situated between two plane re- 
flecting surfaces, inclined to one another at any angle, required 
the position and number of the foci of reflected rays* 

oa and ob being the 
sections of the two sur- 
faces by a plane per- 
pendicular to both, and 
passing through a, the 
f(KU8 of incident rays, 
lot tlic perpendicular ac 
be let fall from this point 
on OA, one of the sur- 
faces, and produced till 
q\\ =: uc, (( will be the 
focus after the first re- 
flexion. Again, letting 
fall llie perpendicular (/gf" 
fn)m y' upon ob, and producing it equally to y*', y'' will be the 
focui of the rays after a second reflexion, &c. In like manner 
wo find another series of foci, q^^ qi,f q^y &c. of which the first 
IM pnKluccd by reflexion at the second surface. 

Now, in the triangles qoc, t'oc, since ifc and dc are equal, 
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oc common, and the angles at c right, o^ = oa; in the same 
manner oy" zn oq' =. oq. Therefore the foci all lie on the 
circumference of a circle, whose centre is the intersection of the 
sections of the mirrors, and radius the distance of the radiant 
point from the same. 

To determine the places of the foci, let the arc q,a be 9, 
QB = ffj and AB = 6 -f 6' = f. 

Thenay' =2qa = 20. 

q/ = Ba + B^' = Qj' + sbq = 2e + ao' = 2g. 

a^" = AQ + a/ = aq" + 2aq = 2g + 20, &c 
Similarly, dq^ = 26', aq^ = 2^, qj^ =: 2g + 20', &c. 
And, in general^ the distances in the first series are. 

In 2d. aq2n = ^«> <i?2n+i = 2wg H- 26'. 

(4«2.) The number of images in this case is limited ; for, 
when any of the images falls on the arc ab, i. e. between the 
mirrors produced, being behind both mirrors, no further re^ 
flexion can take place. Thus, if the image q^ fall on the arc 
ab, then, observing that this image lies behind the second mirror, 
BO, there is the distance aq^ > qba, i. e. 9/m > w — 0, 

or 2n > . 

If the image which falls upon the space a6, be one of those 
behind the first mirror, or ^'*"*'% there is qj^"**' > qaJ, 
Le. 2wg + 20 > cr - e', or 2ng + + O' > ^ - 0, 

TT — d 

or 2n -f 1 > . 

s 

The same result as before, 2n being the number of images in 
the former case, and 2n + 1 in the latter. Therefore the 
number of images in the first series is the whole number next 

IT 

greater than ; and, in like manner, the number in the 

g 

second series will be found to be the whole number next greater 

w — 0' 
than . 



If g be a submultiple of two right angles, or — a whole 
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number, the number of images in each series will be — , since 

Off 

— and — are proper fractions. Therefore in this case the 

total number of images is — . 



But in this case it happens that two images of the different 
series will coincide. For if — be an even number, or tt =: gwg; 

6 

i. e. the images q^^ and jjn coincide. And if — be an odd number^ 

s 
or 7r = (2w + 1)6, 

Qj2n+i ^ ^^^^^ _ 4,^g ^ ^Q + O') = (4w + 2)g = 2r, 

and the images g^+* and jan+i coincide. 

If therefore we include the radiant point in the number, the 

total number of conjugate foci is — . 

This theory contains the principle of the kaleidoscope. 



11. 

Of Images formed by Reflexion at PUme Surfaces. 

(43.) From the case of a single pencil we may now proceed 
to the consideration of an indefinite number of pencils^ pro- 
ceeding from points variously situated. 

When a luminous'^ object is presented to a reflecting surface 
—inasmuch as the light radiates from each point of the object, 
in every direction-— we may consider the whole light, incident 
from the object on the mirror, as composed of an indefinite 

* The word luminous is taken here^ in an enlarged acceptation^ 
to denote any body whatever from which light radiates, whether 
that light be emitted directly, or reflected from the surface of the 
body in every direction. 
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number of pencils of rays, proceeding from each point of the 
object ; and to each such pencil there will be, it is evident, a 
corresponding pencil and focus of reflected rays. Thus the 
light incident on the mirror, instead of being reflected to a 
single focus, will be reflected to an indefinite number of foci, 
corresponding to the several points of the object ; and the ag- 
gregate of all these foci of reflected rays composes what is called 
the image of the object. 

(44.) Now it has been shown, that when a single pencil of 
rays is incident upon a plane reflecting surface, the foci of the 
incident and reflected rays are at equal distances from the 
surface, and at opposite sides. When, therefore, an object is 
presented to such a surface, its image will be necessarily similar 
and equal to it in every respect ; the several points of the image 
being similarly situated, with respect to the mirror, as the cor- 
responding points of the object. 

It is obvious, however, that as Xhejaces of the object and 
image are opposed, the position of the object with respect to 
right and left will be inverted in the image. 

When the object is inclined to the mirror, the image will be 
inclined to it also, and at an equal angle. Hence the angle 
contained by the directions of the object and its image is double 
the inclination of the object to the mirror ; if, therefore, the 
mirror be inclined to the object at an angle of 45^, the image 
and object will be at right angles to each other. 

(45.) It has been observed that the^ci of single pencils are 
distinguished into real and imaginary ^ or virtual^ according as 
the rays which diverge from, or converge to, these points, actually 
meet there or not. There is, accordingly, the same distinction 
among images ; which are therefore siud to be real, when the 
rays proceeding from, or tending to, their several points, actu- 
ally meet there ; imaginary^ when they meet only when pro- 
duced. Hence it is evident that the images of objects, formed 
by reflexion at plane surfaces, are always imaginary ; the rays 
which diverge from their several points never actually inter- 
secting. Such images, however, as far as regards the sensation 
which they excite in the eye, are as important as any other ; 
for, if the' eye be so placed as to receive the pencils diverging 
from the several points of an image, whether that jmage be 
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JN? 



real or imaginary, it will experience the same sensation as if 
they proceeded from a real object in the same place*. 

(4j6.) If the plane of an object be parallel to that of a mirror, 
the portion of the mirror which reflects the whole length of the 
object to the eye, any how placed, is to the length of the object 
itself, as the perpendicular distance of the eye from the mirror 
to the sum of the distances of the eye and object from the 
same. 

For, AB being the object 
presented to the mirror, aj3 its 
images, and £ the place of the 
eye, if from e the lines Ea, e/3, 
be drawn to the extremities of 
the image, it is evident that 
the intercepted portion of the 
mirror, rs, is that which re- 
flects the whole object to the 
eye. Now, because of similar 
triangles, 

Es : ajS :: er : Ea :: em : en, 

EM being the perpendicular let fall from e upon the mirror, 
and produced to meet the line of the image in N. 

When the eye is at the same distance from the mirror as the 
object, as in the case of a man viewing his own image, this ratio 
becoifies that of 1 to 2. Hence the portion of a mirror, in 
which a man may see his entire figure, is half his height 




^ 



V* 




* Between real objects and optical images there is this funda- 
mental distinction ; the light radiates from the former in every di- 
rection^ so that they are visible to the eye, any how placed ; while 
from the latter the light issues only in certain directions, so that 
they are visible only to an eye placed so as to receive the divergent 
rays. 
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CHAPTER III. 



OF LIGHT REFLECTED AT SPHERICAL SURFACES. 



I. 



Of the Reflexion of a Pencil of Ray s^ incident nearly perpen-' 

dicularly upon a Spherical Surface. 



(47.) When a ray of light is incident upon any curved 
fleeting surface, it will be reflected in the same manner as it 
would be by the plane which touches the surface at the point 
of incidence. Hence the investigation of the course of any ray, 
reflected at such a surface, is reduced to principles already 
established. 

(48.) Given the focus of a small pencil of rays, incident 
nearly perpendicularly upon a spherical reflecting surface ; re- 
quired the focus of the reflected pencil. 

Let Rs be any section of the reflecting surface, formed by a 
plane passing through the centre, and through q, the focus of 
the incident pencil ; the line ac, joining these points, is per- 
pendicular to the surface at s, and is, therefore, the axis of the 
pencil* Now, let qr be 
any ray of the incident 
pencil, meeting the sur- 
face in R, and reflected in 
the direction r^ ; and let 
RC be the radius drawn 
to the point of incidence. 
Then, since this radius 
is perpendicular to the 
tangent plane at the point of incidence, the angles, which the 
incident and reflected rays make with it, are equal. There- 
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fore, in the triangle qrj, formed by the incident and reflected 
rays and the intercepted portion of the axis, the vertical angle 
QR^, or its supplement, is 
bisected by the radius rc; 
wherefore (Euclid vi. Prop. 

3X there is — = — . But, 
^' nq cq 

since the rays composing the 
pencil are, qtiam proximey 
perpendicular to the reflect- 
ing surface, and therefore 
indefinitely near the axis in their incidence^ the point r ap- 
proaches indefinitely to s ; and therefore, ultimately, 

QS _ QC 

ys "" q(? 

from which we learn that the distances of the foci of the inci- 
dent and reflected rays from the surface are as their distances 
from the centre. 

(4«9-) Now, if QS and qs, the distances of the radiant and its 
conjugate from the surface, be denoted by b and h\ and the 
radius cs by r, then, when the reflecting surface is concave j 
QC = 6 — r, gc =: r — d', and there is 

b b — r ^ , ^ , 

-TT = -, whence dr + d'r = 2dd\ 

o' T — a 

or, dividing both sides of the equation by r ,h, h\ 

JL 1-^ 



from which it appears that the radius of the surface is an 
harmonic mean between the distances of the foci from the 
surface. 

(60.) When the reflecting surface is convex^ denoting the 
distances from the surface by d and 5', as before, there is 

QC = a + r, qc = r — d' ; whence -y = rj, from which we 

obtain 

an equation diftering from the former in the sign of 5, or, which 
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is the same thing, in the signs of S and r. Now it appears, 
from the inspection of the figure, that the distances i and r 
lie, in this case, from the surface in a direction opposite to that 
in which they were measured in the former ; whence it is evi- 
dent that the formula 

J- i. ^ 
b ^ S ^ r 

really includes both cases, if we only consider the distances r, 
d and i as positive^ when measured from the surface towards 
the incident light; negative j when in the opposite direction. 
This is equivalent to assuming the positive values of r, b and iy 
to belong to the case of a concave surface, and reai foci. 

(51.) When the reflecting surface is plane^ r is infinite, and 

1 1 
the formula becomes — + -rr = 0, or 

6 + ^ = 0; 

from which we learn, as before, that the radiant and its con- 
jugate are at equal distances from the surface, and at opposite 
sides. 

(52.) When the incident rays are parallel, b is infinite, and 

— = ; and if we denote the value of tf in this case by yi the 
o 

1 2 
formula becomes -^r = — , whence 

/ ^ 

This quantity is called the principal focal distance, or some- 
times simply thejbcal length of the reflector ; the focus, into 
which parallel rays are collected, being called the principal 
focus. In a spherical reflector, therefore, the principal focus 
bisects the radius. 

(53.) Substituting f for ^r, in the general formula (49.), 

it becomes 

11 1 



from which there is 



b +6' "/' 

6'= -^ 



D 
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Wherefore, the distance of the radiant from the [Mrincipal focus 
is to the focal length, as the distance of the radiant from the 
reflector to the distance of its conjugate from the same. 
Agiun, if we subtracty from d', there is 

# -/= j-^ -/= 3^7^ whence 

0-/)(^-/)=/s 

That is, the distance of the centre from the principal focus is a 
mean proportional between the distances of the radiant and its 
conjugate from the same. 

(54.) Aa we shall have frequent occasion, hereafter, to speak 
of the reciprocals of the distances of the two foci from the sur- 
face, it will he convenient to denote them bj a characteristic 
symbol, and to assign them a name* Accordingly, let the 

quantities ~ and -^ be denoted by a and a', respectively; and, 

since these quantities Are the proper measures of the degree of 
divergence or convergence of the incident and reflected pencils^ 
let them be called, the vergency of the iticident and reflected 
penciJy respectively. 

Again, the reciprocal of the radius is the measure of the 
curvature of the reflecting surface : let it be denoted by the 
symbol ^. 

These substitutions being made in the equation (4909 there is 

a + a' = 2^, 

which expresses that the sum* of the vergencies of the incident 
and reflected pencils is a constant quantity. 

Let 9 denote the value of a', when a = 0, or the incident 
rays are parallel ; then there is 

And substituting in the equation just obtained, 

a + oJ = (p; 
whence it appears that the sum of the vergencies of the inci- 

* The word sum is taken here in its algebraic generality, and 
becomes the difference when one of the quantities changes sign. 
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dent and reflected pencils is equal to the vergency given to 
parallel rays by reflexion at the surface. 

With respect to the signs— since the focal distances are posi- 
tive, when measured from the surface towards the incident light; 
negative, when in the opposite direction — it follows that the 
positive values of a, the vergency of the incident rays, denote 
divergence^ the negative^ convergence ; and that the reverse is 
the case with respect to a', the vergency of the reflected rays. 

(55^) A slight attention to the equation 

a + a' = 2^ 

will enable us to trace the corresponding values of a and a', the 
variables which it contains. We shall, in the first place, con- 
sider the case in which g is positive^ or the reflecting surface 
concave. 

When a = 0, or the incident rays parallel^ «' = % = ^, and 
the reflected rays' converge to the principal focus, or the middle 
point of the radius. 

As the divergence of the incident pencil increases, it is evi- 
dent from the formula that the convergence of the reflected 
pencil diminishes, so that the two foci approach one another; 
until, when a = |, there is also a' = ^, and the foci, therefore, 
meet at the centre of the reflecting surface. 

When a > f , a' < f ; and as the divergence of the inci- 
dent pencil is increased continually, the convergence of the re- 
flected pencil is continually diminished ; until, when a = 2^, 
a' = ; Le. when the incident rays diverge from the principal 
focus, the reflected rays are paralleL 

When a > 2^, or the divergence of the incident pencil is still 
further inc»*eased, a! becomes negative^ and the reflected rays 
diverge. And this divergence of the reflected pencil increases 
continually with that of the incident pencil ; until, when a is 
infinite, a! becomes so too, and the conjugate foci, therefore, 
again meet at the surface of the reflector. 

Finally, when a becomes negativCy or the incident pencil 
convergent^ ol will be always positive^ or the reflected rays 
will always converge; and the convergence of the reflected 
pencil will increase continually with that of the incident penciL 

d2 
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(56.) When the reflecting surface is convex^ ^ becomes ne- 
gativCf and the formula is 

a + a' = — 2^. 

Now this change of the sign of ^ is equivalent to a simultaneous 
change in the signs of a and a', which, by the rule of signs laid 
down (54.), amounts to a change of divergent rays into con- 
vergent, and V. V. Hence all that has been said in the pre- 
ceding article, respecting the concave mirror, is directly appli- 
cable to the case of the convex^ if we substitute divergence for 
convergence^ and v. v» 

As the concave mirror makes all rays converge, except those 
which diverge from some point between the surface and the 
principal focus, and of these it diminishes the divergence; so 
the convex mirror will give a divergence to all rays, except 
those which converge to some point within the same limits, 
whose convergence it will diminish. 

(57.) It is sometimes usual to compute the distances from 
the centre^ instead of the surface. This is readily done ; for, 
if the distances from the centre, ac and gc, be denoted by 
d and d', then, when the reflecting surface is convex ^ Q^=d— r, 
qs = r — d', and therefore the relation (48.) is thus expressed, 

d ^d — r 

or, taking away the denominators, dividing the result by rdd\ 
and denoting the reciprocals of r, d and d\ by ^, u and vly re- 
spectively, there is 

«/^ -f w = %• 
When the reflecting surface is concave^ 

J j» 1. £i rf 4- r 
Qj = rt -f r, qs=^r — ffj whence -«■ = ^,, 

whence there is t^ » te = 2^. 
In this latter case, however, the distances, r and rf', are 
measured, from the centre, in an opposite direction to that in 
the former case. Wherefore, if the positive values of the 
distances be assumed to belong to the case in which they are 
measured from the centre, towards the incident light, then, in 
the last-mentioned case, the distances r and d', and therefore 
their reciprocals § and u' arc negative, and the formula 
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will include all cases. 

If ff denote the value of u', when t/ = 0, or the incident 
rays parallel ; there is 

9 = 2^. 

And, substituting this in the general equation, we have 

u -i- tJ = <p; 

an equation which we shall employ hereafter, when we come 
to treat of images. 



II. 



Of Aberration in Reflexion at spherical Surfaces. 

(68.) When a pencil of rays, diverging from a point, is re- 
flected at a spherical surface, the intersection of each reflected 
ray with the axis will, in general, be difierent ; so that the rays 
composing the reflected pencil do not, as in the case of reflexion 
at plane surfaces, diverge from, or converge to, a ^ngle point. 
The point which was determined in the last section, and which 
is called the geometric focus of the reflected rays, is the limit 
of the intersections, with the axis, of rays, which approach it 
indefinitely, and are therefore, quam proxime, perpendicular in 
their incidence. The importance of this point in all optical 
applications is derived from this — that, although no ray, how- 
ever slightly removed from the axis in its incidence, shall, after 
reflexion, meet it exactly in that point, yet, whatever be the 
breadth of the pencil, the number of rays collected in a given 
indefinitely small space, is infinitely greater at this point than 
at any other, as will appear more fully when we come to treat 
of caustics. 

(59.) Let us now proceed to inquire, generally, the inter- 
section of any reflected ray whatever with the axis. 
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AS being the 
section of the re- 
flecting surface*, 
QC the axis of the 
incident pencil, 
QA any incident 
ray which is re- 
flected in the di- 
rection aq!, and 
AC the radius of 
the reflecting surface drawn to the point of incidence ; in the 
triangles qac, ^ac, we have the relations 

AC sin. CQA AC __ sin. cgA 
CQ ~" sin. caq' eg ~" sin. cAg* 

or, denoting ca and cq, the distances of the intersections of the 
incident and reflected rays with the axis from the centre, by 
d and d' ; the angle at the centre, Acs, by ; and cae = CAy, 
by/, 

r sin. (/ — 0) r _ sin. (/ + 6) 
d "" sin. / ' d' "" sin. / ' 
and^ adding, 

r r sin. (/ 4- 0) + sin. (/ — 0) ^ 

:57- + -r = ^ -. ^ = 2cos. 0. 

a d sin. / 

Whence-— dividing by r, and denoting the reciprocals cf r,d 
and d', by ^, u and «/, as before— there is 

u! ^ u = ^^. cos. ; 

an equaUon which determines the intersection of the reflected 
ray with the axis, whatever be its incidence. 

(60.) When the incident ray is parallel to the aads, u = 0; 
and, if f> denote the value of u' in this case, there is 

p = 2^ . cos. 6, or fzz \.r^ sec. 6. 

Whence, if a tangent be drawn to the reflecting curve at the 



* The annexed figure belongs to the case of divergent rays, inci- 
dent upon a convex surface ; in which the distances d, d* and r, are 
all positive. The resulting equation, however, includes all cases, if 
the rule respecting the signs (57*) be attended to. 
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point of incidence, the reflected ray will bisect the portion of 
the axis intercepted between it and the centre. 

If, for % . COS. Of its value, ^, be substituted, in the equation 
of the preceding arUcle, there is 

an equation remarkable for its simplicity^ and which is pre- 
cisely analogous to that found (5*7.), the quantity denoted by f, 
however, being, in this case, variable with the aperture. 

(61.) Now, when a pencil of rays, diverging from a point, 

is incident upon the reflecting surface, it is evident from the 

equation, 

t/ -f u =: 2^ . COS. 6, 

that the value of t/ is, in general*, difierent for each ray of the 
incident pencil. Ifu^ denote its ultimate value, when 0^=09 
there is 

«/ + «*= 2^ 
agreeing with the formula found (57.) • 

Now, if we subtract the latter of these equations from the 
former, there is f/ — tt^ = 2^ (cos. 6 — 1). But cos. — 1 
= — ver. sin. 6 ; wherefore, if the versed sine be denoted by v, 
and the difierence between t/ and its ultimate value by Au\ 
this result is thus expressed : 

A.u' :^ — % . ». 

(62.) ^ being the geometric focuSy or the focus of those 
rays which are indefinitely near die axis in their incidence, the 
distance q^^ between it and the point in which the extreme 
ray cuts the axis, is called the aberrcition of the extreme ray. 

This quantity is readily found ; for, if d^ denote the ttUi-' 
mate value of d\ we have 

At/ szwf— Wi=:-jr — T\ whence there iar 

' a' d^ 

* There are two particular cases^ in which u' is invariable^ what- 
ever be the value of 9^ or all the rays of the pencil reflected accu- 
rately to the same point. These are^ Ist^ when f = 0^ or the re- 
flecting sorfJEU^ plane ; and 2dly^ when u is infinite^ or the radiant 
at the centre; in which case u is also infinite^ and the reflected rays 
all meet in. the same point. 
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and, if this be expanded by the binomial theorem, 

J = d, [1 + -^t; + (|- 1; )'+ (-^x; ) V &c.] 

When the incident rays are parallel, d} ^J\ d^ =^, and 
this series becomes 

/=/[! + V'\'V^ + v' + &C-]; 
a series which might have been obtained directly from the 
general value ofy, namely J r. sec. d. 

The general value of the aberration, d' — d^, is given by the 
preceding series, being equal to that series wanting the first 
term. When the angle 0, however, is small, the square and 
higher powers of its versed sine may be neglected, and the ap- 
proximate value of the aberration, in this case, becomes 

d^« 

d' — cf, = — TT- • V. 

When the incident rays are parallel, d^ =y*, and its value be- 
comes simply 

f.v. 

(63.) These values of the aberration are generally expressed 
in terms of the aperture of the reflecting surface. Let x de- 
note the semiaperture, or the sine of to the radius r, then 

V zz i. sin.^ 0, nearly, =z 4^ . — ; also/ = ^r. 

Wherefore, substituting, the general expresaon of the aberra- 
tion becomes 

and for parallel rays, di^zf zz \r^ and it becomes 

(64.) There is another species of aberration sometimes taken 
into account ; this is the perpendicular to the axis, erected at 
the geometric focus, and terminated by the extreme ray. This 
is called the lateral aber7'ation, in contradistinction to the 
former, which is termed the longitudinal aberration. 
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Thus, if SF be the axis 
of the pencil, f the geo* 
metric focus of the re- 
flected rays, and Afihe ex- 
treme reflected ray, meet- 
ing the axis in /, and the 
perpendicular fo in o; 
then F^s the longitudinal, 
and FO the lateral aberra- 
tion, and we have 

^ AB AB 

FO = ^f'^- f/-^* very nearly. 
Wherefore, if the hftgitudinal aberration^ vfi be denoted by 

X 

Cat aberration =: —.x^. 



(65.) It is of importance to determine the least possible 
space into which all the reflected rays are collected ; for this, 
being the physical focus of the radiant point, furnishes a mea- 
sure of the confusion arising from the abeiration. 

To find this, let a/ 
be the extreme ray, cut- 
ting the axis in /; af^ 
any reflected ray at the 
other side of the axis, 
and meeting it inj^; 
and mn the perpendi- 
cular distance of the in- 
tersection of these rays 
from the uxis. Then it 
is evident that, as the arch sa increases, this perpendicular shall 
first increase, and afterwards decrease — ^increasing, on account 
of the increase of the angle q/*'s, and then decreasing, on ac- 
count of the decrease oi ff\ — until, when sa= SA,f^ coin- 
cides with y, and mn vanishes altogether, mn has, therefore, 
a maximum value, and, when it reaches this value, it is evi- 
dent that all the rays at the same side of the axis with a/*' shall 
pass through it, and that it is the least possible space into which 
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those rays can be collected, mn is, therefore, in this case^ the 
radius of the least circle of Aberration. 

To find its magnitude — ^let the semiapertures sa and sa be 
denoted by x and sd ; and let x denote, as before, the coefficient 
of the square of the aperture in the value of the aberration ; 
then, F being the geometric focus, we have 

f/* = X . a?*, f/*' = X . 0?'% whence, subtracting, 

//' = x(^-.^'«). 

But, on account of the similar triangles mn/*, as/* — . mnf\ a^^ 
there is 

•^ AS a? ^'^ -^ as x' ^^ 

mn being denoted by f . Whence, adding, there is 

and finally, equating these two values o{fJ^^ we obtain 

Now, (if being the variable in this expression, f varies as 
{x — 3i)ai^ and is a maximum when the latter is so. But the 
product {x — o[})oi is evidently a maximum when ai z=:\x% 
and becomes, in that case, ^^. Wherefore, the maximum 
value of ^, or the radius of the least circle of aberration, is 

from which we learn that the radius of the least circle of aber- 
ration is one-fourth of the lateral aberration of the extreme ray. 

(66). The general value of x (63.) is -^ = ^^■^^^, in which 

I is the distance of the focus of reflected rays from the surface* 
Wherefore, substituting, 

_ ^ (a - r)^ x^ 

In the case of parallel rays, 3 = \r^ and this becomes 
from which we learn that the diameter of the least circle of 
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aberration, for parallel rays, is equal to the cube of the semi- 
aperture divided by the square of the diameter of the reflecting 
surface. 

(67.) With respect to the portion of the centre of this 

p • d 
circle, we have nfzz - — = -^Jt.af^; but i/nx.j;^; wherefore, 

subtracting, there is 

or, the distance of the centre of the least circle of aberration 
from the geometric focus is equal to three-fourths of the longi- 
tudinal aberration of the extreme ray. 

For parallel rays, therefore, wf = -^ — . 



III. 

Of Images formed by Reflexiofi at spherical Surfaces, 

(68.) When an object is presented to a spherical reflecting 
surface, its image is the aggregate of the foci of the reflected 
pencils, corresponding to the several points of the object. 
Hence, to obtain the form and position of the image, we must 
determine the focus conjugate to each point of the object. 
This is done by drawing, from each point of the object, a line 
through the centre of the spherical surface, and computing, on 
this line, which is the axis of the pencil, the place of the focus 
of the reflected pencil, by means of the formula for conjugate 
foci (67.). 

Accordingly, the relative position of the object and image 
is determined by the same rules, as that of the conjugate foci. 
The object and its image, therefore, lie always on the same 
side of the principal focus; they move in opposite directions, 
and meet at the centre and surface of the reflector. 

As the axes of the several pencils intersect at the centre of 
the spherical surface, it is evident that the image will be in^ 
verted with respect to the object, when they lie at opposite 
sides of the centre ; erect^ when at the same side. From this 
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it follows that the image of an object presented to a oonveSL 
mirror is always erect; while that produced by a concave 
mirror is erect only when the object is between the principal 
focus and the surface, and in all other cases inverted. 

It is also evident that the image is reed when inverted^ and 
when erect imaginary. 

(69*) If the surface of the object which is presented to the 
reflector be a regular surface, there must subsist some relation 
between the distances of the several points of that surface from 
the centre of the mirror, and their inclinations to some fixed 
line drawn through the same point. Wherefore, comluning 
this relation with that of the distances themselves, given by the 
formula 

we shall have the relation between the distances of the several 
points of the image from the centre, and the angles which they 
form with the given line ; that is, we shall have the polar equa- 
tion of the curve which is the section of the image. 




Thus, when the figure of the object is a spherical surface 
concentric witli the reflector, whose section is lepresented by 
Pd, My the reciprocal of the radius, cq, is constant, and there- 
fore ti' =1 ^ — Uj is also constant, and the figure of the image, 
j>gy is likewise a spherical surface concentric with the reflector^ 

whose radius, eg, = -j. 

If, for example, the object presented to a concave reflector 
be a portion of its own sphere, uzz ^; and since ^ =: — S^, 
there is t/ = — Sf . Or, the radius of the spherical image will 
be one-third of that of the reflector. 

(70.) If the surface of the object be plane, that of its image 
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will be that generated by the revolution of a conic section 
round its axis. 

Let us take, as the axis, the diameter of the spherical re- 
flector which is perpendicular to the plane of the object ; and 
consider the sections of the reflector, the object and image, 
formed by any plane passing through this line. Then pq 
being the rectilinear section of the object, ac the line drawn 




from any point of it to the centre, there is cp = cq . cos. pcq ; 
that is, if the reciprocals of the distances cp and cq be denoted 
by a and u respectively, and the angle Pccl by 0, 

u ^ a COS. 0. 
Wherefore, substituting this value of ti, in the equation u^= ^ — tf, 

%i ^ (p ^ a. COS. 0, 

the equation of a conic section, viho^Jbcua is the centre of the 

spherical surface, and axis major the diameter perpendicular 

to the plane of the object. 

Comparing this with the known polar equation of the conic 

section, in which the angles are measured from the remote 

vertex, 

1 1 t 

— =: . cos. Ut 

S P P 
in which p denotes the semiparametery and c the excentridty ; 

1 s . 

we have ^ = — , and a = — ; or, if /be the focal length, and 

d the distance of the object from the centre. 
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/ 

p =/, and « = =j. 

Hence the parameter of the section is equal to 2/J or to r, 
the radius of the spherical surface, and therefore constant, 
whatever be the position of the object. Now, the principal 
parameter is equal to the diameter of curvature at the vertex 
of the conic section ; and, accordingly, we derive the remark-* 
able conclusion, that, whatever be the position of the object, 
and consequent magnitude of the section, the curvature at the 
vertex is invariable. 

(71.) With respect to the nature of the section, it will be an 
ellipse^ hyperbola^ or parabola, according as the excentricity s 
is less, greater than, or equal to, unity; that is, according as d^ 
the distance of the object from the centre, is greater, less than, 
or equal to,y*, the principal focal length. 

We have now all the conditions requisite to assign the nature 
of the section for each position of the object. 

When the object is beyond the centre at an infinite distance, 

/ 
then 6 =: ^ is nothing ; and the image is a circle whose radius 

isy*, half the radius, of reflector. 

As the object approaches the centre from an infinite distance, 
the image becomes an ellipse of increasing excentricity. When 
the object reaches the middle point of the radius, the excen- 
tricity 6 becomes unit, and the ellipse is changed into a paron 
bola. 

When the distance from the centre becomes less than half 
radius, s is greater than unity, and the curve becomes an hy- 
perbola, of increasing excentricity as the object approaches the 
centre ; and when die object reaches the centre, the excentri- 
city is infinite, and the hyperbola becomes a straight litie coin- 
cident with the object. 

When the object passes the centre, and moves from thence 
to an infinite distance, the same changes take place at the cor- 
responding distances, as in the approach to the centre from an 
infinite distance — the curve being first an hyperbola, then a 
parabola, then an ellipse, and lastly a circle. 

In this case, however, a becomes negative, and the equation is 
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t^f = ^ -f- a • COS. 6, 

the equation of a conic section, in which the angles are mea- 
sured from the near vertex ; and^ accordingly, the axis of the 
section lies in an opposite direction, with respect to the centre, 
to that in the former case. 

(72). We have here considered the question in all its mathe- 
matical generality — considering the line of the object to extend 
indefinitely in both directions — ^and the reflector to be an entire 
drcle. 

When the object is entirely without the circle, it will be 
evident, from the inspection of the figure, that if a right line 
be drawn through the centre perpendicular to the axis, the 
concave hemisphere will give by reflexion the portion of the 
section between the near vertex and focal ordinate, while the 
convex hemisphere will give the remainder. 

When the rectilinear object intersects the circle, the remote 
hemisphere will give, as before, the portion between the near 
vertex and perpendicular diameter ; the portion of the circle in- 
tercepted between the object and perpendicular diameter will 
give the portion of the image included by the same lines, by 
reflexion at the convex surface ; and the lesser segment of the 
circle will reflect the remainder of the image at its concave 
surface. 

When the right line is limited, or the reflector but a portion 
of a circle, the curvilinear image will be only a portion .of a 
conic section, terminated by lines drawn from the centre, either 
to the extreme points of the object or extreme points of re- 
flector. 

It would be uselese^ as well as troublesome, to consider the 
figure of the image corresponding to any other figure of the 
object, inasmuch as the objects presented to reflecting surfaces, 
if not plane^ are generally of irregular forma; the images of 
which are therefore only to be determined by considering sepa* 
rately each point of the object. 

(73.) We shall now consider the magnitt4de of the images 
produced by reflexion at a spherical surface. 

If the section of the object be considered as an arc concentric 
with the reflector (a supposition which will not differ much 
from the truth when the object is small and perpendicular to 



w! 
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the axis), we have seen that the image will be likewise an 
arc having the same centre ; and since these arcs^ subtending 
the same angle at the centre^ are to one another as their radii, 
see fig. page 44, it follows that the linear magnitudes of the 
object and image are to one another as their distances from 
the centre of the reflecting surface; wherefore, denoting these 
magnitudes by m and m\ and observing that the distances of 
the conjugate foci from the centre are to one another as their 
distances from the surface, there is 

or, since # = ^-^, —^JZTf- 
When the object is infinitely distant, h is infinite, and 
= 0; that is, the image is infinitely small compared with 
the object. 

As d diminishes, — increases; until, when 5 = /*, — be- 

vn, fn 

comes infinite ; that is, when the object is at the principal focu% 

the image is infinitely great compared with it. 

As d is still further diminished, the ratio — also dimi- 

m 

nishes, until when d = 0, — = 1 ; or, when the object comes 

to the surface, the image is equal to it 

When the object moves to the convex side of the surface, 
the focal length f is negative^ and the formula becomes 

— =z -r — ^ ; from which it appears that, in this case, the 

ratio is always less than unity, or the image always smaller 
than the object; the ratio decreasing indefinitely as the 
distance of the object increases. 
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CHAPTER IV. 



OF LIGHT REFLECTED AT ANY CURVED SURFACES. 



I. 

General Theory of Reflexion at any curved Surfaces. 

« 

(74.) In what follows we shall limit our attention to the 
case in which the reflecting surface is a surface of revolution, 
and the incident ray in a plane passing through its axis ; a case 
which comprehends most of those with which we are concerned 
in the practical applications of optical science. 

As the normal to the surface, in surfaces of revolution, lies 
always in a plane passing through the axis, the plane of inci- 
dence, in this case, and therefore also that of reflexion, must 
be a plane containing the axis of revolution : we may, therefore, 
in what follows, connne our attention to the section of the surface 
made by such a plane, and containing the incident ray. 

The angles, which the incident and reflected rays make with 
the axis of abscissae, being denoted by u and cJ^ the cosines of 
the angles, which the incident ray makes with the axes of y 
and Xy are, sin. a;, cos. m ; those of the angles contained by the 
reflected ray with the same, sin. of, cos. &/, respectively. But 
the cosines of the angles, which the tangent to the curve at the 

point of incidence makes with the same axes, are ^, -p ; 

therefore the cosines of the angles which the incident and re- 
flected rays make with the tangent to the curve at the point 
of incidence are, respectively, 

E 
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dx . dy 
COS. (ti , -z — h sin. «. -7- , 
as ds 

, dx . . dy 
COS. ay. -rr- + sin. w'. -7^. 
cr^ ds 

Now these angles are --r — angle of incidence, and — + angle 

of reflexion, respectively, and therefore (since the angles of 
incidence and reflexion are equal) their cosines are equal with 
opposite signs ; that is, 

COS. w • da? + sin. « . Jy + cos. J .dx + sin. cJ .dy ^0\ 

an equation which determines a;', the angle made by the re- 
flected ray with the axis of abscissae, as a function of a;, the 
angle made by the incident ray with the same, and the coordi- 
nates of the point of incidence. 

(75.) Let (a, j8) be the coordinates of any point of the inci- 
dent ray, (a', /?) those of the reflected ray ; then, as these 
rays pass through the point of incidence, whose coordinates are 
{xy y)j their equations are 

j3 -- y = tan. w . (a — a?), 
^y-n. tan. «'(«' — x) ; 

and if we eliminate a; and (J between these equations and that 
of the preceding article, the result will give a relation between 
(a, /3), («', j8'), and the coordinates of the reflecting curve. 
Accordingly, when the coordinates (a, jS) are determined by 
the law to which the incident light is subject, the resulting 
equation gives the relation between a! and 0^ or the equation 
of the reflected ray, for each point of the reflecting curve. 

To proceed with this elimination :— From the equations of 
the incident and reflected ray we deduce 

a — J? , j3 — fy 

COS. « = k sm. (a = y 

i i 

COS. (J = — -J — , sin. &/= — r^, 
making, for abbreviation, 



V(«-ar + (g-y)^ = g, 
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and substituting these values in the preceding equation, it be- 
comes 

(a-a?)dr-i- (^ - y)dy {pi — x)dx + (/? - y)dy 
-I- = ; 

which, when a and ^ are given, furnishes the relation between 
a' and ^, or the equation of the reflected ray. 

When the incident ray is parallel to the axis, /3 — y = 0, 
wherefore ^ = a — x, and the preceding equation is reduced to 

^da: + (a' - a:)dx + (^ - y)dy = 0. 

(76.) If we difierentiate the values of ^ and /, relatively to 
X and y only, we find 

{cL-x)dx + {^-y)dy = -f.d^ 
(a' - x)dx+ (/?- y)dy = - g'.d^; 

which being substituted in equation just obtained, it becomes 

a remarkable result, from which it follows that the quantity 
(^ -f ^ is a minimum^ or that the course of the light from 
any assumed point iix the incident ray, to any assumed point 
in the reflected ray, is the shortest possible. 

When the incident ray is parallel to the axis, rf^ = — dxy 
and this equation becomes 

d^ = dx. 

(Tt^) To determine the curve which will reflect rays, pro- 
ceeding from a point, accurately to a point, we have only to 
consider (a jS), (a'j8'), as ^ven points in equat. (75,), and in- 
tegrate on that supposition. For the sake of simplification we 
shall take the focus of the reflected rays as the origin of the 
coordinates, or make a' =: 0, /S' = ; then integrating, we 
find 

VCa- xy + (i3 - yY + Var* + y* = a. 
If this be transformed to polar coordinates, by making 
a? = r • COS. w, y^'T. sin. w, a:* + y^ ~ ^2^ 
there is 

(a — r COS. w)^ + (jS - r sin. w)^ = (a — r)* ; 

eS 
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and developing, we find 

2^^ a*-(«' + /3^) 



a — (a COS. w -f /3 sin. u) 
or, making a = ag . cos. 7, ^ = as . sin. y, 

±a(l - s^) 



r z= 



1 — g • COS. (w — 7) ' 

The equation of an ellipse or hyperbola^ whose excentricity is g, 
axis major a, and distance between the foci, as = \/a^ + 13^, 

Also, the axis major coincides with the line joining the foci 
of the incident and reflected rays, since it makes the angle 7 
with the axis of abscissae. Hence it appears that, as the focus 
of the reflected rays is one of the foci of the curve, namely the 
origin, so the focus of incident rays is the other. 

When the incident rays are parallel, we must return to the 
difierential equation (75.)> ^^ which making a' = 0, jS' = 0, as 
before, and integrating, there is 



X + V^^ + ^^ = const. 

If ar' be the value of a?, when y = 0, then const = 2a'. Sub- 
stituting this value, and transforming to polar coords.. 



r = 



1 + cos. u 

the equation of a parabola^ whose principal parameter is equal 
to ^, 

These physical properties of the conic sections readily follow 
from the geometric properties of those curves. For, in the 
ellipse and hyperbola, since the lines, drawn from any point 
to the foci, make equal angles with the tangent at that point, 
it follows that rays diverging from, or converging to, one focus 
of an ellipse, will, after reflexion, converge to, or diverge from, 
the other ; and that rays diverging from, or converging to^ one 
focus of an hyperbola, will diverge from, or converge to, the 
other. Again, in the parabola, since the lines drawn from any 
point of the curve — one to the focus, and the other parallel to 
the axis — make equal angles with the tangent at that point ; 
it follows that rays incident upon a parabola, in a direction 
parallel to the axis, will, after reflexion, converge to, or diverge 
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from the focus, according as they are incident on the concave 
or convex surface. 

But though it is thus evident from geometric conuderations 
that the conic sections possess this property, yet it remains to 
show that they are the only curves possessing it : and this the 
analytic demonstration, above ^ven, has done. 

(78.) The equation of the reflected ray (76.) may be put 
under a more convenient form. For, if we make dy =: pdx^ 
and multiply by ^^', it becomes 

g'[(a - :r) + p(/3 - y)] + ^[(a' - :r) + p(^' - y)\ = 0. 

Now, transferring the 2d member, squaring both sides, and 
substituting for f and ^^ their values, the resulting equation, 
it will be found, is divisible by the factor, 

(^-y){a!~x)-(^'-y)(a-x), 

and is thus reduced to 

(p« - 1) [ (^ - 5,)(«' - X) + (|3' - y)(« - ar) ] 

+ 2p[(« - x){a! - J?) - ( /3 - y){^^-y)\ = 0, 
which is equivalent to 

(/3'-y)[(p^ -l){»-x)- 2p(^ - y)] 
+ («' - a;)[(p« - 1)(^ -1/) + 2p(« - a?)] = 0* 

* This equation of the reflected ray may readily be obtained di- 
rectly, w and cv denoting, as before, the angles which the incident 
and reflected rays make with the axis of absciss®, let B denote the 
angle made by the normal to the curve at the point of incidence 
with the same ; then, the angle of incidence = ± (oy — 5) ; the 
angle of reflexion = di (^ — to)* And, since these angles are 
equal, we have 

tt; - 9 4. cy' — 9 = 0, or a; + w' = 29. 

-._ , /x ^ rt/> tan. a; + tan. w 2tan.d 

Hence tan. (a; + cw ) = tan. 29, or -= -. = ^ -r ; 

1 — tan. w . tan. a; 1 — tan.*9 

da^ 1 ^ 2 tan. 9 2p 

but tan. 9 = = , whence — 



di/ p' l-tan.«d ;>«— 1 ' 

and therefore 

(p2 — 1) (tan. (jj + tan. w) + 2p(l — tan. w . tan. w) =0. 

B^ y & — y 

And substituting for tan. w and tan. w their values, —^ ^, 

a •— *p a — .r 

(75.), we obtain the equation above written. 
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When the incident ray is parallel to the axis, |3 — ^ = 0, 
and the resulting equation is divisible by a — ^. Wherefore, 
omitting the traits^ which are no longer necessary, the equation 
of the reflected ray, in this case, becomes 

When the incident rays diverge from a point in the axis, 
/3 = ; and if we place the ori^n, which is arbitrary, at this 
point, we have also a = 0, and the general equation of the re- 
flected ray becomes 

(^-y)[(/>*-l)^-2Ri/]+(a-^)[(p2-l)2^ + 2px]=0. 

(79.) To get the point in which the reflected ray meets the 
axis, we have only to make /3 = in its equation, and the re- 
sulting value of a is the coordinate of the point required. 

Thus, the last found equation may be put under the form 

{P-!/)[p(p^' y)-('^ +i^)] + («-^)[ p{^ +py) + (p^-3/)] =^5 

from which, making jS = 0, we obtain 

wliich is equivalent to the following: 

2 p 1 



a px — jy X + py 

To get the geometric focus, or the focus of rays indefinitely 
near the axis in their incidence, we should substitute for p its 
vakic given by the equation of the reflecting curve, and make 
]y = in the result. It is easy to see how these results may 
be applied to the investigation of the aberration^ &c. 

(80.) Thus, let the reflecting surface be a right coney and 
the incident rays diverge from a point in the axis; then, d de- 
noting the distance of the vertex of the cone from the radiant 
point, or origin, and its semiangle, the equation of the gene- 
rating right line will be 

y = tan. 0(x — 6), whence p = tan. 0. 

And substituting these values of y and p, in the equation of 
the preceding article, we obtain 
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A-1 ^ 



a d X + tan.«a(x— d)' 

Or, if we remove the origin to the vertex of the cone, by sub- 
stituting a + 3 for a, j: + ^ for X, we find 

_ d.x 1 _ 1 2cos.«d 

* "" X -t ^d. COS.* a' ^"^ T ■" T "^ X ' 

When the incident rays are parallel, or the radiant point in- 
finitely distant, — z= ; and there is 

X 

a zz 



2COS.2 e' 

When = 90^, the conical surface becomes a plane perpen- 
dicular to the axis. In this case, cos. = 0; and, for the in- 
tersection of the reflected ray with the axis, we have 

a = 3, 

showing that the points, in which the incident and reflected 
rays meet the axis, are equally distant from the reflecting sur- 
face, and at opposite sides. Further, as this value of a is 
constant, it follows that all rays, diverging from the same point, 
and incident on a plane surface, will, after reflexion, diverge 
accurately from the same point, agreeably to that which has 
been already established (39.)- 

(81.) To apply the preceding theory to the case of the 
sphere : let d be the distance of the radiant point from the 
centre ; then, if we transfer the origin from the former to the 
latter point, by substituting a + 3 for a, a:* + d for j?, the equa- 
tion of the reflected ray will be 

+ (a - a;) [{p^ - l)y + 2p{x + a)] = 0. 
Now, the equation of the circle, referred to the centre, is 

X 

y^ + x^ zz /•*, whence ydy + xdx = 0, and p = . 

Substituting this value of /?, the preceding equation becomes 

which is equivalent to 
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/3[ 6(x^ - y') + r'^a:']- a [2day + r«y] + r«aj/ = 0. 

This equation may be conveniently transformed, by ex- 
pressing a: and y in terms of the angle at the centre ; for if this 
angle be denoted by w, there is 

X = r. COS. «, 1/ =z r, sin. u ; 

wherefore, substituting these values, and observing that 

cos.^ o — sin.* u = COS. 2ca^ 2 cos. on . sin. &; = sin. Sa», 

the equation of the reflected ray becomes 

^[8.cos.2u + r .cos.«] — a[3.sin. 2«+r.sin.w]+^.rin.«=0. 

(82.) To find the point in which the reflected ray meets the 
axis, let /3 = in the last equation, and we find 

a [d . sin. 2« + r . sin. w] = 3r . sin. eu ; 

or, dividing both sides by adr . sin. w, 

112 cos. (V 

— = T + — r~' 

agreeing with the equation already obtained (59 ), and from 
which the whole theory of focal lengths, aberrations, &c. is 
deduced. 

(83.) The equation of the reflected ray, just found, might 
also be employed for the determination of «, when a and jS are 
given ; or, in other words, for the determination of the point 
of incidence, the incident and reflected rays passing each 
through a given point. This is the celebrated problem of 
Alhazen, and is evidently equivalent to the following geome- 
trical problem : " Given the two foci, to describe an ellipse 
which shall touch a given circle.*" The algebraic solution, by 
means of the above equation, leads to an equation of the 4th 
dimension. There is one case, however, in which the solution 
is easy ; it is that in which the right line joining the given 
points passes through the centre ; in this case jS = 0, and the 
equation is reduced to that of the preceding article, from which 
we get 



""*•" = K«t) 
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II. 

Of Caustics produced by Refleanon at any curved Surface. 

(84.) When a pencil of rays is reflected at any surface, the 
successive reflected rays will, in general, intersect in difi*erent 
points. Now, the kxms of these points, or the curve traced 
out by the successive intersections of the reflected rays, is called 
the caustic ; and it is evident that the condensation of the light 
in this curve is infinitely greater than at any other points. 
The investigation of these curves is, accordingly, of consider- 
able importance in optical researches. 

a being the focus of the incident rays, let qr, qr' be two 
successive incident rays, Rg, R^g, the corresponding reflected 
rays, meeting in q ; then the caustic curve is the locus of the 
point q. Let re, r'e, be two normals to the reflecting curve, 
erected at r and r', the successive points of incidence, and 
therefore meeting at the centre of the osculating circle. Then, 
if we denote qe and gE, 
the distances of the in- 
tersections of the inci- 
dent and reflected rays 
from that centre, by d 
and d; qr and Rg, the 
distances of the same 
points from the point 
of incidence on the re- 
flecting curve, by ^ and 
^ ; re, the radius of the 
osculating circle, by r ; 
and QRs, the angle which the incident ray makes with the 
tangent to the curve at the point of incidence, by 6, there is 

d2 = r2 + f — 2r^ . sin. 6, 

d2 = r^ + /* - 2r^ . sin. 6. 

But since, in proceeding from the point r in the reflecting 
curve, to the consecutive and indefinitely near point r', the 
position of the points e and q is unaltered, it follows that we 
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may differentiate these equations, considering d, d and r, as 
constant. Accordingly, we have 

^,d^ — r .d^. sin. — r^. cos. S.de zz 0, 

^.d§' -^ r.dJ. sin. B — r^. cos. B .dQ = 0. 

But the cosines of the angles, which the incident and reflected 
rays make with the tangent to the curve, are, respectively, 

d/o •— d^ 

-^, and , , ds being the increment of the arc; and, as 

these are equal, we have 

dg -^^ d^ =z 0. 

If then we substitute — d^ for d^ in the Sd of our equations, 
we have 

^.d^'-^r.d^, sin. 6 — r^ . cos. 6 . dd = 0, 

— f'.d^ + ^.d^.sin.fl— r^^cos.B.dB = 0; 

and, multiplying the former by ^, and the latter by ^, and 
subtracting, there is 

11 2 

or, H -r = — - — ::• 

(85.) When the incident rays are parallel, ^ is infinite, and 
— = 0; wherefore, denoting the resulting value of ^ byy, we 

9 

have 

^_ r.sin. d 
/ - — 2— 

Now, the chord of the osculating circle, passing through the 
radiant point, = 2r . sin. d; wherefore f = one fourth part of 
this chord. Again, f may be expressed in terms of p and B. 
For the radius of the osculating circle, expressed as a function 
of these quantities, is 

_ fdf ^ sin. O.pJp 

^ "" d{s . sin. By •'• -^ - ^ rf(f . sin. B) ' 

Finally, if we substitute for r . sin. B its value, 2^ in the above 
equation, it becomes 

1 — r = -7;, whence ^ = 



p t*"/' "^ f-/ 
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(86.) In determining the equation of the causUc curve, we 
shall use the relation between the radius vector and the angle 
which it makes with the tangent to the curve ; or, which is the 
same thing, the relation between the 
distance and perpendicular. It is 
evident that the reflected ray Rq is 
a tangent to the caustic nq at the 
point q: the question therefore is 
reduced to that of finding the rela- 
tion between the distance otq and 
the angle a^a, that between an and 
the angle qrs being given. Now, 
in the triangle aga we have the re- 
lations 

Qj • sin. a^R = QR . sin. anq, 

aq . COS. Q^R + QR • COS. Qjiq zz nq ; 

i. e. denoting aq by u, and the angle a^R by ^, 

u . sin. ^ = p . sin. ^6, 

u . COS. <p zz $ , cos. 28 + f '• 

Now ^ being expressed in terms of p and 0, by means of the 
equations of the preceding article, and one of these quantities 
then eliminated by means of the equation of the reflecting curve, 
we shall have two equations containing the other of these vari- 
ables, together with u and <p ; and this variable being elimi- 
nated, there results a single equation, containing u and f only, 
which is therefore the equation of the caustic. 

(87.) As an application of these equations, let us take the 
case in which the reflecting curve is the logarithmic spiral , and 
the radiant point at its pole. 

The property of this curve, with which we are here con- 
cerned, is, that the angle made by the radius vector with the 
tangent is constant. Wherefore, being constant in the value 
of/ (85.), we find 



. sin.e.^dp _ 



d§ 
and this being substituted in the equation 
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1 1 _ 1_ 

f ^ f' -/' 

there is f' = f . Now, putting this value of ^ in equations of 
the preceding article, 

t^.sin.^ = f .sin. 20, 

u . COS. ^ = p (1 -f COS. 20) ; 

and, dividing the former by the latter, there is 

sin. 20 

tan. (p = = — ; TTT =: tan. 0. 

^ 1 + COS. 20 

Wherefore, as is constant, so is also 9, the angle made by 
radius vector with the tangent in the caustic curve. That 
curve is therefore a logarithmic spiral, having the same modulus 
as the former. 

(88.) We now proceed to consider this subject in a more 
general point of view. 

It is evident that when we pass from any reflected ray to 
that indefinitely near it, the two rays will have, at their inter- 
section (which is the locus of the caustic), the same coordinates; 
and the only quantities which shall have varied are the co- 
ordinates of the reflecting curve. If therefore we diflerentiate 
the equation of the reflected ray, relatively to these coordinates 
only, we shall have two equations involving the coordinates of 
the intersection, together with those of the reflecting curve and 
their difierentials. If, then, we eliminate the latter from these 
equations, combined with the equation of the reflecting curve 
and its difierential equations, there will result a single equation, 
containing only the coordinates of the intersections of the suc- 
cessive reflected rays, and which is therefore the equation of the 
caustic. 

(89.) Thus, let the incident rays be parallel to the axis : 
making dy = pdx, in the equation of the reflected ray (77.)> 
and omitting the traits, it is 

e+(a~a:) + p{P ^ y) =0. 

Now, if we differentiate this equation relatively to x and y 
only, and observe that d§ zz dv; we have 



CAUSTICS PRODUCED BY REFLEXION. 61 

in which 9 = i^ ^7^' ^^^ ^^ ^^ eliminate j?, y, p, and y, 

from these equations, combined with the equation of the re- 
flecting curve, and its 1st and 2d differentials, we shall obtain 
a single equation containing a and /3 only, which is therefore 
the equation of the caustic. 

If we transfer p to the other side, in the equation of the re- 
flected ray, then square, and substitute for f* its value, that 
equation becomes 

(p«-l)(^^y) + 2p(«-a-)=0, 

an equation already found (78.). And substituting in this for 

(/S— y) its value, •^--, obtained above, we have 

(a^a;)9 = ±p(l-p«), 
which, combined with the equation 

will determine the caustic. 

(90.) If these equations be squared and added together, 
there is^ 

[(a - x)^ + (/3 - y)^] q^ =z ^p« (1 + p^)2 ; 
and, extracting the square root, and dividing by y, 

~"^ *. 

Now, the chord of curvature, in a direction parallel to the 

axis of abscissae, is -^ ; wherefore, denoting this by c, 

we have 

c 

i. e. the distance of any point in the reflecting curve from the 
corresponding point in the caustic, or, the focal length of a 
small oblique pencil of parallel rays is equal to one-fourth of 
the chord of curvature, taken in a direction parallel to the in- 
cident pencil. 

(91). As an application of the foregoing theory, let us take 
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the case in which the reflecting curve is a parabola^ and the 
rays are incident in a direction pwrdllel to the cuxAs. 

The equation of the parabola is . ^ . . y« = aar, 
and differentiating, . . . 2yp — o, /?* -f y? = ; 

from which there is, . . . ^ ~ o/ ? = " "TT 5 

and these values being substituted in equations (89.)9 
we find . • . /3 — ^ = — y, whence /3 = 0, 

and . . . a — X = -J — a:, whence a = -j-. 

It appears then, that the caustic is, in this case, reduced to 

a point, whose coordinates are and -r- ; that is, the focus of 

the parabola. Rays parallel to the axis are, therefore, re- 
flected accurately to the focus, as is evident from other consi- 
derations. 

(92). Required the caustic when the reflecting curve is a 
parabola and the rays are incident in a direction perpendicular 
to its axis. 

In this case, taking the line perpendicular to the axis, as 
the axis of abscissae, the equation of the curve is 

x^ = ay. 
Whence, difierentiating twice, we find 

2a? 2 

^=-^' 9=-a^ 

and substituting in equations (SQ.)* 

Zx* ^ 2* 2a:« ^ x^ 
'^ ^ a a * a a 

R n. 

From the former of these equations we get sd^ = "^j and, sub- 
stituting in the latter. 



I a ^/^ 2 ^\ 
the equation of the curve. 
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The intersections of this curve with the axis are obtained by 
making a = 0, which is satisfied by two values of /3, namely, 
/3 = 0, and /3 = |flr. The curve therefore intersects the axis 
at the vertex a, and at a point, b, whose distance from the 
vertex ab = 9 af; f being. the focus of the parabola. Its 
form is represented in the annexed figure. 




If the distance ab rz ^a be denoted by /3', and a thus elimi- 
nated from the equation of the curve^ that equation assumes 
the following more simple form : 



* = Jir O' - ^)- 



(93.) As another example, we shall take the case in which 
the reflecting curve is a cycloid, and the rays incident in a di- 
rection parallel to its axis. 

If we denote by 2a the axis of the cycloid, or the diameter 
of the generating circle, the relation between the coordinates is 
expressed by the two equations, 

X '=• a. versin. 0, y = a{Q + sin. Q) ; 

and, if we differentiate twice, considering as the independent 
variable, we find 

dxzz, a.dS . sin. 0, d^x zz adS^. cos. 0, 
dy = ad^ . (1 + cos. (3), A^y = — ad0«. sin. d. 
Whence 



<fy _ 1 + cos. 6 ^dx . d'^y — • dy . d^x _^ 1 + 
= jH — -• n J ^ — ink — :: ~?. 



COS. 



^ dx sin.e ' ^ dx3 " a.sin.^^' 

and these values being substituted in equations (89.)9 we obtain 
the following : 
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a = |a(8 + COS. 20), jS = 4a (2a - sin. 26) ; 
or, making 20 zz t -{- B\ 

a = i-a(3 — COS. 0'), /3 = 4a(cr + a' + sin. 0) ; 

and, finally, if we remove the origin to the point whose coordi- 
nates are a and -i^^^ hy making 

aH z=. a. — a, ^' zz ^ - ^cr. a, 
we have 

a' zzia. versin. &, jS' = 4a (0' -h sin. 6), 

the equations of a cycloid, whose axis is a, half the axis of the 
former, and the coordinates of whose vertex are obtained by 
bisecting the axis and semibase of the former. The caustic 
consists, therefore, of two cycloids, each described on half the 
base of the original cycloid, as is represented in the annexed 
figure. 




(94.) We now proceed to the investigation of the equation 
of the caustic, when the incident rays diverge from a point. 

The equation of the reflected ray, in this case, is 

p'[(« - x) + p(^ - y)] + f [(«' - or) + p{^ - y)] = 0, 

in which (a', |3') are the coordinates of any point of the re- 
flected ray ; and (a, |3) those of any point of the incident ray, 
which are supposed to be given. Then, differentiating this 
equation relatively to x and y, the coordinates of the reflecting 
curve, we have 

J'[(« -'c)+pi^-y)] + f'[(/3 - y)q - (l+p^)] 

+ % [(»' -^)+P 0' -y)] + i [(/3' - y)q - (1 +i'')] = 0, 



CAUSTICS PRODUCED BY REFLEXION. 65 

in which gr =: -^ = ^-j. But since there is 

(«-x)+K/3-y) = -^. 

(«'-x)+;,(^-y)=-^, 
this equation becomes 

Now, since dp + £^' = 0, there is 

^ (¥___/^Y_ [(a-J:)+f>(^-.y)]V 

and • 1+^^ + ^ dp^_ [p(^-^)-(^-j^)? 
and .. l + p +^-da7- (a-^)* + 0-3^)«- 

If, therefore, for the sake of brevity, this function of j; be 
denoted by x^, the di£Perential equation is written, 

[f'(^ -y) + s (S' -y)] q = (s + i') »*• 

Again, if we multiply this equation by p, and eliminate between 
it and the primitive equation, which is equivalent to 

we obtain 

And, by the aid of these two equations, a! and /3', the coordinates 
of the caustic curve may be completely determined. 

(96.) If we transfer the quantities f'(i3^y)y, p'(a — a?)y, 
to the other side of these equations, and then square, and add 
them together, we find, on reduction, 

(f + fO (1 +p')^ - «f'[(^ - y) - i>(« -*)]? = 0. 

since (fi— y) —p (« — J?) = g . x. And dividbg by {{' (1 +p*)x, 

?■*"«'" (1 + P*K 
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If the origin of the coordinates be placed at the radiant 
pouit, i. ^. if a = 0, |3 = 0, then 

(l+p^)x (p^-y)(l+j ?0 

q a/x^ + 3/^ • ? 

which is half the chord of curvature passing through the origin; 
wherefore, if this chord be denoted by c, there is 

1. JL- JL 

an equation which has been already obtained by a di£Perent 
method. 

From this equation we derive the following proportion : 

1 
When the incident rays are parallel, — =0, and therefore 

as has been already shown. 

(96.) To determine the equation of the caustic curve, we 
shall place the origin at the radiant point, or make a = 0, 
|3 = 0, in equations (94.), which may be thus written : 

pg/3/ = (^ + f ') {qy + x2) 

^qa! = (f + f') (qx — px«). 

But from the equation of the preceding article we obtain 

,_ ^f 

^ ■*■ ^ "" % - (1 +p^)tl ' 

and, this value being substituted in the preceding equations, 
they become: 

''-^^-(l+px^y - %!7-(l +7?«)x * 

in which f> =: ^x'^ +y\ x = — ~ — , 

To obtain the equation of the caustic, x^ y, p, and q, are to 
be eliminated from these two equations, combined with the 
equation of the reflecting curve, and its derivatives ; the re- 



CAUSTICS PRODUCED BY REFLEXION. 67 

suiting equation, containing a! and /3' only, will be that of the 
caustic 

(97.) The relation between the coordinates of the caustic 
and those of the reflecting curve, however, may be exhibited 
under a somewhat simpler form : for if, in the difier^ntial equa^ 
lion of the reflected ray 

[f(/3'-y)-f'y]=(?+f'K 

ve substitute for ^ its value, 

(«' - a:) + p(ffl - y) 

a? + py 
we And 

(^T-ay)g = (a + piS)x«; 

in which we have omitted the traits over a and |3, as no longer 
necessary. This equation, combined with that of the reflected 
ray (78.), namely, 

will serve conveniently for the determination of the caustic 
curve, 

(98.) Before we proceed to apply this theory to any parti- 
cular examples, we shall investigate some other general pro- 
perties of the caustic curve. 

As this curve is the locus of the intersections of the suc- 
cessive reflected rays, it is evident that each reflected ray is a 
tangent to the curve. Now the tangent of the angle, which 
the tangent to the curve makes with the axis of abscissae, is 

d& 

-p-j; therefore, oJ being the angle which the reflected ray makes 

with the same axis, -3—, =» tan. «/, or, 

djS'. COS. ci/ — da', sin. oJ = 0. 

(99.) To obtain another equation between dal and dfi', we 
shall difierentiate the equation 

(^'-y)*+(«'-^)^=/^ 
by which means we have 

(^ -y) id^ - dy) + (a' -- x) (da' - (ir) = g'.df'; 

f2 



68 HOMOGENEOUS LIGHT. 

or, putting for (|3'— y), (a'— a:), their values, /. sin. a/, f'.cos.o/, 
(rf/3' — dy) sin. J + {doJ — dx) cos. &/ = d^* 
Again, performing the same operation on the equation 

we find 

— dy . sin. u) — dx • cos. w =: (f^ ; 

and, finally, adding these equations, and remarking that 

dy . sin. w -f- clr . cos. ut -{- dy . sin. oJ -{- dx , cos. eJ = 0, 

there is 

d^', sin. «' H- da', cos. oJ zz d§ -{- d^. 

Now, if we square this equation, and that of the preceding 
article, and add them together, we find 

(7/3^2 + ^a'« = (dq + d^^Y = ^^S 

d% being the diflTerential of the arc of the caustic curve ; 

.«. d% :=z d§ + d^\ 

and js = f + f ' + const. 

When the reflecting curve, therefore, is an algebraic curve, 
its caustic is always rectifiable. 

(100.) As an application of the preceding theory, we shall 
investigate the equation of the caustic curve when rays di- 
verging from any point are reflected by a spherical surface. 

If 3 be the distance of the radiant point from the centre of 
the circle, its equation is 

deriving from this equation the values of p and y, and sub- 
stituting them in equations (96.), we should have a and /3, the 
coordinates of the caustic curve, expressed in terms of a? andy, 
the coordinates of the reflecting curve; and eliminating the 
latter by means of these equations and that of the circle above 
written, we should have a single equation, containing a and |3 
only. Having already, however, obtained the equation of the 
reflected ray in this case, we shall save trouble by employing it 
in the present investigation. That equation, we have found, ia 

/3[d.cos.2w -f r.cos.ft;] — <x[d.sin.S« + r.sin.o;] + 3r.sin.w=:0; 
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and differentiating with respect to u only, there is 

j8[23.sin.2w+^sin.«] + a[25.cos.2w -f r.cos.«]— 3r.cos.w=0; 

and if we eliminate a and successively from these equations, 
we shall find 

_ 2rd\ sin.* 0) _ dr[r + 6 . cos. w( 1 + 2sin.««)], 

^ "" r*+3ar. cos. w +23*' * "" r« + 3ar .cos. « +^"3^ ' 

and, finally, eliminating u between these equations, we shall 
have an equation containing a and ]3 only, which will be con« 
sequently the equation of tlie caustic curve. 

This elimination cannot be effected except in some particular 
cases^ in which the value of d simplifies the above formulae. If, 
for example, the radiant point be at the centre of the circle, or 
6=0, we find ^ = 0, a = ; and the caustic is reduced to a 
point, namely the centre itself, as is otherwise evident. 

(101.) When the radiant point is infinitely distant, or the 
incident rays parallel, d is infinite, and the above values become 

^ zz r , sin.^ «, azzr , cos. « (^ -f sin.^ w). 

The elimination is easily effected in this case; for, squaring 
these equations and adding, we find 

j32 + «« = -T- (1 + 3 . sin.*w), 

or, r2.sin.2« = ♦ T/Js + «« - -^ J ; 

and substituting for sin. u its value derived from the former of 
the two equations, 



.^./jT :=^r 



^ + «' - -J). 



the equation of the caustic in this case. 

This equation is that of an epicycloid^ generated by the re- 

f 

volution of a circle whose radius is -r* on another whose ra- 

4 

r 
dius is -^ ; the latter being concentric with the reflecting circle. 

The form of the caustic is that represented in the adjoining 
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figure ; in which abcd is the reflecting circle, ff' and CG the 
base and generating circle of the epicycloid ; the radius of the 
former being one half, ^ 

that of the latter one 
fourth of the radius of 
the reflecting curve. 
The branch cfd of the 
caustic is generated by 
reflexion at the con- 
cave surface cad; the 
branch cf'd, by re- 
flexion at the convex 
surface cbd ; the latter, 
however, being iman 
ginary^ in the sense in 
which we have used that word as applied to foci. The curve 
has a cusp at f and f', the middle points of the two radu, 
which are the principal foci of the rays incident on the two 
hemispheres. 

This curve may be familiarly exhibited by exposing a glass, 
full of milk, to the rays of the sun : the caustic will be defined 
by a bright line of light on the surface of the liquid. 

(102.) When the radiant point is at the extremity of the 
diameter^ h:=.r\ and the values of /3 and a become 

/3 = |. r . sin. w (1 — cos. w), 

a n ^r + -j-r . cos. w (1 — cos. w). 

The resulting equation will be more simple if we employ 
polar coordinates, first transferring the origin to the point whose 
abscissa is \r. Thus, let 

/S = p . sin. 0, a =: j-r + f . cos. ^, 

and we have 

f .sin.0 = \r . sin. w (1 — cos. w), 

f).cos.6 = yr.cos.a;(l — cos.w); 

and if we square these equations, and add them, we find 

f = ^r (1 — COS. w) ; 
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and dividing the latter of the two equations by this, we get 
COS. u = COS. S ; whence, finally, 

f =yr(l— COS.0), 

the equation of the cardioide^ or the epicycloid generated by 
the revolution of a circle upon another of equal radius. 

The form of the curve is 
represented in the adjoining 
figure, in which qra is the 
reflecting circle, ogrF the epi- 
cycloid generated by the circle 
ao rolling upon the circle fg, 
which is concentric with the 
reflecting circle; the radius 
c^ the generating circle and 
base being each one third of 
that of the reflecting circle. 

(103.) The caustic being the locus of the intersections of the 
successive reflected rays, it is evident that the condensation of 
the light in this curve is infinitely greater than in the sur- 
rounding space. Again, this curve has always a cusp cor- 
responding to the intersection of the central rays with the axis : 
at this point the number of rays, collected into a given space, 
is infinitely greater than at any other point of the curve, and 
the point itself is the geometric focus of rays indefinitely near 
the axis in their incidence. Now, the interval between this 
point and the intersection of any other reflected ray with the 
axis is the longitudinal aberration of that ray ; and the smallest 
space through which all the reflected rays pass is the least circle 
qf aberratiwi or difiusion. 

The consideration of the magnitude of this circle is of con- 
siderable importance, inasmuch as it determines the limit of the 
concentrating power of any reflecting surface. To determine 
it, let CO, c'o, be the branches of the caustic ; Acm, Bc'm, the 
extreme rays, touching the caustic at the points c and c', and 
cutting it again at k and Jc'. Then, since all the reflected rays 
are tangents to the caustic, in some part of its length co or 
do; it is evident that they must all pass through kk', or that 
ky is the diameter of the least circle of aberration, and nk its 
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radius. Consequently^ the radius of the least circle of aberra- 
tion is the ordinate of the intersection of the extreme ray with 
the caustic curve, and is accordingly obtained by eliminating 
a between the equation of that extreme ray and that of the 
caustic ; the resulting value of /3 is the quantity sought. 

It is to be observed, that the final equation which gives the 
ordinate of the point k^ or the radius of the least circle of 
aberration, must also give the ordinate of the point c^ which is 
also a point of intersection of the extreme ray with the caustic. 
Moreover, as the extreme ray is a tangent to the curve at this 
point, the point c is a double point. Accordingly, the re- 
sulting equation lAust have two equal roots, belonging to the 
ordinates of the point c, and independent of the required values 
of j3 ; and these roots being known and the equation depressed, 
the resulting equadon will give the required values of )3. 

(104.) To apply this to an example : let us seek the least 
circle of aberration, when parallel rays are reflected by a 
spherical surface. 

Making b infinite in equation (81.), the equation of the re- 
flected ray in this case is 

/3 . cos. 2w — a . sin. JjJw + r . sin. w = 0. 

Whence, substituting for sin. 9>u) and cos. 2a; their values ex- 
pressed in terms of sin. oi, and denoting the extreme value of 
sin. M by a, we have for the extreme ray 

j3(l - 2a2) + ra 

a = == — ; 

2tf VI — a^ 
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and this value being substituted in equation (101.), the equa- 
tion of the caustic curve in this case, there is 

3fl« (1 - a«) (r2/3)^ = /3* + 2/3r . a( 1 - 2a«) + r^a\ 

Finally, if we make /3 = rx^^ x being another assumed vari- 
able, T will disappear from the resulting equation, which thus 
becomes 

3^ + ar».a(l - ga«) - 3^«.a«(l - a«) H- a* = 0. 

Now, this equation must have two equal roots belonging to the 
ordinates of the point c, at which the extreme ray touches the 
caustic. But since the general value of j3 is r sin.' oi (101), for 
this point there is 

/3 = ra', and therefore j: = a. 

Accordingly, the preceding equation must have two roots equal 
to a, and is therefore divisible by (-r — (if. Performing the 
division, the depressed equation is 

af^ + 9,ax^ + 3a«^« + 9jax + a« = 0; 

an equation which gives the values of <r, and therefore of 
/3 = rx*, the radius of the least circle of aberration. 

This is the general solution of the problem, whatever be the 
aperture of the mirror. When a is very small, J7 is so likewise : 
in approximating, therefore, to its value, we may neglect all the 
terms of this equation but the two last, the rest being, in this 
case, indefinitely small in comparison. We have, therefore, 

ar + a = 0, or, iT = — ^a ; 

.-. /3 = ra?' = — \ra^ ; 

a result which agrees with that already obtained (66.). 
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CHAPTER V. 



OF LIGHT EEFRACTED AT PLANE SURFACES. 



I. 

Of Refraction at a single plane Surface. 

(105.) When a ray of light passes from one medium into 
another of a different nature^ it is, in general, bent from its 
original direction. This modification of light is called re- 
fraction. 

The two portions of the ray, before and after incidence upon 
the surface bounding the two media, are called the incident 
and refracted rays. The angles which they make with the 
perpendicular to the refracting surface at the point of inci- 
dence, are called the angles of incidence and refraction^ re- 
spectively ; and the angle, contained by the refracted ray with 
the incident ray produced, is called the angle of deviation. 

In general, when a ray passes from a rarer into a denser 
medium, the angle of incidence is greater than the angle of re- 
fraction ; and, therefore, the deviation takes place towards the 
perpendicular at the common surface. When the passage of 
the ray, on the contrary, is from the denser into the rarer me- 
dium, the reverse takes place, and the deviation is from the 
perpendicular. 

The angle of deviation, corresponding to a given angle of 
incidence, is, in general, different for different media ; and any 
medium is said to have a greater or less refracting power than 
another, according as the deviation produced by it, at a given 
incidence, is greater or less than that of the other. 
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(106.) The angles which the portions of the ray in the two 
media make with the perpendicular to the refractiiig surface 
at the point of incidence^ are in the same plaive^ and their sines 
are in an invariable ratioj whatever be the direction of the 
incident light. 

This law, we have already observed, is the result of expe- 
rience; and we have explained an experiment by which its 
truth may be familiarly exhibited. However, as it is the 
foundation of the whole theory of refracted light, it will not be 
amiss to show in what manner the constant ratio of the sines 
may be more strictly established. 

Let a perfectly straight beam, 
AB, be provided; to which are 
attached, near the extremities, 
two plates, ab^ dV, so that their 
planes are perpendicular to the 
line of the beam, and therefore 
parallel. Now, the upper of 
these plates being perforated in 
any point, o, let a point, (/, be 
marked on the lower, exactly 
corresponding in position. Then, 
a glass vessel, whose bottom is 
perfectly plane, being placed on 
the upper plate, and partly filled 

with water, or any other transparent fluid, let a beam of the 
sun's light, ss', be incident on the surface of the fluid at s'; and 
let the position of the beam be shifted, until the refracted ray^ 
s'o, passing through the aperture at o, shall meet the other 
plate in the corresponding point cl \ and, at that moment, let 
the altitude of the sun be taken, and the inclination of th6 
beam to the horizon measured. 

Now, the surface of the fluid being horizontal, the altitude 
of the sun is equal to the angle which the incident ray maked 
with the surface of the fluid, or to the complement of the ftngle 
of incidence. Also, the refracted ray od being evidently parallel 
to the beam, the inclination of the beam to the horizon is equal 
to the angle which the refracted ray makes with the surface of 
the fluid, or, to the complement of the angle of refraction. 
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Thus, the experiment being repeated at different altitudes of 
the sun^ we obtain several angles of incidence with their cor- 
responding angles of refraction ; and their sines, being taken 
from the trigonometrical tables, will be found always in the 
same ratio. 

In the foregoing experiment, the course of the ray is from 
air into water. It would be easy to modify the experiment so 
as to adapt it to the case in which the light proceeds in the 
opposite direction. As the fullest confirmation of these laws, 
however, is derived from the agreement of the results deduced 
from them with experience, it is unnecessary to dwell longer 
upon the subject. 

(107.) If and ^ be used to denote the angles which the 
portions of the ray in the rarer and denser medium, re- 
spectively, make with the perpendicular to the common surface 
at the point of incidence, the law of refraction will be ex- 
pressed by the equation 

sin. ^ 

jx being a constant quantity. 

This constant is termed the index of refraction : and, lunce 
6 is greater than 0' (105.), it is evident that fXr is always greater 
than unity. 

The index of refraction, though constant for the same 
medial is yet, as we have already remarked, different for 
different media. The least value of fi, is unity, its value when 
a ray proceeds out of any medium into another of equal density: 
in this case, it is evident that the ray will undergo no reflation. 
The greatest known value of ft is 3 ; which is its value when 
a ray proceeds from a vacuum into chromate of lead ; and 
between these extreme values it is found of every intermediate 
magnitude. Thus : for water, ft = 1,336. For crown glass, 
li, = 1,535. For flint glass, fx, = 1,6. For diamond, ft = 2,487. 
For chromate of lead^ ft = 3. 

In all these cases, in which a single medium only is noticed, 
the other is understood to be a vacuum. The index of re- 
fraction, in such cases, is called the absolute index of refraction 
of the medium. 
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(108.) The angle of deviation is the difference between the 
angles of incidence and refraction. 

It may easily be shown that, the greater the incidence, the 
greater must also be the deviation. For, by the equation of 
the preceding article, 

sin. 6 = /t sin. ff. 

Now, if we add and subtract sin. ff on both sides of this equa- 
tion, and divide the latter result by the former, there is 

sin. Q — sin. tf ^ — 1 
sin. Q + sin. 9 ^t + 1 ' 

or, since the first member of this equation = — —77; -r^, 

^ tan. 4(0 + &) 

tan. -1(6 -&)- ^— "l • tan. -1(6 + 6'). 

From which it appears that^ as 6, and therefore also 6^, in- 
creases ; 6 — tf, the deviation, likewise increases. 

When the angles of incidence and refraction are very small, 
they may, without sensible error, be considered proportional 
to their sines ; and we have 

6 = ^6'. 

/^ 
That is, the devii^ion of a ray, which passes nearly perpendi* 
cularly through a refracting surface, bears a given ratio to the 
angle of incidence. 

(109.) It follows from the equation sin. 6 = ^ . sin. 6^, that 
O', the angle which the portion of the ray in the denser me- 
dium makes with the perpendicular to the surface, can never 
exceed a certain limit. For, it is evident that sin. 6^, and there- 
fore & itself, is greatest when sin. 6 is so. But the greatest 
value of sin. 6 is unity ; to which it is equal, when 6 is a right 
angle. Wherefore, if 6y denote the corresponding value of 6^, 

. , 1 

sm. 6i = — 

Thus, when the refraction takes place at the surface of water, 
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A6 = 1,336, and .-. d^ = 48*^. 29. 

When the refracting medium is crown glass, 

fi = 1 ,636, and /. 6, = 40<*. S&. 

Now ff is the angle of refraction or incidence, according as 
the course of the ray is from the rarer into the denser medium, 
or in the opposite direction. In the latter case, therefore, i. e. 
when the course of the ray is from the denser into the rarer 
medium, it cannot be transmitted when the angle of inddenoe 

exceeds a certain limit, 0^, whose sine = — . In fact, it ap- 

pears from experiment, that the ray whose incidence exceeds 
this limit is turned back into the denser medium, being reflected, 
and not refracted, at the common surface. 

This seems to afford a simple method of determining the 
index of refraction of any substance : for we have only to ob- 
serve the limiting angle, at which a ray of light ceases to emerge 
from that substance into air ; the reciprocal of the sine of this 
angle is the index of refraction between air and that substance. 

(110.) In what has preceded, we have used the character fA 

to denote the ratio -^r-'—r, in which 6 and ff are the angles 

which the branches of the ray in the rarer and denser medium, 
respectively, make with the perpendicular to the surface at the 
point of incidence. In this case /n is the same, whether the 
course of the ray is from the rarer into the denser medium, or 
V. V. ; and is always greater than unity. As it is frequently 
necessary, however, that our analysis should designate the di- 
rection of the light, we shall employ the symbol m to denote 
the ratio of the sines of the angles of incidence and refraction ; 
so that 

sin. (inc.) 

sin. (ref.) * 

Accordingly, when the course of the ray is from the rarer into 
the denser medium, miz fi; when in the opposite direction, 

1 

tn = — . 

(111.) If a pencil of parallel rays be incident on a plane re- 
fracting surface, the refracted rays are also parallel. 
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For, since the incident rays are parallel, as also the perpen- 
diculars to the surface at the points of incidence, it follows that 
the planes of incidence are parallel, and the angles of incidence 
equal. Hence, since the angles of incidence and refraction are 
in the same planej and their sines in an invariable ratio, the 
planes of refraction are parallel, and the angles of refraction 
equal. Accordingly, the refracted rays must be parallel, as 
they lie in parallel planes, and contain equal angles with parallel 
lines in those planes, namely, the perpendiculars to the surface 
at the points of incidence. 

(112.) A pencil of rays, diverging from a point, being inci- 
dent nearly perpendicularly upon a plane refracting surface, it 
is required to determine the focus of the refracted pencil. 

Let Q, be the radiant pointy qo 
the perpendicular from it on the 
refracting surface; qr any inci- 
dent ray, which is refracted in the 
direction rs; and let this refracted 
ray be produced backwards to 
meet the perpendicular to the re- 
fracting surface in q^ Then, in 
the triangle qr;, there is 

R^ ^ sin. noiq __ sin. rqo 
Ra ~" sin. R^Q ^ sin. Rqo' 

But Rao and nqo are equal to the 
angles of incidence and refraction 
respectively, and the ratio of their sines = tn ; wherefore 

— :=. m, 

RQ 

Now, since the incident rays are, by supposition, guam 
proxime perpendicular to the refracting surface, the point r is 
indefinitely near to o ; and, ultimately, when R coincides with 
o, the distances rq and r; coincide with oa and oq ; wherefore, 
if these latter distances be denoted by b and d', there is 

a' 



that is, the distance of the focus of the refracted rays from the 




80 HOMOGENEOUS LIGHT. 

surface, is to the distance of the focus of incident rays from the 
same, in the constant ratio of. the sine of incidence to the sine 
of refraction. 

When the radiant point is in the rarer medium, m = /ct, and 
is greater than unity, wherefore 8' 7 d. On the contrary, when 

the radiant point is in the denser medium, mzz — , and is less 

than unity, and therefore 5' z 8. 

The distance if, thus determined, is the ultimate value of the 
distance of the intersection of the refracted ray with the axis 
from the surface, and to which it approaches more and more 
nearly as the aperture or is diminished. But, as it is evident 
that the number of rays diverging from the point a, and inci- 
dent on a given breadth of the surface, is greatest at the point 
o; so the number of refracted rays collected into a given space 
on the perpendicular oq, is greatest at the corresponding point 
of that perpendicular, whose dist«ince is determined above. 
This point, therefore, is justly considered as the focus of the 
refracted pencil. This subject will be placed in a clearer and 
more general point of view when we treat of caustics. 

(113.) Let us now seek the intersection of any refracted ray 
whatever with the axis. 

Let the distances oa and oq be denoted by d and d', and 
the semiaperture or by a; then, if we square the equation 
nq = m. bo, and substitute for r; and Ba their values ex- 
pressed in terms of d, d' and a, there is 

'2 + a« = w« (a« + ««) : 



When the aperture is small, we may obtain from this an 
approximate value, which will be sufficiently near the truth for 
all practical purposes. For, if the preceding value of ^ be 
developed, and all the powers of a, beyond the second, neg- 
lected, there is 

^=.md + 4(m« - 1)^. 
But when a = 0, there is d^ =: mB, the approximate value al- 
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ready found ; wherefore, if we denote this latter by dp and 
subtract. 



a' 



\ 2 



This quantity is called the aberration of the extreme ray. 

The intersection of any refracted ray with the axis may be 
exhibited by a simple construction. 

aR being any incident ray 
whatever, proceeding from the 
point a, let it be produced 
backwards, until it meet the 
perpendicular to the axis, ^, 
erected at g', the focus of rays 
indefinitely near the axis; 
then, if with the centre R and 
radius Bp a circle be described, 
cutting the axis in q^ that 
point will be the intersection 
of the refracted ray with the 
axis. For, joining rj, there 
is 

Rj _ r;> _ og' 
Ra Ra oa ' 

whence rj is the refracted ray, and q^ the aberration. 

(114.) It is necessary to observe that, when a beam of light 
falls upon the surface of a refracting medium, the whole of the 
incident light is, in no case, transmitted. A portion is always 
reflected ; and, when the course of the light is from the rarer 
into the denser medium, the proportion which the reflected 
bears to the transmitted part increases regularly with the inci- 
dence; being smallest when the light is incident perpendicu- 
larly, and greatest when the light just grazes the surface, 
neither portion ever vanishing. 

The case is somewhat difierent when the light proceeds from 
the denser into the rarer medium : in this case the reflected 
portion increases regularly with the incidence, as before, until 
the angle of incidence reaches the limiting value above men- 
tioned ; when, suddenly, the whole of the incident light is re- 
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flectedy and none whatever transmitted. This limiting angle 
has been, accordingly, called the angle of total reflexion. 
This reflexion, being total, far exceeds that which takes place 
at the most highly polished reflecting surfaces, the most bril- 
liant of which absorb a considerable portion of the inddent 
light 



II. 



Of Refraction at parallel plane Sttrfaces. 

(1 15.) When a ray of light traverses a medium bounded by 
parallel planes, and re-enters the original medium^ the emer- 
gent ray is parallel to the incident. 

Let q,rk'q! be the course of the 
ray, passing from the medium a 
into the medium b at r, and re- 
emerging into the former at r'. 
Then, by the law of refraction, 
as it has been laid down (106.), 
the ratio of the sines of the angles, 
which the branches of the ray in 
the media a and b form with the 
perpendicular to the bounding 
surface, is constant, whatever be 
the course of the ray; that is, if 

OP and o'p' be the perpendiculars to the parallel surfaces at the 
points of incidence and emergence, 

sin. gRO sin. q'r'o' 
sin. r'rp "" sin. RR'p' * 

But, on account of the parallelism of the surfaces, the angles 
r'rP and rr'// are equal : therefore the angles aRO, M&, are 
also equal, and the lines aR, q'r', therefore, parallel. 

(116.) When a ray of light, passing through the second 
medium, enters a third which is diiBTerent from either of the 
former, the surfaces bounding the media being parallel, the 
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course of the ray in the third medium will be the same as if 
the light had entered it directly from the first, and is therefore 
altogether independent of the intermediate medium. 

For the demonstration of this law^ which may be considered 
as the foundation of all that relates to successive refraction by 
different media, we must resort to experience. It is proved by 
experiment that if a ray of lights qrsty, passing from the me- 
dium A, traverse two others, b and c, and finally emerge into 
the original medium, all the bounding surfaces being parallel, 
the emergent ray xv will be parallel to the incident qr. 

Now, if we suppose another 
ray, a's'i'v', to be incident di- 
rectly from the first upon the 
third medium, in a direction 
parallel to aB, and passing 
through the third to re-enter 
the first, it follows from the 
last article that the incident 
and emergent rays, ols' and 
t'v', are also parallel. Hence, 
the incident rays, qb and a's', 
being supposed parallel, the 
emergent rays, tv and t'v', are 
also parallel ; and, as they are 

both equally refracted at the common surface of the same 
media c and a, st and s't', the branches in the medium c, 
^re likewise parallel. 

Hence, when a ray of light passes from any medium, through 
an intermediate medium, into a third, all being bounded by 
parallel surfaces, the total deviation of the ray is the same as if 
it had passed directly from the first into the third. 

This principle may be generalized : for, ^nce the course 
of the ray in the third medium is the same as if the light 
had passed directly into it from the first, it follows, that if a 
fourth medium be added to the other three, the course of the 
ray in it will be the same as if the light had passed from the 
first into the third, and thence into the fourth ; which is the 
same as if the light had passed direcUy from the first into the 
fourth. And, generally, whatever be the number of media, 

g2 
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the course of the ray in the last, and therefore the total devia- 
tion, will be the same as if the light had been incident directly 
from the first into the last, parallel to its original direction. 

(117.) The analytic expression of these laws is as follows : 
Let i' and r' denote the angles of incidence and refraction 
from the first medium into the second ; i" and r", from the se- 
cond into the third ; and i^ and r^ from the third into the first. 
Then, if m\ 7r/\ and Wy, denote the corresponding ratios of the 
sines, 

, sin. i' ,, sin. i" sin. l 

sm. r' sm. r" ' sm. r^ 

And if we multiply these equations together, and observe that, 
on account of the parallelism of the surfaces, i" = r', i^ = r", 
there is 

sin. i' 



rrini^m^ = 



sin. Ry 



But by experiment it appears that the emergent ray is parallel 
to the incident, and therefore r, = i' ; whence we have 

niiffi^m^ = 1 . 
Now, if m denote the ratio of the sines out of the first medium 
into the third, m iz — ; wherefore there is 



fWy 



m =: mW. 



That is, the ratio of the sines from the first medium into the 
third, is the product of the corresponding ratios from the first 
into the second, and from the second into the third. 

This conclusion is readily generalized : for, if m'" denote 
the ratio of the sines from the third medium into a fourth, 
then the ratio from the first into the fourth = wmi^ r: ftirrPni^. 
And, in general, whatever be the number of successive media, 
if m denote the index of refraction from the first into the last, 
we have 

m = rnlm^^fri^^wP^i &c. 

This result is of great importance ; for by means of it we can 
obtain the measure of refraction between any two media, pro- 
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vided we are able to connect them by any intermediate media 
whatever^ at whose common surfaces the refraction is known. 

(118.) In the case of three media, if the second or inter- 
mediate medium be a vacuum, vi = — p, and ni^ -=• y!^ \ fJ and 

IjP denoting the absolute indices of refraction of the extreme 
media : accordingly there is 

' tn = — r. 

That is, the relative index of refracUon between any two media 
is equal to the quotient arising from the division of the absolute 
index of the second by that of the first. 

Thus, if it be required to find the relative index of refraction 
from water into glass, there is 

fj =z ^, and ijP = |^, nearly, 

in which fJ and fJ* denote the absolute indices of refraction of 
water and glass, respectively. Wherefore 

»w = -J = I, nearly. 

(119.) When a pencil of rays, diverging from a point, is 
incident nearly perpendicularly upon a medium bounded by 
parallel plane surfaces, and emerges into the original medium, 
it is required to find the focus of the emergent pencil. 

Let b denote the distance of the focus of the incident pencil 
from the first surface; ^ and h^^ the distances of the conjugate 
foci from the same after the first and second refraction, re- 
spectively: then, if 6 denote the thickness of the medium, 
^ + 6 and d'' + 6 will be the distances of the conjugate foci, at 
the second refraction, from the refracting surface ; and we have 
the equations : 

S = mdj 

and subtracting the former from the latter, there is 

ez=zm{d" --d) + me. 

w — 1 « 

.-. 5-6" = e. 

m 
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From which it appears that the focus of the pencil is brought 
nearer to the medium by the double refraction, the distance 

between the foci of the incident and emergent pencils being to 

the thickness of the medium in a constant ratio. 

If the rays meet with a second medium bounded by planes 

parallel to those of the former, the focus of the pencil emergent 

from the first medium will, after refraction by the second, be 

brought nearer to it by the quantity 

in which ff denotes the thickness of the second medium, and 
inl the index of refraction from the surrounding medium into it; 
wherefore the interval between the first and last focus will be 

w — 1 wi' — 1 ^, 
e 4- —ff: 

and this is so, whether the media are in contact, or separated 
by any interval whatever. 

In the same manner, if there be several such media, their 
combined effect on the place of the focus of the emergent pendl 
is obtuned by adding together the separate effects of each. 
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III. 

Of Refraction by Prisms, 

(120.) We now proceed to consider the refraction of a ray, 
or ^stem of rays, in passing through a medium bounded by 
plane surfaces which are inclined to one another at any angle. 
We shall confine our attention to the roost important case: 
that, namely, in which the refraction takes place in a plane 
perpendicular to both the bounding surfaces, and therefore to 
the right line in which they meet. 

Any medium bounded by two plane surfaces, which are in- 
clined to one another at any angle, is called in optics a prism. 

The two surfaces are called the faces of the prism ; the line 
in which they meet, the edge ; and the angle which they form, 
the refracting angle. 

Any section of the prism, formed by a plane perpendicular 
to both surfaces, and therefore also to the edge of the prism, is 
called a principal section of the prism. 

(121.) When a ray of light passes through a prism, which 
is denser than the surrounding medium, the total deviation of 
the ray is, in all c&ses^ from the refracting angle. 

Let BAG, in the adjoining figures, represent a principal 
section of the prism ; qee'q' the course of the refracted ray, 
which is obviously contained in the plane of that section ; and 
let 7717), m^n\ be the perpendiculars to the faces of the prism at 
the points of incidence and emergence. There are, then, three 
cases to be considered, inasmuch as the angles abb', ab^b, which 
the ray within the prism makes with the sides towards the 
vertex, may be both acute, one right, or one obtuse. 

In the first case, it is 
evident that the incident 
and emergent rays, aa, 
B^a', lie on the sides of 
the perpendiculars from 
the vertex; and, since 
the branch of the ray in ^ 
the rarer medium con- 
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tains a greater angle with the perpendicular than that in the 
denser, the deviation, both at ingress and ^ress, will be firom 
tlie vertex of the prism. 

In the second case, namely, 
when one of the angles, akk', 
ak'k, is right, and the other 
acute, there will be no deviation 
whatever at the former; and at 
the latter, the deviation will be, 
for the reason already given, 
from the vertex of the prism. 

In the third case, where one of the angles, are', is obtuse, 
and the other, ak'k, acute, since the ray kq will evidently lie 
at the ade of the perpendicular 
towards the vertex, and r'q' at 
the opposite side, the devia- 
tion at R will be towards the 
vertex, and at b' from it. But 
the angle of incidence at r' is 
greater than at r; the former 
being the exterior, the latter 
the interior angle of the triangle 
RR'n : hence the deviation in the 
former case is greater than in 

the latter (108.), and therefore the total deviation, which in 
this case is the difference of the partial deviations, will be from 
the vertex. 

(ISS.) The vertical angle of the prism is equal to the sum 
or difference of the angles which the course of the ray within 
the prism makes with the perpendiculars to the faces at the 
points of incidence and emergence. 

For, if >]/ and 4' denote these angles, and s the vertical angle 

of the prism, there is abb' = — — >)/, ab'b = -^ 4^. 

Accordingly there is s + f ~ — '^)"f"('o "" 4^) = ^> whence 

I n 4 + >j;. 
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When the angle ar'r, which the ray within the prism makes 
with one of the sides towards the vertex, is obtuse, there is 

ar'e = — + -vJ/, and, consequently, g = -sj/ — -vj/. 

This formula, however, is included in the preceding, if the 
positive values of the angles >}/ and -vj/ be estimated from the 
perpendicular towards the vertex of the prism \ for, this being 
understood, it is obvious that -s)/ or -vj/ becomes negative, when 
the corresponding angle are' or ar'r is obtuse. 

From this it follows that the greatest angle of a prism, which 
can transmit a ray of light, is double the angle of total re- 
flexion. For it is evident that g = -s)/ + >}/ is greatest, when 
•4/ and -vj/' are so ; that is, when each of them is equal to 6^, the 

1 

angle whose sine = — . Hence the greatest angle of the prism 

which will transmit a single ray is 

(123.) Let (p and p' denote the angles which the incident 
and emergent rays make with the perpendiculars to the surface 
at the points of incidence and emergence, the positive values of 
these angles being measured from the perpendicular towards 
the base of the prism. Also, let -^ and -vj/, as before, denote 
the angles, which the course of the ray within the prism makes 
with the same perpendiculars, estimated towards the vertex. 
Then fi being the index of refraction of the prism, we have the 
following equations : 

sin. <p zz fi . sin. -v}/, sin. p' = ^ . sin. -vj/, 

^ + ^ = g; 

by means of which the direction of the emergent ray is deter- 
mined, that of the incident ray being known. 

When the surfaces a.re parallel, or g = 0, there is 

;// + >// z= 0, whence sin. yjJ zz — sin. \p ; 
.'. sin. (p' zz — sin. f , and 9' = — p ; 

consequently the incident and emergent rays are parallel. 

When the ray is incident perpendicularly upon the first 
surface of the prism, the determination of the direction of the 
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emergent ray is easy. For, i^nce ^ = 0, we have, by the first 
and third of these equations, )f/ = 0, if/ =: e ; wherefore^ sub- 
stituting in the second, there is 

sin. ^ "=, fi. sin s. 

Now, if h denote the deviation at the second surface, which is 
the total deviation of the ray in this case^ there is 

.'. sin. (6 4- «) = ^.sin. f; 

an equation which enables us to determine ^, the index of I'e- 
fraction of the prism, by measuring the deviation of a ray in- 
cident perpendicularly upon its first surface. This method, 
however, is not so convenient in practice as that of Newton, 
which will be presently explained. 

(124.) The total deviation of the refracted ray is equal Xo 
the sum* of the deviations at incidence and emergence. 
Wherefore, denoUng it by b, there is 

a = (p - ,//) + (p' - iP') = ^ + ^ - £, 

since i^ + >// = g. 

When a ray of light passes nearly perpendicularly through 
a thin prism, the total deviation is constant, and bears an inva- 
riable ratio to the angle of the prism. 

For, in this case, the angles of incidence and refraction, 
being very small, may, without sensible error, be considered 
proportional to their sines ; wherefore the equadons of the pre- 
ceding article become 

and, adding, ^ + (p' = ^(;// + i//') = f^z. Whence 

6=?J + ^'— g = (ft — l)g. 

(1S5.) Let it be required to determine in what case the 
total deviation of a ray, in passing through a prism of any re- 
fracting angle, is a minimum, 

* It is scarcely necessary to remark that the word sum is used 
here in the algebraic sense, and becomes the difference when one of 
the partial deviations is negative^ or to^vards the vertex. 
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By the condition of the question there is 

Also, since ;// + >//' r: g, d(^^ + \j^') r: 0. 
If, then, we differentiate the equations 

sin. f zz fi, sin. i//, sin. ff iz fj,, sin. \//, 

and substitute for d(ff and dvf/' their values, — dp and — d-^^y 
furnished by the equations first obtained, there is 

COS. (p.df zn fi. COS. ip . dypf COS. <ff, df<p = /(6 . cos. >//. di// ; 

and, dividing the former by the latter, 

cos. (p cos. ^ 
cos. <ff "" cos. i^' * 

Now, squaring this equation, it may be written 

1 — sin.* (p ^ I — sin.* yjf 
T — sin.* ^ "" T— sin.«>//' 

And, finally, substituting for sin. ^ and sin. (p' their values, 
fA.siu.xj/y ^.sin.i/^', and taking away the denominators, we 
obtain 

sin.* >// = sin.* ;//'• 

Hence sin. ^' = ± sin. i/', and .•.>//=+ V'* 

The lower sign cannot be employed, inasmuch as it would 
give g = >// + >//' = 0. There is, therefore, 

^ = ^' = ^. 

Since \p and t/^' are equal, it is evident that (p and ^' are also 
equal, and therefore the deviation is a minimum wh^n the 
angles of incidence and emergence are equal. 

The magnitude of the least deviation is determined by the 
equations 

sm. <p = fi. sm. -5-. 

What has been said here of a single ray is evidently true of 
a pencil of parallel rays. If, therefore, a beam of solar light 
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be refracted by a prism, and received upon a screen, the height 
of the depicted image will be a minimum when the refractions 
are equal at incidence and emergence. For the total deviation 
is equal to the sum of the angles which the incident and 
emergent rays make with the horizon ; but the inclination of 
the incident ray to the horizon^ or the altitude of the sun, is 
constant ; therefore the inclination of the emergent ray to the 
horizon, and consequently the height of the image, will be least 
when the deviation is a minimum. 

(126.) Newton's method of determining the index of refrac- 
tion of any substance is derived from the principles just ex- 
plained, and is as follows : The substance to be examined is 
formed into a prism, which is exposed to a beam of solar light, 
and so placed that the refractions shall be equal at incidence 
and emergence. It is easy to place the prism in this position ; 
for we have only to move it slowly round its axis^ and stop it 
at the point at which the solar image, between its descent and 
ascent, appears stationary; and, since the deviation is then a 
minimum, any small derangement from this position will cause 
no sensible change in the total deviation of the ray. The prism 
being fixed in this position, the sun's altitude and the inclina- 
tion of the emergent beam to the horizon are then measured : 
their sum is equal to the total deviation. Wherefore, if the 
angle of the prism be ascertained, we have the angles of inci- 
dence and refraction at the entrance or emergence of the beam, 
and therefore the index of refraction. For, by the preceding 
article, there is 

s d + £ 

_ sin. 1(3 -f s) 
sm.^g 

To determine the index of refraction of a fluid, it is only 
necessai'y to enclose the fluid in a hollow prism, whose sides 
are glass plates terminated by parallel planes, and then to take 
the measure as for a solid. For the direction of the emergent 
ray will be the same as if the ray had entered immediately from 
air into the fluid, and emerged in the Same manner, without the 
interposition of the glass (1 16.). 
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M. Biot's contrivance is to bore a hole through the sides of 
a solid glass prism, communicating with another hole in the 
base through which the fluid is to be introduced ; the apertures 
in the sides are then to be closed by glass plates. 

(127.) We now proceed to establish directly a relation 
between the angles of incidence and emergence. 

It is evident that this is to be accomplished by eliminating 
)// and }(/ from the three equations (1^.) : the resulting equation 
will contain ^, f', and s. It will be found convenient, however, 
to employ, instead of the angles which the ray makes with the 
perpendiculars to the surfaces, the angles which it contains 
with the surfaces themselves. 

Let a and a' denote the 
angles qrb, a^R'c, which 
the incident and emergent 
rays form with the sides 
of the prism towards the 
base; ^ and ^ the opposite 
angles, abb', ab'b, which 
the course of the ray within 
the prism forms with those 
sides, towards the vertex. 
These are, respectively, the complements of the angles of in- 
cidence and refraction out of the surrounding medium into the 
prism, and we have, therefore, the following equations : 

COS. a =: ^ . COS. ^, cos. a! zz fi. cos. jS', 

which determine completely the direction of the emergent ray. 
To eliminate /? and jS', we substitute in the second of these 
equations the value of given by the third, there is then 

cos. a! = fi, cos. [^ — (iS + g)] = — /£ . COS. (jS + 

= — At. I COS. j8 . COS. g — sin. j8 . sin. e } ; 

or, substituting for fi . cos. jS its value, cos. a, given by the first 
equation, and bringing that term to the other side, 

COS. a! 4~ COS. i • cos. oL=: fi, sin. i . sin. ^. 
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Again, the first equation, multiplied by sin. s, gives 

sin. $ . COS. a= fi , sin. t . cos. ^, 
And squaring and adding these two equations, we obtain 
COS.* a + 2 COS. s . COS. a . cos. a' + cos.* cJ =: fi,\ sin.* s , * 

an equation containing a, a!, and s only. 

This equation may be put under a remarkable form ; for, 
substituting for cos.* a, cos.* a', their values, 4(l + co^^^)> 
4(J + COS. Sa'), there is 

COS.* a + COS.* a' = 1 4- iipos. 2a + cos. 2a') 

= 1 4- COS. (a + a') cos. (a — a'). 

Also, 2 COS. a . COS. a! = cos. (a + a') -f- cos. (a — a'). 

Wherefore, making these substitutions, and subtracting sin.* s 
from both sides of the equation, 

fi^. sin.* 6 — sin.* s = 

COS.* 6 + COS. g. rcos.(a 4- a') +cos.(a — a')^ -f cos.(a + a')cos.(a — a% 

which is equivalent to 

(^*— 1) sin.* 8 = [cos. 6 + cos. (a 4- a!)] [cos. f + cos. (a— J)\ 

The angle contained by* the incident and emergent ray 

Qoa' = A 4- ARO 4- ae'o = a 4- a' + f . 

This angle will be a maximumj when a 4- «' is so. Now, the 
first member of the above equation being constant, the two 
factors of the second vary reciprocally. Hence, when a + a' is 
greatest, and therefore its cosine least, the first factor is least, 
and therefore the second greatest: it follows therefore that 
cos. (a ~ a') will be the greatest possible in this case ; it is 
therefore equal to unity, and a^ a' = ; i. e. the incident and 
emergent rays make equal angles with the sides of the prism. 

(128.) The equation of the preceding article may be also 
employed to determine the index of refraction ^, when the 
angles a and a', which the incident and emergent rays make 
with the sides of the prism, are known. For this purpose it 
may be put under another form, better suited to logarithmic 
calculation ; for, since the sum of two cosines is equal to twice 
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the cosine of half the sum, multiplied by the co^ne of half the 
difference, there is, 

(Afr«— l)sin.2g = 

. a + a'-l-g a + a'— 8 g + a' — a « + a— a' 

' 2 ^^' 2 ^^ 2 ^^' 2 ' 

or, mafang ^ = y, 

(f^*— l)sin.«g =4co8.y.cos. (y— g).cos.(y— a).cos.(y — a'), 

froqa which fi^—ly and therefore ^t, is readily determined when 
s, £(, and a' are known. 

The manner in which this is applied is the following : 




The substance whose index of refraction is sought is to be 
formed into a prism, and any object, as q, observed by the 
eye at a', both directly and by means of the refracted ray, 
qjblU^q!. The angles at q and o! are then measured, as also the 
angle qbb = a, which the incident ray makes with the side 
of the prism. Then, in the triapgle aoa', o -f a + q' = «*; 
but the angle o, contained by the incident and emergent rays, 
= a + a' 4- 8 ; wherefore, denoting the observed angles q and 
q! by 91 and 6, there is 

from which a' is determined, all the rest being known. Hence 
a, a! 9 and e being known, fi is determined by the equation above 
given *. 

* For the results ojbtained by these and other methods, see Appendix. 
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(129.) A small pencil of rays being incident nearly perpen- 
dicularly upon a thin prism, it is required to find the focus of 
the refracted pencil. 

Let D be the focus of the incident 
pencil, and ds a perpendicular from 
it upon the first surface; then, 
taking d's = fi. ds, b' will be the 
focus after refraction by the first 
surface, and therefore the focus of 
the pencil incident on the second. 
Wherefore, drawing from d' the 
perpendicular dV on the second 
surface, and making d's' = /a.dV, 
d" will be the focus of the pencil 
after the second refraction. 

It is evident that the line dd", joining the foci of the incident 
and emergent pencils, is parallel to the line ss', joining the in- 
tersections of the perpendiculars with the two surfaces. 

It will not be difiicult to calculate the position of the point d" 
with respect to one of the sides of the prism, that of d being given. 

For, referring the radiant to the first surface, the distances 
AS and DS are given ; wherefore, denoting them by a and 6, 
d's = f(.6, is also given. 

Again, referring the conjugate focus d'' to the second surface, 
and denoting the distances as' and d"s' by a and ^, there is 
dV = |M,/3. 

Now, if we denote the distance d'a by r, the angle d'as by 0, 
and the angle of tlie prism by s, we have in the triangle i/s'a, 

a •zir cos. (6 -f ? ) = r (cos. B . cos. s — sin. B . ^n. «), 

ju^jS = rsin.(d + s) = r(sin.6.cos. s + cos. O.sin.g); 

but in the triangle d'as there is 

a = r cos, 0, jxft = r sin. 6. 

Wherefore, substituting these values in the expressions for 
a and /3, we find 

a = a . cos. e — fjj) , sin. e, 

[L^ zz a. sin. e 4- f^& • cos. s ; 

by which the position of the point d" is completely determined. 
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Since the angle of the prism is supposed to be very small, 
we may, without much error, take cos. s = 1, sin. f = f, and 
we find 

« — a = — ju.g6, 

|x(j3 — J) = sflr. 



IV. 

Of Images 'produced by Refraction oi Plane Surfaces* 

(180.) It has been already shown (112.) that when a pencil 
of rays, diverging from a point, is incident nearly perpendicu- 
larly upon a plane refracting surface, the rays will diverge, 
after refraction, from a point whose distance from the surface 
is to the distance of the focus of incident rays from the same in 
the constant ratio of the sine of incidence to the sine of refrac* 
tion ; or, that if b and ^ denote the distances of the radiant 
and its conjugate from the surface, the relation between them 
is expressed by the equation 

Now, considering the image as the aggregate of the foci of 
the several pencils of refracted rays, which are incident from 
the several points of the object, its figure and position are found 
by letting fall perpendiculars from each point of the object on 
the refracting surface, and increasing or diminishing these ordi- 
nates in the constant ratio oim : 1 ; the extremities of the new 
ordinates determine the several points of the image. 

It is evident from what has been said, that the figure of the 
image (if viewed perpendicularly to the refracting surface) is 
similar to that of the object, since the ordinates are in a con- 
stant ratio. But the position and magnitude will, in general, 
be different. 

When the refraction is out of the rarer into the denser me- 
dium, i. e. when the object is in the rarer medium, the image 
IS farther from the refracting surface than the object ; and, on 
the contrary, it is nearer to the surface than the object, when 

H 
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the latter is in the denser medium, the perpendicular distances 
of the corresponding points of the object and image from the 
sui*face being in the constant ratio oflim. Hence we see the 
reason why a lake or any place covered with water appears 
shallower than it really is; the image of the bottom being 
brought nearer to the surface by the refraction. 

(131.) When the object is a plane, or its section rectilinear, 
if this plane be parallel to the 

surface, its image will be also 

parallel to it, at a distance 
greater or less in the ratio of 
mil; and the magnitude of 



Ah 



the image will be the same as ^ 

that of the object. 

For AB being the object, and ab its image, we have 

aE _ fcs 

AE "" "" BS' 

And since ar = bs, there is also or = 5s, and therefore ab 
and Rs are parallel ; and moreover, since ao^b is a parallelo- 
gram, ab = AB. 

If the plane of the object be inclined to the surface, that of 
the image will also be in- p • b s 

clined to the same ; and the 
tangents of the angles which 
the planes of the image and 
object make with the surface 
are to one another in the 
ratio of wi:l. 

For AB being the object, ab the image, as before. 




aE bs 


5s BS 


^^ ^m ^ , 


or — = — : 


AE bs' 


aJL AR 



from which it follows that the lines ab, ab, produced will in- 
tersect the surface at the same point, o ; wherefore 

tang. bos : tang, bos :: bsiBs ::m:l. 

Hence appears the reason why a stick, or any straight object, 
partly immersed in water, in a direction inclined to the surface, 
appears broken ; the image of the immersed part forming a 



BEFBACTIOX AT PLANE 8DEFACBS. — IMAGES. 99 

less angle with the surface than the stick itself, and therefore 
appearing inclined to the part which is not immersed. 

The magnitudes of the object and image are evidently to 
one another as the secants of the angles at which they are in- 
clined to the surface ; for 

BA : ba :: ao: ao :: sec. aor : sec, ooR, 

(13S.) Let the object be presented to a refracting medium 
bounded by two parallel plane surfaces. 

It has been shown (119.) that when a pencil of rays, di- 
verging from a point, is incident nearly perpendicularly on 
such a medium, they will diverge, after refraction, from a 
point nearer the surface if it be denser than the surrounding 
medipm, farther from it if rarer ; the interval between the foci 
of the incident and refracted rays bearing a constant ratio to 
the thickness of the medium. Hence, when a luminous object 
is presented to suQh a medium, since the perpendicular distances 
of each point of the object from the surface are increased or 
diminished by the same quantity, the image will be parallel to 
the object, and itsjiffure and magnitude the same; the only 
difference being in the position of the image, which is nearer 
to, or farther from the surface than the object, according as 
the medium is denser or rarer than that which surrounds it. 

(183.) Let the object be presented to a prism whose re- 
fracting angle is very small. 

It will be readily seen, from what has been said of the image 
produced by a single surface, that, if the section of the object 
be a right line, that of the image will also be a right line, in- 
clined to the surface at an angle which may be readily calcu* 
lated. For, if 6, 6^, 6", denote the angles made by the object 
and its images after the first and second refraction with the 
first surface of the prism, it will appear from (131.) that 

tan.e' = /x tan. 6, tan. {& + g) == ^x tan. {$*' + e) ; 

in which s denotes the angle of the prism. And, if 6' be elimi- 
nated from these equations, d'', the inclination of the image 
after refraction by both surfaces, will be expressed in terms of 
and s. 
But, in general, whatever be the form of the object, the 

h2 
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figure of the image may be calculated from the formula which 
determine the conjugate foci in this case. For it has been 
shown (1S9.) that if a and b denote the coordinates of the focus 
of the incident pendl, referred to the first surface of the prism, 
a and jS, those of the focus of the emergent pencil, referred to 
the second surface, the relation between them is expressed by 
the equations : 

o r 1 

Now, if the object be of any regular figure, the relation between 
the coordinates, a and b, is given. Wherefore, if a and b be 
eliminated, by means of the two equations just given, combined 
with the equation of the object itself referred to the first suriaoe 
of the prism, the result will be an equation containing a and p 
only, which will therefore determine the form of the image. 
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CHAPTER VL 



OF LIGHT REFRACTED BY SPHERICAL SURFACES. 



I. 



Refraction of a small Pencil of Rays incident perpendicularfy 

upon a single spTherical Surface. 

(134.) Given the direction of a ray of light inddent on a 
spherical surface, bounding two media of different densities ; 
it is required to find the direction of the refracted ray. 
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Let FA be the incident ray ; as the section of the spherical 
surface formed by the plane containing the incident ray and 
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the centre ; and cs any diameter of this section meeting the 
incident ray in f. Also, let a/* be the refracted ray, or the re- 
fracted ray produced, meeting this diameter in y*; and let ca 
be the radius drawn to the point of incidence. 
Then, in the triangles faCj^ac, there is 

sin. FAC ^ _ sin./AC 

Fc = FA . -: , /c =:/a . . ^. ; 

sm. FCA *^ "^ sm./cA 

and if we divide the former of these equations by the latter, 

, , , sin. FAC sin. inc. , 

and observe that -: — -ji — = -= ?- = iw, we have 

sm./AC sm. ret. 

FC FA 

c /a 

ft . t 

From this equation, by substituting for fa and /a their 
values, expressed in terms of fc and Jc, the radius of tbe 
spherical surface, and the angle at the centre, we may obtun a 
general relation between the distances fc and yb, whatever be 
the idcidenee. This investigittion will be found iii a subse- 
quent part of the 6hapter^ 

(135.} A small pencil of rays^ div^rgitig from or conycrging 
to a point, being incident perpendicularly upon a spherical 
surface, it is required to find the focus of the refracted pencil. 

Let F be the focus of the incident pencil ; fc the line con- 
necting it with the centre, and meeting the surface in s : this 
line, being perpendicular to the refracting surface, is the axis 
of the pencil. Now, fa being any ray oi the incident pencil, 
the pointy, in which the refracted ray meets the axis, is 

determined by the equation -jr = m. ■^. But the incident 

pencil being very small, and perpendicular to the refracting 
surface, the rays which compose it are nearly coincident with 
the axis ; hence the point a coincides nearly with s, and fa 
and^A become Fs andj^, respectively. Accordingly, the ulti- 
mate position of the point in which the refracted rays meet 
the axis, when the breadth of the incident pencil is indefinitely 
diminished, is determined by the equation, 

FC FS 
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from which we learn that the distances of the conjugate foci 
from the centre are to one another in a ratio compounded of 
the ratio of their distances from the surface, and of the ratio of 
the sines of incidence and refraction. 

(136.) Let FS and^, the distances of the conjugate foci 

from the surface, be denoted by d and Sf, and the radius cs 

by r, then, the refracting surface being concave^ fc = 3 — r, 

yb = S' — r, and the equation of the preceding article is 

written 

or, taking away the denominators, and dividing the result by 
rd^, there is 
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or, if we denote the reciprocals of r, d and d\ by ^, a and a', as 
before (54.), 

m(^a! — ^) = a — ^. 

(137.) When the refracting surface is convex, we have, from 
the second of the preceding figures, FC = 3 + r, yb = ^ + r; 
for this case, therefore, the equation of (135.) becomes 

a + r _ J_ 

from which we obtain, using the same notation as before, 

»»(«' + ^) = a + ^ 

a result differing from that of the preceding article in the sign 
of f only. 

Now, if we observe that the radius r, in this case, is measured 
from the surface in a direction opposite to that in the former, it 
will be evident that the formula 

^(a' — ^) = a — ^ 
really includes all cases, if we only agree to consider the distances 
r, d, and dl (and therefore their reciprocals, ^, a, and a') as 
positive, when measured from the surface towards the incident 
light; negative, when in the opposite direction. This, it is 
obvious, is the same as assuming the positive values of the 
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quantities ^, a, and J to belong to the case of a concave sur- 
face, and divergent rays. 

When the refracting surface is plane, g = 0^ and the general 
formula becomes 

md = a, or d' = wid, 
as we have already obtained (11^.). 

(138.) The preceding formula includes also the case of re* 
flexion. For, in reflected light, since the angles of incidence 
and reflexion are equal, and lie at opposite sides of the normal, 
their sines are equal with opposite signs, and therefore, in this 
case, miZ'-\, If, then, this particular value of w be substi- 
tuted in the general formula (136.), it becomes 

agreeing with the result already obtained*. 

(139.) The formula of (136.), as it has been found to ia« 
elude the case in which the light is incident upon the convex 
surface, as well as that in which it is incident upon the concave ; 
so it is also true whether the light passes from the rarer into 
the denser medium, or in the contrary direction ; m denoting in 
all cases the ratio of the sines of incidence and refraction. The 
value of 971, however, is different in these two cases, b^g equal 

to Ab in the former case, and to *— in the latter ; ^u denoting 

the ratio of the sines of the angles which the portions of the 
ray in the rarer and denser medium, respectively, make with 
the perpendicular to the surface at the point of incidence. To 
distinguish between the cases, accordingly, we have only to 
substitute these values for m in the general equation (136.), 
and when the light is incident from the rarer into the denser 
medium, we have 

* In this manner the whole theory of reflected light might be 
derived from that of refracted light, by simply making m = * 1 in 
the results of the latter theory. This method, however, is not so 
well adapted to the purposes of the student as that which has been 
employed. 
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when from the denser into the rarer, 

a' - f = M'ia — i)' 

It is evident that one of these formulae is obtained from the 
other by transposing a and a' ; from which we conclude that 
the foci of the incident and refracted pencils are convertible, 
or that, if the light be incident in the opposite direction, di- 
verging from, or converging to, the focus of the refracted rays, 
it will be refracted diverging from, or converging to, the focus 
of the former incident pencil. 

(140.) When the incident rays are parallel, a = 0; and, if 
the resulting value of a! be denoted by ^, there is 

»i — 1 

m 

This quantity ^, or the vergency given to parallel rays by re- 
fraction at any surface, is called the power of that surface ; we 
learn, therefore, that the power of any surface varies directiy as 
its curvature. 

This result may be otherwise expressed : for, if we substitute 

for ^ and p their values, -7; and — , f denoting the distance 
of the principal focus from the surface, we have 

This formula may be put under the form 

w(/-.r)=:/; 

from which it appears that the distance of the principal focus 
from the surface is to its distance from the centre in the con- 
stant ratio of the sine of incidence to the sine of refraction. 

(141.) When the rays are incident from the rarer into the 
denser medium, m = ^, and the equation of the preceding 
article becomes 

Wherefore, ^ being always greater than unity, the sign of ^ is 
the same with that of ^. Accordingly, when ^ is positive^ or 
the refracting surface coficave^ the refracted rays diverge from 
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the principal focus; and, on the contrary, they converge to 
the same, when f is negoAve^ or the refracting surface convex 

(137.). 
When the rays proceed from the denser into the rarer me« 

dium, 1ft = — , and substituting in the equation of the pre- 

In this case, then, the sign of (p is opposite to that of ^, and it 
follows therrfore, from the rule of »gns laid down (137.), that 
a omcacf refracting surface of a rarer medium will give a con- 
vergtnct to parallel rays ; and a convex, divergence. 

It appears from the preceding, that any spherical surface, 
bounding two media, has two principal foci, one of rays pro- 
ceeding from the rarer into the denser medium, and the other 
of those which proceed in the opposite direction. 

If the curvature of the surface and its power, in the latter 
case, be denoted by ^ and ^', to distinguish them from the 
fwmor ; there is / = — f, since the curvature of the surface, 
in the two cases, lies in opposite directions with respect to the 
incident light ; wherefore, firom the preceding formulae, 

From which we conclude that the two foci are similarly situated 
with res)x>ct to the incident light, and therefore lie at oppo^te 
shIos of the surface ; and that th^r distances from the surface 
«iv in the constant ratio of the sines of incidence and refraction. 
(1i5)«) Returning to the general equation (136.), which is 
equivalent to 

ma' = a 4- (w> — l)fj 

^ W evkkiU that, when the term (971 — 1)^ \s positive, t. e. when 

iW t^sH^ ^^ incident upon the concave surface of a denser, or 

^ <A,*^(V4r ^>t^ A mrcr medium, a' will be always positive, unless 

%W^ A ^ motive and greater than {m — I )^. In these cases, 

^^"(nnv ^H^ refracted rays always diverge, unless when the 

WiikM lavit <t^vetrge to some point nearer to the surface thaii 

k M ^UMJ li^\Hi« t^^niys coming in the opposite direction. 

\ \V^«*^W*J* ^"^nm (w - l)f is f negative, or the rays in- 
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cident upon the convex surface of a denser ^ or the concave of 
a rarer medium, ol will be negative^ unless when a is positive 
and greater than {m — 1)^ ; and accordingly the refracted rays, 
in these cases> always converge^ unless when the incident rays 
diverge from some point nearer to the surface than the principal 
focus of rays proceeding in the opposite direction, 

(148,) If the preceding equation be differentiated, we find 

mdoi = {faj or mdS == -^ dh ; 

from which we learn that the conjugate foci move always in 
the same direction, the increments of their distances from the 
surface having always the same sign. This is the contrary of 
that which takes place in reflexion. 

It will be easy to see the corresponding positions of the foci. 

m — 1 

1. When a = 0, a' =: e = 0* Therefore, when the 

radiant, or the focus of incident rays, is infinitely distant, it9 
conjugate arrives at the principal focus. 

2. When flt == — (m — 1)^, a' = 0; i. e. when the radiant 
coincides with the principal focus of rays coming in the opposite, 
direction, its conjugate moves off to an infinite distance. 

S. When a = f , a' = ^ ; and, accordingly, when the radiant 
coincides with the centre of the surface, its conjugate meets it 
at the same point. 

4. When a is infinite, J becomes alsd infinite ; and therefore 
wheil the radiant coincides with the surface, its conjugate meets 
it there. 

Hence the march of the two foci may be easily traced. 

(144.) In the preceding article we have seen that the two 
foci always move in the satne direction, and coincide at the 
surface and the centre. In order to determine when the iif<>' 
terval between them is a maximum, we teust have db^ = dd, or 

—j^ =1 —^. But mda! = da ; and dividing this by the equa- 

Uon of condition just found, in order to eliminate da! and doc, 
there is 

Now, if we multiply this result by m, and extract the square 
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root, there is ma! = a ^m ; and, substituting this in the equa- 
tion ma! = a -|- (m — 1)^, we obtain 

a{Vm — 1)= {m — l)f, or a = (Vm+ l)f. 

(145.) It is sometimes convenient to compute the distances 
from the centre^ instead of the surface. This is readily done ; 
for if the distances fc and fc (see figures, page 101) be de- 
noted by d and d'^ when the refracting surface is convex^ there is 
FS =: J — r, ^ =: c2' — r ; and substituting in equation (1S5.), 

d _ d-r 

and| if we take away the denominators^ divide the result by 
rdd^f and denote the reciprocals of r, d and d^^ by f, u and u^, 
we obtain 

1^' — ^ =: i?i (tt — ^). 

When the refracting surface is concave^ there is fs = cf + r, 
ys =: d' + r; whence there is, in this case, 

-^zzm. jijj^ 9 whence «' + g = m(u + g), 

a result differing from the former in the sign of r or ^ only. 

In this case, however^ it is evident that the radius is mea- 
sured from the centre in an opposite direction, with respect to 
the incident light, to that in the former ; if, then, the positive 
values of the distances dy d\ and r, be estimated from the centre 
towards the incident Ughtj in conformity with the arbitrary 
convention respecting signs already laid down, in this latter 
case the radius r, or its reciprocal ^ , must be considered as ne- 
gative, and the formula 

will embrace all cases. 
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II. 



Aberration in Refraction at a single spherical Surface. 








(146.) In the preceding section we have sought only the 
ultimate position of the point, f^ in which the refracted ray 
meets the axis, when the arc sa is diminished ad infinitum. 
It is readily seen that the number of the refracted rays col- 
lected at that point will be far greater than at any other, and 
that therefore that point is to be considered as the virtual focus 
of the refracted pencil. As, however, each ray of the refracted 
pencil actuaJh/ meets the a^s in a different point, it is important 
to determine the space through which they are diffused along 
the axis, when the arc sa is finite. This is evidently obtained 
by seeking the distance of the intersection of the extreme ray 
with the axis from the surface, or centre ; the difference be- 
tween this and its ultimate value, when sa = 0, will be the 
space of dijffusiony or, as it is more frequently called, the aber^ 
ration of the extreme ray. 

It has been already proved (184.) that whatever be the 
aperture, there exists the relation 

PC ^ FA 

Now, if the distances from the centre, fc and yb, be denoted 
by d and d'; the radius ca by r; and the angle cas by Q\ 
there is 

FA« = rf« H- r^ - 2dr cos. 0, /a« = d'^ + r« — 2dVcos. a. 
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Wherefore, squaring the preceding equation, and substituting 
these values. 



zzmK 



d'2 "■ • d'« 4. ^2 _ 2d'r cos. e • 
or, 

^-2-^cos.0 + l=^2(^^-2-^cos.6+ \y 

or, dividing both sides by r% and denoting by «, u\ and ^, the 
reciprocals of t/, d', and r, we have 

W'* - 2m'^COS.0 + g« = 77l« [«« — 2W|COS.0 + f\\ 

an equation which ^ves the relation between u and t/, the re- 
ciprocals of the distances of the intersections of the incident and 
refracted rays with the axis, whatever be the value of 0, the 
angle at the centre. 

If we substitute f (cos.^ + sin,* 0) for f^ on both sides of 
the equation, it will assume the form 

(vl — I cos, 6)« + f sin.* = w« [(w — ^ cos. 0)* -f f sin.« o] ; 

from which we have 

m' = g cos. 6 ± \/[m2(« — ^ cos. 0)« + (m* — 1) f« sin.^ 6], 

the general value of vl. 

When the incident ray is parallel to the axis, t^ = 0, and 
this expression becomes 

v! = f fcos. 6 ± ^/(w^ — sin.2 0)]. 

The value of v! being a function of 6, the intersection of each 
ray of the refracted pencil with the axis is, in general, different. 
There is one case, however, in which the value of ti is inde* 
pendent of ; it is that in which the coefficient of cos. 0, in 
the general equation, is nothing, or u^ == »i%. If we substi- 
tute this value for u\ in the same equation, we obtain 

ynn =z ^, or d = mr. 

When the distance of the radiant, then, has this value, all the 
rays will be refracted exactly to the same point, whatever be 
their incidence. 

(147.) In order to obtain an approximate value of?/, when 
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the angle 6 is small, we shall return to the general equation, 
which, if we substitute for cos. 6 its value 1 — i;, (v denoting 
the versed sine of 0) assumes the following form : 

If we make v = in this equation, and denote the resulting 
value of yf by Up there is 

an equation which agrees with that already found (l^*)' ^"^ 
which determines u^ the ultimate value oft/', when the incident 
ray coincides with the axis. 

Again, when the angle 6 is so small that all the powers of 
its versed sine, above the first, may be neglected, we have, by 
M^Laurin^s theorem, 

f -p- j denoting the value of ~i--» when » = 0. 

But, differentiating the preceding equation, we have 
(i/ — f ) rftt' + § (vdu! -r vldo) = m'^u^dv* 

•^, ,. ^ , . /du!\ m^u — Ui 
Whence, makmg t?=:0, we obtam(-j-j= -^ — ^5 and 

therefore 

Finally, if in this result we substitute for u^ its value in t/, 
given above, we obtain 

m — 1 mu + P 

dw = . ^ PV. 

m tt — ^ ** 

When the incident rays are parallel, u = 0, and the varia- 
tion of «^ becomes 

dw =1 PV. 

m * 

The value of diJ in the case of reflected light may be ob- 
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tuned from the preceding, by making m:=: — 1, in the general 
expression just found, which thus becomes 

agreeing with the result obtained (61.). 

(148.) In the preceding investigations the distances have 
been computed from the centre : it is in general more conve- 
nient, however, to measure them from the surface ; and it is 
evident that the resuhs in this case will be obtained from the 
former by a simple transformation. For, if d and df denote the 
distances from the surface fs and Jsj there is d = B + r, 
d^ z=,S + r: or, denoting the reciprocals of d and d\ d and d', 
by u and u\ a and a', respectively, 

and these values being substituted in the equation which gives 
the ultimate value of i/, we obtain 

a + f =: m{a! + p). 

Making the same substitution in the expression for du', there is 

du^ = (a' — ma)v ; 

but, if we differentiate the value of ti expressed in terms of a', 
there is dw' = tV"; — r; ; whence 

(a + sr 

da' = (l + — Ydw' = (l + — Y(«' - ma)v. 

The preceding investigations have been adapted to the case 
in which the refracting surface is coftivex towards the incident 
light; but as, in this case, the radius r, measured from the 
surface, is negative, in order to accommodate the formulae to 
the case in which the quantities entering them are positive, the 
sign of § must be changed, and they become 

(a' V 
1 ) (*' — fna)v. 

The former of which equations determines the nltinuUe value 
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of a'l when the arc, or its versed sine, is evanescent ; the latter, 
the di£Perence between this ultimate value and the approximate 
value of cc\ when v is finite, though small. 

(149.) To express da! in terms of the aperture, it is to be 
observed that, when the arc is small, its versed sine 

V = ^sin.«a, q.p = ifr'^sinr = i§^x^. 
X denoting the semiaperture ; wherefore, substituting 

a:* 
doJ = (a' — iYiod— wa).-^; 

from which it appears that the variation of of varies, cset. par., 
as the square of the aperture. 

If a' be eliminated from this expression by means of its value 
in s it becomes 

^■==^a-.).u-(«..i).]-. 

When the incident rays are parallel, a = 0, and a! = f , and 
this expression becomes 

or, substituting for f its value in <p, namely, r-, 

(p^.x^ 

^'^ = g^-rry^- 

(150.) The quantity da' being found, the aberration is 
easily obtained ; for H being the distance of the intersection of 
any ray with the axis measured from the surface, 

=: -T-« whence dd' = rr. 

a! oi}^ 

The quantity d^ is the aberration. 

rlth 

Thus, for parallel rays, dfzz, ; whence we find 



2(i» ~ 1)» 2(w - 1)2/ ' 
from which it appears that the aberration from the principal 
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focus varies as the square of the aperture directly and inversely 
as the focal length. 

(151.) Returning to the general expression for dai^ it is evi- 
dent that there are two cases in which it becomes nothing, and 
in which, therefore, the aberration vanishes. These are when 
f = a, and when p = (m + l)a. In the former case the inci- 
dent rays diverge from, or converge to, the centre, and there- 
fore undergo no refraction ; and, in the latter, the distance of the 
. focus of incident rays from the surface, or 3 = (m + l)r, and 
all the rays are refracted accurately to the same point (146). 

With respect to the sign of da', it will evidently be deter- 
mined by that of the quantity f — (»» + l)a, being the same 
with the sign of this quantity, when m > I, or the rays incident 
from the rarer into the denser medium ; and the opposite, when 
the light proceeds in the contrary direction. 

Thus when diverging rays are incident upon the concave 
surface of a denser medium, f and a are both positive ; and, 
therefore, dol will be positive, negative, or nothing, according as 
f > (m + l)a, f < (w + l)a, or f = (»i + l)a; ». e. accord- 
ing as h is greater, less than, or equal to (m + l)r. When 
converging rays are incident upon the concave surface of a 
denser medium^ a is negative, and the value of doi is, in all 
cases, positive. 

When the rays are incident upon the cwivex surface of a 
denser medium, p is negative; and it is easily seen that, in 
the case of diverging rays, the value of daJ is always negcL- 
tive; while, for converging rays, it will be negative, positive, 
or nothing, according as g> {m+ l)a, f < (wi -f l)a, or 
^ = (m 4- l)a. 

Finally, when the light passes/rofw the denser into the rarer 
medium, the sign of da! is the opposite to that which it has 
when the light proceeds in the contrary direction, other cir- 
cumstances being the same. The sign of the aberration if 
always the opposite to that oi dol (150.). 

In the case of parallel rays, it is evident (150.) that the sign 
of the aberration df^ is, in all cases, the opposite to that o( f^ 
the focal length. Hence it follows that the intersection of the 
extreme rays with the axis is always nearer to the surface than 
that of the central ones. 
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III. 

Successive Refraction of a small Pencil of Rays incident per- 
pendicularly upon several sp/terical Surfaces. 

(152.) We may now proceed to consider the successive re- 
fraction of a small pencil of rays by several media, the surfaces 
bounding which are supposed to be spherical, and their centres 
disposed along the same right line. This right line is obvi- 
ously perpendicular to all the surfaces, and is called the com- 
mon axis of the spherical surfaces. 

We shall, in the first place, suppose that the intervals 
between the succesave surfaces are inconsiderable, so that the 
focal distance of the rays after refraction by any one of them is 
that of the rays incident on the next. If, then, m\ rrP^ m^, &c. 
denote the indices of refraction at the 1st, Sd, Sd surfaces, &c. 
respectively ; a the vergency of the incident pencil, and a!, a", 
a^y &c. the vergencies after refraction by the several surfaces, 
the relations which exist among these quantities are determined 
by the equations 

fw'af = « + (m' - 1)/, mV = a' + (w^ - l)f^ 
wV=a» + (f»^-l)f^, &c. 

Now, if we multiply the 2d of these equations by ^', the 3d by 
fiPf 8cc. (fx,', jx", /x"', &c. denoting the indices of refraction between 
the original medium and the 1st, 2d, 3d medium, &c. re- 
spectivdy) and observe that 

m' = (i!, tn!^ \ii = ^\ m^ (i? = ft»', &c. 

they become 

,*'«'= a + (^' - 1 )ff, 

[jj«a!« = fiJ<ai> + (ft* -/)f, 
&c. = &c. 

and adding these equations together, and denoting the number 
of surfaces by n, there is 

^C) «(") = « + (f** -\)^ + {y/i- |*^f»+&c + (]*<•> -,*<— '>)f<->; 

1% 
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{in equation which determines a^**^, the vergency of the refracted 
pencil, when that of the incident pencil is given. 

When the intervals between the successive surfaces are too 
considerable to be neglected, the focal distance of the rays after 
refraction by any one of them is no longer that of the rays in- 
cident upon the next, the difference between these distances 
being equal to the interval between the surfaces. The equa- 
tions expressing these relations, together with a system of equa- 
tions similar to the preceding, expressing the relation between 
the focal distances of the incident and refracted rays for each 
separate surface, will determine the problem. The elimination 
amongst these equations, however, leads to results of great 
complexity. 

(153.) If ^ denote the power of the system, or the value of 
a<"^, when the incident rays are parallel, or a = 0, the pre- 
ceding equation is resolvable into the following : 

^<'»)^ = {^^ - 1)^' + ii^^ - y:)f + &c. + (/x<'»> - fi,<»-^Of^'*^ 

When the ray re-emerges into the original medium, /x<*> = 1, 
and these equations become 

?> = (|u,' - l)p' + (jW'" - if!)f + &c. + (1 - iu,<«-»>)p<'»>. 

Thus, when a pencil of rays passes through a medium 
bounded by two spherical surfaces, and re-^merges into the 
original medium, the power of the system becomes 

^ = (^' - i)f' + (1 - p'V' = (]«.' - i)(f' - i")- 

Such a combination is called a lens. As this case, however, 
is one of the greatest practical importance, it will merit a 
distinct consideration. 

(154.) A spherical lens is a solid bounded by two spherical 
surfaces, or by a plane and a spherical surface. The axis of 
the lens is a right line passing through the centres of both 
surfaces. 

There are six different forms of the spherical lens : — 1. The 
double convex^ in which both surfaces are convex externally. 
S. The double concave^ in which both are concave. 3. The 
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meniscus^ in which one surface is convex and the other concave, 
the curvature of the convex being the greater. 4. The concavo- 
convex^ in which one surface is convex and the other concave, 
the curvature of the concave being the greater. 5. The^Zano* 
comoexy one of whose surfaces is plane and the other convex. 
6. The plano-concaive, in which one surface is plane and the 
other concave. 

These varieties are indicated algebndcally by the signs of 
the radii, or of the curvatures of the surfaces. The curvatures 
of those surfaces being positive which are concave towards the 
incident light ; negative, of those which are convex. 

(155.) We shall, for the present, confine our attention to 
the case of central rays ; those, namely, which diverge from, 
or converge to some point in the axis of the lens, and are 
nearly coincident with that axis. Such rays, it is obvious, are 
incident nearly perpendicularly upon both surfaces of the lens. 

The focus of central rays, incident upon a lens, being given, 
it is required to find its conjugate, or the focus of the refracted 
rays. 

Let a and |3 denote the vergencies of the incident and re- 
fracted rays, after refraction by the first surface ; ^ and a! the 
corresponding quantities for the second surface; f and ^ the 
curvatures of the two surfaces ; and ft the index of refraction 
in passing from the surrounding medium into that of which 
the lens is composed ; then the relations amongst these quan- 
tities are given by the equations 

f^(/3'-f') = «'-£'. 

Now, if the distance between the surfaces, or the thickness 
of the lens, is so small that it may be neglected, since the focus 
of the pencil after refraction by the first surface is that of the 
pencil incident on the second, 

Wherefore, subtracting the former of these equations from the 
latter, we have )«'((> — f') = a' — a + p — f', or 

an equation which determines a', the vergeney of the refracted 



118 . HOMOGENEOUS LIGHT. 

rays, when a, the vergency of the incident rajrs, and the curva- 
tures of the surfaces, are known. 

This equation comprehends every case that may arise, if we 
remark only that the positive values of a and a' belong to the 
case of divergerU rays; those of ^ and f', to that in which the 
surfaces are concave towards the incident light. 

(156.) When the incident rays are parallel, a = 0, and if 
we denote the resulting value of a! by ^, we have 

?=(f^-l)(f-p')- 

The quantity f may be called the absolute vergency of the re- 
fracted rays, or the power of the lens ; and the equation may 
be thus enunciated : — " The power of a lens is to the difference * 
of the curvatures of its surfaces in the constant ratio of the dif- 
ference of the sines of incidence and refraction to the sine of 
refraction." 

Substituting this value in the equation of the preceding 
article, it becomes 

which may be thus expressed : — " The excess of the vergency 
of the refracted above that of the incident rays is constant, and 
equal to the power of the lens." 

(157.) From the value of ^, obtained in the preceding article, 
we learn that the power of the lens, or its reciprocal, the prin- 
cipal focal length, remains the same whichever ade of the lens 
be turned towards the incident light For, if the lens be 
turned round, ^ becomes f' and v. v.; but, moreover, the signs 
of both are changed, the opposite surface being now offered to 
the incident light ; wherefore the value of (p remains the same^ 
both in sign and magnitude, as before. 

Accordingly, in the different cases which we proceed to 
examine, we are at liberty to suppose p > f', or the surface of 
greater curvature, to be turned towards the incident light, 
inasmuch as this supposition will not affect the result. 

In the concavo^onvex lens, therefore, f and ^ being both 
positive, the value of <p is 



* The word difference is here taken in the algebraic sense, and 
becomes the smn when the curvatures are of opposite signs. 



RXFKACTIOK BY LXN8X8. 119 

In the meniscus both are negative, and therefore 

In the double concave lens p is positive and ^ negative, and 

? = (^-.l)(f+f'). 
In the double convex ^ is negative and f ' po^tive, and 

^=-(^-.l)(p+p'). 
In the pUmo-^xmcave g is positive and f' = ; wherefore 

? = (^ - l)f. 
In the piano convex f is negative and f' = 0, and 

From this it appears that, when the medium of which the lens 
is composed is denser than the surrounding medium, or ft, > 1, 
ihe value of <p is positive in the double concave, the plano- 
concave, and the concavo-convex lenses; and therefore these 
lenses cause parallel rays to diverge: while, in the double- 
convex, the plano-convex, and the meniscus, ^ being negative, 
parallel rays are made to converge. When the medium of 
which the lens is composed is rarer than the surrounding me- 
dium, ft is less than unity, and the sign of <p is reversed. Ac- 
cordingly, convex lenses of a rarer medium give divergence to 
parallel rays, and concave lenses convergence. 

In the double concave or double convex of equal radii, 
^' = f , and 

or the power of such a lens is double that of the plano-concave 
or plano-convex of the same curvature. 

When the lens is of glass f* = i, and therefore ft — 1 = ^^ 
nearly; wherefore 

In the case of the double concave or double convex lenses, 
in which p and ^ are of opposite signs, fzz ± 4 (p + fO 9 i- ^* 
the power of such a lens is an arithmetical mean between its 
curvatures, or its focal length an harmonic mean between its 
radii. When these radii are equal ? = f , or the focal length 
is equal to radius. 
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(158). If we differentiate the equation, 

a' = a -I- ^, 

we have da! ^ da; from which there is dS' = -rr- . d8. Whence 

it follows that the two foci move always in the same direction, 
dUf and dd being of the same sign ; and the rates of their pro- 
gress are as the squares of their distances from the lens. 

It is easy to trace the corresponding portions of these foci. 
First, let the lens be of the concave kind, in which <p is always 
positive ; then, as long as a is positive, a' is also positive, and 
greater than it ; and while a decreases from infinity to nothing, 
a' decreases from infinity to (p. When a^ passing through 
nothing, becomes negative, a' = ^ — a still continues positive, 
until a = <p, when it becomes nothing. 

Finally, when a > <f>, d becomes negative; and as a in- 
creases negatively, a' increases also without limit. 

From all this we learn, that when the incident rays diverge, 
the refracted rays diverge still more ; when the former become 
parallel, the latter diverge from the principal focus ; and when 
the divergence of the incident rays is changed into convergence, 
the divergence of the refracted rays still continues, though less 
than before, until, when the incident rays converge to the prin- 
cipal focus of rays proceeding in an opposite direction, the re- 
fracted rays become parallel ; and, finally, their divergence is 
changed into convergence, when the point to which the incident 
rays converge is still nearer to the lens. 

If the lens be of the convex kind, ^ is negative, and the 
equation is 

a' = a — ^ ; 

an equation differing from the former in the signs of a and a!. 
Wherefore all that has been said of concave lenses may be ap- 
plied directly to convex, if we only substitute convergence for 
divergence, and v. v. Hence, as the lenses of the concave kind 
increase the divergence and diminish the convergence, so those 
of a convex character increase the convergence and diminish 
the divergence. 

(159.) From the equation a' z= a + <p, several useful rela- 
tions between the distances of the conjugate foci may be derived. 
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For, if d and ^ denote these distances, and y* the focal length 
of the lens, that equation is equivalent to 

111 ^ a a-h/ 

y = y + y, whence y=—; 

f. e. the distance of the radiant from the lens is to the distance 
of its conjugate from the same, as the distance of the radiant 
from the principal focus of rays coming in an opposite direc- 
tion is to the focal length. 

Again, from these equations we deduce 



a-h/' 

f. e. the distance of the radiant from the lens is a mean propor* 
tional between the distance of the radiant from its conjugate 
and from the principal focus of rays proceeding in an opposite 
direction. 

Hence, when the position of the radiant and its conjugate 
are given, we may find the position of the lens. For in this 
case a — d'j the distance between the foci, is given ; and a, the 
distance of the radiant from the lens, is required ; wherefore, 
denoting the former by a, and the latter by ^, from the pre- 
ceding result we obtain the equation 

a jTc^ 

a»2 — flj? — £!/• = 0, whence ^ = -q" ± J ■t" + ^\ 

which determines the two positions of the lens which satisfy 
the problem. When a andy*have the same sign, the problem 
is always possible. When they are of different signs, it will 
become impossible when a < 4/1 

From this we learn that the least distance between the foci 
is equal to four times the focal length ; a result which might 
readily have been obtained directly. 

(160.) In what has preceded, we have supposed the thickness 
of the lens so small that it may be neglected in our calculations, 
a supposition which has greatly simplified our results. To 
complete the theory of refraction by a single lens, however, it 
will be necessary to consider the effect of the thickness, when 
that thickness is too considerable to be neglected. 

The vergencies of the {^ncil, before and after refraction by 
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the 1st and 2d surface respectively, being denoted by a and j^ 
jS' and a'; we have, as before, the equations 

Now, the distances of the focus of the pencil, after the first re- 
fraction, from the 1st and 2A surfaces, respectively, differ from 
one another by the interval between those surfaces or the thick- 
ness of the lens ; wherefore, if B denote the reciprocal of that 
thickness, there is 

and it remains to eliminate j3 and j3'. 

To effect this elimination, the equation last found may be 
put under the form 

and if we multiply this equation by /x^, and substitute for (lB^ 
/ifS', their values derived from first two equations, we find 

[«+ (f*-l)f] [«'+(f*-l)f'] +f*e[(«'-«) +0*- l)(f'-f)]=0; 

an equation which expresses the relation between a and a', 
whatever be the thickness of the lens. 

1 . 

If we divide this equation by 0, and make — = in tlie re- 
sult, we have, as before, for a lens of inconsiderable thickness, 

o'-a+d^- l)(f'-.f)=:0. 

(161.) When the incident rays are parallel, a=:0; and if 
the resulting value of ctJ be denoted by ^, there is 

^ ^^ ^ ^e + (^-i)p ' 

the general expression of the power of a lens of any thickness. 
When the lens, whose curvatures are f and (>', is turned in 
the opposite direction with respect to the incident light, it is 
evident that ^ becomes f , and v. v., and that the signs of both 
are changed. It is obvious, from the inspection of the formula, 
that the value of ? docs not remun the same after this substi- 
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tution, unless in the case in which the two curvatures are equal 
and opposite ; and, accordingly, in all lenses whose thickness 
is considerable, the double convex and double concave of equal 
curvatures excepted, the power of the lens is altered by re- 
versing its position with respect to the incident light. 

If we divide the numerator and denominator of this expression 
by fiB^ and denote the reciprocal of 6, or the thickness of the 
lens, by d, it may be put under the form, 



L 1 + ^- ob -I 



p = (^ - 1) 



At 

To obtain an approximate value of ^, when the thickness of 
the lens is small, we have only to develop the first term of the 
quantity within the brackets, either by the binomial theorem 
or actual division ; and if we neglect all the powers of ^b ex- 
cept the first, we find 

f=(f'-i)[(f-f')-^?'«]- 

(162.) Returning to the general equation, (160.), if ^« 6 • be 
added and subtracted, the result will remain unchanged, and 
it will assume the following very symmetrical form : 

[a + (ft - l)p + f^^][«' + (f* - 1)f' - ft^] + fi«e« =0. 

As an application of this formula let us take the case of the 
sphere. Here the curvatures of the two surfaces, p and (>', are 
equal, the former being negative and the latter positive ; and 
6 = ^f>. Wherefore the equation becomes 

[.-(f -.),][..+ (^-i),]+4,.=o. 

When the incident rays are parallel, a = ; and, denoting 
the resulting value of o! by <p, we find 

(168.) In a piano-spherical lens, whose plane surface is 
turned towards the incident light, f = 0, and omitting the 
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trait in the symbol of the curvature of the 2d surface, the 
equation of the preceding article is reduced to 

(« + l^) [oJ + (|x ~ 1) p] - i^Sa = 0. 

When the incident rays are parallel, a = 0, and we have 

<p==-(^-l)f, orf:=-jf^. 

Wherefore the focal length of a lens of this kind is altogether 
independent of the thickness ; a result which is otherwise evi- 
dent, inasmuch as the rays undergo no refraction at the 1st 
surface. 

In a plcmo^phericai lens, whose curved surface is turned 
towards the incident light, $' = 0, and the equation becomes 

[a + (jM, - l)f] (a' - ^e) + fiBa! = 0. 
For parallel rays, a = ; and there is 

or, substituting for ^, 6, and f, their reciprocals, y*, d, and r; 

It is evident that, if r denote the radius of the spherical 
surface in a lens of this kind having its curved surface turned 
towards the incident light, it becomes — r when the lens is 
turned in the opposite direction. Accordingly, iSfsLnAf^ de- 
note the focal lengths of the lens in the two cases, 

b r r 
/ = 1 T5 and /' = -z ; 

and subtracting, 

f-r = -• 

That is, the difference between the focal lengths of the lens in 
the two cases is to its thickness in the constant ratio of the sine 
of refraction to the sine of incidence. If the lens be of crown 
glass, the difference of the two focal lengths is two-thirds of the 
thickness. 
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When the lens is a J^emispTiere^ having its curved surface 
turned towards the incident light, r is negative, and d = r ; 
wherefore, substituting in the equation last obtained, we find 

/= - 



and^ accordingly, the focal length of the hemisphere, in this 
case, is to — ^^^jy, the value of the focal length when the plane 

fit ""~ A 

side is turned towards the incident light in the ratio of 1 to |x. 

(164.) When the two surfaces of the lens are concentric, the 
problem is a case of that already investigated, in which^ namely, 
the thickness of the lens is equal to the sum or difference of the 
radii of the two surfaces, according as the directions of their 
curvatures are opposed or coincident. The investigation of 
this case, however, will be more simple, if it be derived imme- 
diately from equation (145.) in which the distances are re- 
ferred to the centre. 

Let u and v denote the reciprocals of the distances of the foci 
from the centre, after refraction by the first surface, «/ and t*', 
the analogous quantities for the second refraction, and f and ^', 
the curvatures of the surfaces ; then we have 

Now, subtracting the former equation from the latter, and 
observing that t? = t/, there is f> — f' = [^(iJ — w + f — p') : 
whence 

r 

a result which is true, whatever be the interval between the 
surfaces. 

When the curvatures of the two surfaces are turned the 
same wayy and consequently the surfaces themselves 'parallel, 
p and f' are together positive, or together negative, according 
as the lens is concave or convex towards the incident light. 
The reader cannot fail to observe a remarkable analogy between 
this formula, for the refraction of a pencil of rays by a medium 
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bounded by parallel spherical surfaces, and that of (llO.), in 
which the bounding surfaces are parallel planes. 

When the curvatures of the two surfaces lie in opposite di- 
rections, the solid which they contain must necessarily be of 
the form of a dovhle convex lens ; and, therefore, the sign of p, 
the curvature of the first surface, becomes negative. In this 
case, therefore, the formula is 

a— 1 
ttf - ti = i- {g + J). 

(165.) In the case of a sphere^ ^ = ^, and the equation of 
the preceding article becomes 

Hence, if 9 denote the reciprocal of the principal foc^. length 
of the sphere, estimated from the centre, or the value of «' 
when t^ = 0, 

and, substituting this in the preceding equaUon, it becomes 

vl — wzz . 

If the sphere be of glass, f^ = 4> nearly ; wherefore 

? = Tf^> or/=|-r. 
If the sphere be of water j j^ = 7, nearly ; wherefore 

<p=:^p, and /. /= 2r. 

Hence the principal focus of a sphere of glass is distant from 
it by half the radius ; that of a sphere of water by the entire 
radius. 

(166.) We may now proceed to consider the refraction of a 
small pencil of rays by any combination of lenses, whose axes 
are coincident. We shall limit our attention to lenses of in- 
considerable thickness ; and take, in the first instance, the case 
in which these lenses are placed in contact. 

Let a denote the vergency of the pencil incident upon the 
system ; a', a'', a'", &c. «<«), the vergencies of the refracted 
pencil, after refraction by the Ist, Sd, 3d, &c. nth lenses. 
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severally ; and ^, (p\ f^, &c. (p^''\ the powers of these lenses. 
Then, since the lenses are in contact, the focal distance of the 
pencil after refraction by any lens of the system becomes that 
of the pencil incident upon the next; and we have^ therefore, 
the following equations : 

el - a = ^ 
of — aJ = ^^ 



and adding, 

a<*> - a = ^' + / + ^'^ + &c. + <!><«> ; 

an equation which expresses the reladon between the vergencies 
of the incident and refracted pencils, the powers of the several 
lenses which compose the system being known. The powers 
of the component lenses are expressed in terms of the curva- 
tures of their surfaces, and the index of refraction of the sub* 
stance of which the lens is composed, by means of the formula 
obtained (156). 

(167.) If <p denote the power of the system, or the value 
of a***^ when a = 0, 

^ = 9^ + p" + ?J'" + &c. H- ^<»»>. 
And substituting this in the preceding equation, it becomes 

a<») — OLZZ ^. 

From the former of these equations we learn that " the 
power of any system of lenses placed in contact is the sum of 
the powers of the component lenses.^ The word sum denoting, 
as in common algebra, that the quantities are to be affected 
with thdr proper signs. 

With respect to the signs of these quantities, it is obvious 
from (157.) that the powers of all lenses of the concave kind 
arepositivef those of lenses of the convex kind, negative. 

The latter of these equations is precisely analogous to the 
formula for a single lens, and informs us that ^^ the difference 
between the vergencies of the incident and refracted pencils is 
a constant quantity, being equal to the vergency given to 
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parallel rays by refraction through the system.^ The positive 
sign, affecting these quantities, denotes divergence^ and the 
negative^ convergence. 

(168.) When the lenses are separated by any intervals, the 
vergency of the refracted pencil, after refraction by any lens of 
the system, is no longer that of the pencil incident upon the 
following : — Let a and jS denote the vergency of the pencil 
before and after refraction by the 1st lens; a! and jS', the ana- 
logous quantities for the 2d; a" and /3", for the 3d, &c. 
Also, let p, <p', <P'\ &c. denote the powers of the several lenses, 
and 6, B\ Q^\ &c. the reciprocals of the intervals between them ; 
then, reasoning as in (160.), we obtain the following relations: 

/3 - a = ^, /S' — a' = (p\ P" — a" = <(>", &c. 

And if the quantities jS, a', jS', a^ &c. be eliminated by means 
of these equations, the resulting equation will express the rela- 
tion between the vergency of the pencil before and after refrac- 
tion by the system. 

Thus, in the case of two lenses, we have the three equa- 
tions : 

It is easily seen that the last of these equations may be put 
under the form 

{6 - a')(e+ /3) = e2; 

and substituting in this, for fi and a', their values, a + ?, 
and |3' — 9', obtained from the two former equations, and 
omitting the trait over j3', as no longer necessary, we obtain 

When the incident rays are parallel, a = ; and denoting 
the resulting value of j3, or the power of the lens, by *, we 
hkve (e + p) (0 + f' - *) = ^•. Whence, denoting the re- 
ciprocals of 9, <p', and *, by /, y ', and f ; and the reciprocal of 
6, or the thickness of the lens, by d, there is 
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the focal length of the compound lens, expressed in terms of 
the focal lengths of the simple lenses and of the interval be* 
tween them. 



IV. 

Of Aberration in Refreu:tion by Lenses. 

(169). If a and fi denote the reciprocals of the distances of 
the intersections of the incident and refracted rays with the 
axis, referred to the first surface of the lens, j3' and a! the ana- 
logous quantities for the 2d surface, and 6 the reciprocal of 
the interval between these surfaces, or of the thickness of the 
lens, the relations which exist amongst the ultimate values of 
these quantities, when the aperture of the refracting surfaces is 
evanescent, are determined by the equations 

111 

a - f = /^ (/3 - f ), of - p' = A* 03' - p^, ^ - -^ = — . 

From these equations we have obtained, by elimination, the 
relation between a and the tdtimate value of a', when the 
aperture of the lens is evanescent (160). We now proceed to 
inquire the difference between the ultimate value of a' and its 
approooimate value when the aperture \s finite^ though small. 

Let X and of denote the semi-apertures of the 1st and 2d 
surfaces, respectively ; then it is evident that a', the quantity 
whose variation is sought, is a function of two variables, jS' and 
J. Wherefore we have 

the quantities within the brackets denoting the partial differ- 
ential coefficients of ol\ with respect to the two quantities upon 
which it depends. 

Now, if we differentiate the 2d and 3d of the preceding 
equations, we obtain 

K 
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But, if the variation of the quantities /3 and a', arising from 
the change of aperture only, be denoted by k^, x' • «'% re- 
spectively, there is 

dfi = xa^, whence ( j^V^' = 

since jf ss -^.x. And, substituting these values in the ex- 
presaon of dj, we find 

In which it only remdns to substitute for x and xf their values, 
^ven in the second section of this chapt^. 

To proceed with these substitutions, if we substitute jS for J, 
and fb for m, in the value of dJ (149.)) ^^ becomes 

dfi = x.x2 = 4-(/3 - f)«(/J - fwt)^. 

Whence, eliminating ^ by means of the first of the equations 
written in the commencement of this article, there is 

The value of x' is obtidned from this by substituting and «' 
for a and /3, respectively, and — for jw, ; and therefore 



M' 

-/M' 



And substituting in the expression of dtJ^ given above, 

the general expression for rfa', whatever be the thickness of 
the lens. 

The relations among the quantities, a, o', /J, jS', which enter 
this expression, are determined by the three equations written 
above. If /J and /^ be eliminated by means of the first two of 
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these equ4itiona» the resulting value of dj will be expressed as 
a symmetrical function of a, ^^ and a!, f', 

(170.) When the thickness of the lens may be neglected as 
incoQ^derablej the third of these equations becomes 

/3' = ^. 

And substituting in the other two, and in the expression for 
da,', obtained in the preceding article, there is 

« - f = f*(^ - f), «'-?> = K/5 - s'h 
dJ = g(^^, J(/5 -«)«(i3 -f-a)_ (^ - a')\fi - ^')| , 

equations which contain every thing requisite to the develop- 
ment of the theory of the aberration of a thin lens. 

If, in the expression for da', just obtained, the quantity 
within the brackets be developed by performing the multipli- 
cations indicated, it becomes 

(|x + 2)(a' - a)/32 - (2]w, 4- l)(a'2 - a«)/3 + K^'^ - «') 
= (a' - a)[(|x + 2)/32~ (2|x + 1 )(a + a')^ +ix(a2 + aa' + a'2)]; 

.•. dJ ==• 
^°'~°^ *'{(/*+ 2)^* - (2f* + 1 )(« + o!)^ +K** + »«' + «") } . 

a result which will be found convenient in its application 
hereafter. 

(171.) To express da' as a function of the vergencies of the 
incident and refracted pencils and the curvatures of the two 
surfaces, we have only to eliminate /3 by means of the first two 
equations of the preceding arUcle, Thus, from the former we 
obtain 

/S - a = ^(f - a), /3 - ^a = ^-^ [p - (f^ + !)« ], 

and, as it is evident from the second of these equations, that 
^ — a', /3 — fXro', are similar functions of f ' and a', substituting 
in the former expression of da', obtained above, there is 

da'=^ X« |(p_«)«[f-.(^ + l)aj - 0' - «')«[f'-(f^+ 1)*']}; 

k3 
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an expression remarkable for its symmetry, and which, com- 
bined with the equation, 

a' - a = (fx. - l)(p - fO* 

obtuned by eliminating ^ from the first two equations of the 
preceding article, contains the whole theory of a thin lens. 
(172.) When the incident rays are parallel, 

o = 0, and o' = p = (fx, — l)(f — f') ; 

and these substitutions being made in the preceding expression 
for da!f we find 

^ = '^^' {?» + [Kp - f') - sVlF-Kg -s')- f]}- 

If the quantity within the brackets in this expression be de- 
veloped, it becomes 

.% d^ = 

In a plano-spherical lens, having its plane side turned to- 
wards the incident light, f = 0, and omitting the trait in 
the symbol of the curvature of the second surface, the ex- 
pression of df becomes 

d<l> = 2 ^^ • 

To express this in terms of the power of the lens, we have 
only to eliminate p by means of the relation ^ = — (jx — 1 )f , 
and there is 



'^ = ^)V-*- 



In a piano-spherical lens, having its curved side turned to- 
wards the incident light, f' = 0, and there is 
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Or, eliminating f by means of the equation ^ = (/x — l)p, 

To compare the values of da! in the same piano-spherical 
lens turned in opposite directions with respect to the incident 
light, we have only to consider the curvatures as equal and 
affected with opposite signs in the preceding expressions, and 
it will be readily seen that the value of df^, when the plane 
surface is turned towards the incident light, is greater than in 
the contrary position in the ratio of fx,' : [l^ — 2jUr* 4- 2. 

In a double convex, or double concave lens of equal cur- 
vatures, f ' = — f , and the value of df^ becomes 

Or, since in this case ^ = (jut — l)2p, 

^ 8f^(f^-l)« ^ 

When the lens is of crown glass, in which /u, = ^ nearly, 
the coefficients of ^^o?*, in the preceding values of d^, are re- 
spectively ^, ^, and -f* If the three lenses, then, have the 
same apertures and powers, the quantity d<t^ is greatest in the 
piano-spherical lens having its plane surface turned towards 
the incident light, and least in the same lens turned in the 
opposite way. 

(178.) When the emergent rays are parallel, 

a! = 0, and a =— (|x — l)(f — f ') ; 

and these values being substituted in the equation of (171.), 
we find 

«'«'= ^ ** {CK? - f') + eTI>'(f - f') + fO - f"J. 

a result which agrees with that obtained in the preceding 
article, if we substitute p' for f , and v. v., and change the signs 
of both quantities ; that is, in fact, if the lens be turned in 
the opposite direction with respect to the incident light Hence 
it appears that, when the refracted rays are parallel, the value 
o£ d<J is the same as in the case in which the incident rays are 
parallel, if the lens be turned in the opposite direction with 
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respe^^t to the incideiit light in the two cases. This observation 
will be found of importance hereafter, when we come to speak 
of the simple microscope. 

(174.) We shall now return to the general expression of ^a' 
for a lens of inconsiderable thickness (170.). 

The distances of the radiant and its conjugate being given^ 
let it be required to determine the form of the lens for which 
the value of dj is a minimum. 

Here a and a! are ^ven, and fi is the variable which is to 
be determined by the conditions of the question. Therefore 
differentiating the quantity within the brackets in the ex- 
pression of doJ (170.) with respect to /3, and equating the 
result to nothing, we obtain 

And this value of j3 being substituted in the expression of da' 
itself, the quantity within the brackets becomes 

wherefore the minimum value of doJ is 

To find the form of the lens, we have only to substitute the 
value of ^f obtained above, in the equations, 

(^ - \)2 = ^/3 - a, (^ - 1)^' = f^/3 - a', 

which are equivalent to the first two equation (170.); and 
making for abbreviation, 

^ ■" 2(f^- 1)0^+2)' ^ - 2(i^-l)(fc + 2)' 
we obtain 

(175.) When the incident rays are parallel^ « = 0, and 
J s= <p; and the minimum value of da' becomes 
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And for a lens of crown glass, |^ = 1 nearly, and 

With respect to the form of the lens in this case, it is de- 
termined by the equations. 

And, accordingly, the ratio of the curvatures of the two sur- 
fiues is independent of the power of the lens, and is 

When fb = T9 ^his ratio becomes 

The curvatures of the two surfaces, therefore, in a lens of this 
kind formed of crown glass, lie in opposite directions ; that is, 
the lens is either a double convex or double concave ; and the 
curvature of the posterior surface is the one-sixth part of that 
of the anterior. Such a lens is called by artists a crossed 
lens. 

If the index of refraction be of such a value as to satisfy the 
equation Sjx^ — ft ■— 4 = 0, that is, if 

f* = -T = 1.686, nearly, 

which is about the value of ft for the more refrangible kinds of 
glass ; then p ' = 0, and the form of the lens, for which the 
value of d^ im least, will be a piano-spherical lens having its 
curved surface turned towards the incident light. 
The power of this lens is 

= (ft — l)f = .686, p. 

It is evident from the observation made in (173.)} that 
the best form of the lens, when the emergent rays are pa- 
rallel, is the same as that which we have been just investi- 
gating, but reversed in position with respect to the incident 
light This will appear also directly if we make a'=0, a= — f , 
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in the equations of the preceding article ; for thus the value of 
da! is the same as before, and for the curvatures of the sur- 
faces there is 

(176.) The form of the lens, which has been invesitigated in 
the preceding articles, is obviously the best form for a single lens 
of indefinitely small thickness, inasmuch as the aberration is 
less than in any other lens having the same radiant and con- 
jugate. We shall, therefore, in what follows, take this as the 
standard lens, and compare the aberration and form of any 
other lens with its aberration and form. 

It has been already found that the value of )3, in the lens of 

best form, is of ,q \(^ + «') 5 therefore in any other lens 
let us take 

and substituting in the value otdod (170.), the quantity within 
the brackets becomes 



= '-^H^.*- - ">• - »- + "]. 



making (|x + S)S = (|x — 1)6, Wherefore making, for the 
sake of abbreviation, 

* 

the general expression of da' is 

da! = 4wi(a' - cc)x^[n(a' — a)« - aa! + fi«]; 

an expression differing from that obtained (174.) merely in 
the additional term £*. 

When the incident rays are parallel, a = 0, and a! = 0, 
and the value of da' becomes 

dt = ;»ifi;«(w0« + 6«). 
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When « is very small, the general value of da\ here given, 
will be^fO^orJ^^than the particular value just alluded to, 
and which is obtained from the preceding by making c =s 0, 
according as the quantity, n{o! ^ a)> — aa*^ is positive or ne^ 
giUive; and, accordingly, that value of del is a minimum in 
the former case, and in the latter a maximum. When the 
medium of which the lens is composed is denser than the sur- 
rounding medium, the least value of [f* is unity ; when rarer ^ 

its least known value is y ; hence n = z ^ is always posi- 
tive, and therefore the quantity, n{J — a)« — aa\ will be 
always positive when a and a' are of different signs, or the con- 
jugate foci at opposite sides of the lens ; when they lie at the 
same side, it will be positive or negative, according as n(a'— o)* 
is greater or less than ^fJ. 

The quantity a', or the vergency of the refracted pencil, is 
increased or diminished by the effect of aberration, according 
as a' and dad are of the same or of opposite signs. When the 
incident rays are parallel, since m and n are always positive, 
it is obvious that df^ and ^ are necessarily of the same sign, 
and, therefore, that <jt is always increased by the increase 
of aperture, or the intersection of the extreme ray always nearer 
the lens than the principal focus. 

(177.) To obtain the form of the lens, we must substitute 
the value of /J, namely, 

in the equations 

(l* - 1)^ = ft/J - a, (ft - \y = |x^ - a'; 

and, using the symbols p, 9, and m, as before, we find 

2 = pod + ya + wie 

from which equations, the relation between the form of any 
lens and that of best form is immediately perceived. 

When the incident rays are parallel, a = 0, a' = 0, and 
these equations become 
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(178.) As an application of the preceding equations, let 
it be required to find the aberration in a lens of a given form. 

In this case f and f' are given, as also a and a! ; and there- 
fore 8 is determined from either of the equations of the pre- 
ceding article. Accordingly, substituting its value thus de- 
termined in the expression of dj (176.), the resulting value 
will be the quantity sought. 

Thus, if the lens be a double concave or double convex of 
equal curvatures, p ' = — f ; wherefore, substituting this value, 
and adding together the equations (177.)^ there is 

{p + ?)(« "f ^O + 2wi€ c= 0; 
but P + ? = 2^-+2, ^=— g; 

.'. s = (a + al). 

And this being substituted in (176.), the resulting value of da! 
is that required. 

To obtain the curvature of the surfaces, we have only to 
eliminate s from the equations of the preceding article by sub- 
tracting the latter from the former, and we find 

2f = (P - ?)(*' - «) = ^£f , 

as is otherwise evident. 

(179.) Conversely, let it be required to find the form of the 
lens which produces a given aberration. 

This is done by equating the general value of da! to the 
assigned quantity, and solving the resulting equation for s; 
the value of £, thus obtained, being substituted in the values 
of p and f' (177.), the form of the lens is determined. 

Since e occurs in the second dimension only in the expresnon 
of da!, it is evident that the equation by which it is determined 
will give two values, which are equal with opposite signs. 
Hence it appears that there are, in general, two lenses which, 
for a given distance of the radiant and its conjugate, produce 
a given aberration ; and that the curvatures of the surfaces 
of these lenses are nearly related, differing only in the sign 
of s. If the values of £, determined as above, be imaginary, 
there is no lens which fulfils the conditions of the question. 
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It readily appears from the expres^on ofdJ (176.), that the 
value of that quantity will remain unaltered if we substitute 
o^ for a, and v. v., and diange the signs of a, a', and §, nmul- 
taneously. But, if these changes be made in the values of 
f and f' (177.), f is changed into £', and v. v.; and the signs 
of both are changed. Hence it appears that if the focus of the 
refracted pencil be made that of the incident pencil, and the rays 
poceeding from it in the opposite direction be refracted back 
to the former focus of incident rays, the value of dal will 
remain unaltered. This is a generalization of the result ob- 
tained (173.). 

(180.) The position of the radiant and its conjugate being 
given, it is required to determine the form of the lens whose 
aberration is nothing. 

To solve this problem, we have only to equate to nothing 
the quantity within the brackets in the expression of daJ ; and 
solving the resulting equation with respect to f, we obtain 

e = ± V(aa! - n{a! — a)«); 

and this value being substituted in the expressions for ^ and g\ 
the form of the lens will be determined. Such a lens is termed 
aplanatic. 

The value of s is real, and therefore the problem ]X)ssible, 
only when a and oc! have the same sign, and oui > n(a! — a)*. 
In all other cases the problem is impossible. As the value of 
8 has the double sign, it follows that, when its value is real, 
there are two lenses aplanatic for the given position of the 
radiant and its conjugate. 

When the incident rays are parallel, a = 0, and a' = ^, 
and the quantity under the radical sign is reduced to — n^^ ; 
and, since n is always positive, the value of s is always ima^ 
ginary, and it is therefore never possible to destroy the aber- 
ration of a single lens for parallel rays. 

(18L) We now proceed to consider any combination of lenses, 
disposed in any manner along the same axis. 

To be^n with the case of two lenses : let a and ^ denote 
the reciprocals of the distances of the radiant and its conjugate 
for the first lens, «' and (^ the analogous quantities for the 
second ; also, let ^ and ^ denote the powers of the two lenses. 
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and 4 the reciprocal of the mtenral between them. The re- 
lations which exist among the vitimaU values of the quantities 
a, jS, a', ^\ which they have when the apertures of the lenses 
are evanescent, are given by the equations 

But if X and ai denote the semi-apertures of the two lenses, 
it is evident that the general value of /3^ is a function of two 
variables, a' and a!^ and therefore that 

(dB\ /d^\ 
-rp) and l-f-,) denoting the partial differential coeflScients of 

/S' with respect to jcf and a!. Now, differentiating the second 
and third of the preceding equations, we find 






dci^^d^i 



and if the variations of /3 and P^, arising from the aperture 
only, be denoted by x. a?* and x' . a^% there is 

Whorrforo, substituting, we have 






And. accordingly, the total variation of |3', after refraction by 
i\w two Itiniuiii, in equal to the variation of j3' arising from the 
»|»t)rturi), together with the analogous variation in /3, produced 

by till* flrst Icnii, multiplied by the fraction f^j . 

If W4J obwrvo that a:' * a? . 4» the value of rf/3' may be 



wniitsii 



"^-[(t)-(^)"^]-' 



ill wliirli it nsiimins only to substitute for x and x' their values 
MM IuuikI in the preceding part of this section. 
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(182.) If there be a third lens, the reciprocals of whose oon« 
jugate distances are denoted by a" and /3^ and the reciprocal 
of the distance between it and the second by ^, the relations 
which exist amongst the ultimate values of the distances are 
determined by the equations 

^ - a = 0, j? - a' = 0', ^^ - a" = ^\ 
111 111 



a 



I 



^ ■" tf • a" ^ ~ r 



And the variation of ^ is 

But from the preceding equations we deduce 

Substituting, therefore^ and putting x" . j/'* for (j-t,V^, 
and for d§l its value found in the preceding article^ 



rff\2 • f»n^i 



"K — * • * ■•" V gi 


/ "^v^'^; " 


or, smce 3d — x . — , 

ft 


a" a' a" 


.^^" - rr!'!:^'x + 1 


^^•^•^ + mv 1 ^. 



In like manner, if there be a fourth lens, the reciprocals 
of the distances of the radiant and conjugate from which are 
denoted by ad" and jS"', and in which the variation of j3'", arising 
from aperture only, is denoted by x'^' . a/"*, the total variation 
ofjS^'willbe 

the law of which is evident, and may be easily extended to 
any number of lenses. 

(183.) When the lenses composing the system are in 
contcu:ti 

a! = j3, a'' = /3', a'" = /3", &c 
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In this case, therefore, the coefficients of x^ x', x^', &c. in the 
expressions just found, are all equal to unity ; and for any 
number of lenses denoted by n there is 

flf|S(«) r= [x + x' + x" + &c. + K^*'^]a^; 

in which it only remains to substitute for x, x', x", &c. their 
values as found above, 

(184.) To obtain the conditions of aplanatism in any 
system of lenses, we have only to make the coefficient of x^ 
equal to nothing in the values of d^\ d^", &c. which have been 
just obtained. 

Thus, in order that a combination of two lenses should be 
aplanatic, we have the equation of condition (181.), 

(t)'-(0" = »- 

In a combination of three lenses, the equation of condition is 

and^ in like manner, for any number of lenses ; and it remains 
only to substitute for x, x'} x'', &c. their values furnished by 
the equations of the preceding articles. 

When any number of lenses are combined in contact, the 
equation of condition becomes simply 

X 4- X + x" + &c. + x<*»> = 0. 

To render any combination of lenses aplanatic is obviously 
an indeterminate problem; for there is but one equation 
of condition to be fulfilled, while there are as many un- 
known quantities, i, c', £^, &c. as there are lenses. Hence it 
is evident that we are at liberty to superadd (n — 1) arbitrary 
conditions to the problem, n denoting the number of lenses ; 
and the equations expressing these conditions, together with 
the equation of aplanatism, will suffice to determine the quan- 
tities e, e\ J^^ &c. ; and it then remains only to substitute the 
values of these quantities, thus determined, in the expressions 
of the curvatures of the surfaces of the lenses (177.). 

The simplest condition, and which first suggests itself, is to 
take each of the quantities, £, e', c", &c. (one excepted) equal 
to nothing; the remwiing one will be determined by the 
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equation of aplanatiam. In thb case, the aberration o£ all the 
lenses^ but one, is the least posuble for the respective distances 
of their foci. 

Again, we might assume as the arbitrary conditions, that all 
the lenses, but one, should be equally curved on both sides. 
By this condition, the value of e is determined in each of the 
lenses in question ; for, if a and a' denote the vergencies of the 
incident and refracted rays in any one of these lenses, and |ub its 
index of refraction, we have seen (178.) that in this case 

and similarly for the rest. These values of «, s', &c. being 
therefore substituted in the equation of condition obtained 
above, that equation will determine the remaining one. 

(185.) We shall now proceed to develop the preceding 
theory in its simplest and most important application, namely, 
to the case of two lenses placed in contact ; and inquire the 
forms of the two lenses, so that the combination shall be 
aplanatic for any assigned position of the radiant. 

The condition of aplanatism in this case is 

X + x' = 0, 

X and xf being the coeflScients of the square of the aperture in 
the values of da^ (176.) ; wherefore 

X = im{a* — a)[n{a! - a)« - aa* -{- 6«], 

a and a! denoting the vergencies of the incident and refracted 
pencils for the first lens. To obtain the value of x', we have 
onlv to substitute oJ and aP for a and a', and m', n', and e', for 
9?i, n, and e, m' and n' being the same functions of [J, the index 
of refraction of the second lens, that m and n are of /x. In this 
manner we have 

x' = im\a," - a!)[nXaP - of)" " ««" + «'*]• 

If the powers of the two lenses be denoted by ^ and tf,', there is 

J-^ 0^ = i), a" — a' = 0'. 

And if these values be substituted in the expressions of x and xf, 
an4 the resulting expressions substituted in the equation of 
condition, x + x' = 0, it becomes 
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which being fulfilled by means of the arbitrary quantities 
« and e', and the values of these quantities, thus determined, 
being substituted in the equations 

p = pa! + gra -f ms, ^ ' = pa + qa! + ms, 

(in which f and (>'" denote the curvatures of the surfaces of the 
second lens, and p^ and q^ the same functions of |x', that p and 
q are of fx-), the forms of the lenses will be completely de- 
termined. 

(186.) Since there are two arbitrary quantities, s and J^ 
and but one equation to determine them, it is evident that we 
are at liberty to introduce into the problem some arbitrary con- 
dition, the choice of which will be of considerable importance *. 
Clairaut proposed to make the curvatures of the adjacent sur^- 
faces of the two lenses equal, one being convex and the other 
concave, in order that they might admit of being cemented 
together, and thus the loss of light, occasioned by reflexion at 
their surfaces, avoided. This condition is equivalent to f"=f', 
or substituting for p' and p" their values, 

poL + qoi 4- 7W£ = p^ol^ + ^oi + mV, 

by means of which one of the quantities, b and e', is determined 
in terms of the other. To this adaptation, however, there are 
weighty objections in practice; the compound lens will be 
liable to strain on the cooling of the cement, and moreover, 
a distortion of the same nature must ensue on every change 



* As the equation of condition is a quadratic with respect to 
£ and By it will evidently depend upon the assumed condition, 
whether these quantities admit of real values or not ; that is, when 
the powers of the lenses are given, the condition introduced may 
render the problem impossible. When the powers of the lenses are 
not given, the problem will be possible under any condition what- 
ever, since the resulting equation is of the third degree in the un- 
known quantity, or 0', and must therefore have at least one real 
root. 
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of temperature, if the two glasses be differently expansible by 
heat. 

The most obvious condition seems to be to make one of the 
quantities s and e' equal to nothing, or to make one of tlie 
lenses of the best form (174.). This condition is equivalent to 
cfx = 0, or dx' = ; and in virtue of it the aberration of that 
lens will be a minimum for the particular distance of the ra- 
diant, and therefore any small change in that distance will not 
sensibly affect its value. 

The foregoing seems naturally to suggest that if instead of 
making dx = 0, or dx! = 0, in one of the simple lenses, we were 
to take d(x -I- x') = 0, in the expression of the aberration of 
the compound, the combination would possess a considerable 
practical advantage. Accordingly, the coefficient x + x' being 
differentiated with respect to a, our condition is 

dx ^^' _^ f. 
da da 

Now, performing the operations indicated, and observing that 
da" = da' = do, it becomes 

w^r&.^ - (a + a'H + wiVfSe'.^ — (a' + «")"| = 0. 

But if we differentiate the values of p and f" (177.) with respect 
to a? we find 



& , . . .del 

da, 



*»— + (P + ?) = 0, w!^ + (p' + i/) = 0; 



and substituting in the equation of condition for 

dfi dJ 

m -7-9 ni -T-> their values — (/? + 9), — (// + y'), thus ob- 
tained, and making for abbreviation 

it becomes 
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?>[/« + m(a + a')] 4- ?)'[W 4- fn!(a! + aP)] = ; 

an equation which determines the relation between the arbi- 
trary quantities s and ^^ when the aberration of the compound 
lens is a minimum. 

Now, if this equation be fulfilled, together with that of the 
preceding article, by means of the arbitrary quantities e and e', 
and the values of these quantities, thus determined, substituted 
in the expressions of the curvatures of the surfaces (177.)> the 
forms of the component lenses will be obtained. It is evident 
from what has been said, that the aberration of the compound 
lens will be nothing, and its differential also nothing ; so that 
the combination possesses the advantage of being aplanatiCj 
not only for the particular value of a, in virtue of the former 
of these equations, but also when that quantity receives any 
small variation, in virtue of the latter. 

(187.) When the incident rays are parallel, 

a = 0, a' = p, and a" = p + p', 
and substituting, the equations of aplanatism are 

s and g' being determined by means of these equations, and 
the resulting values substituted in the equations 

£ = |)<p + w2£, f = q'<p + p'(<p + <p') + wfV, 

the compound lens is completely determined, and will be 
aplanatic, not only for parallel rays, but also when the distance 
of the radiant is finite and considerable. 

(188.) The quantity whose value we have been hitherto 
seeking is the variation of the reciprocal of the distance of the 
intersection of the emergent ray with the axis, arising from the 
aperture. If this quantity be denoted by — xo?*, a? being the 
semi-aperture of the first lens of the system, and the distance 
of the intersection of the emergent ray with the axis by B, 

df — J = — K . a;% whence there is 
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dB = K. ^X\ 
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The quantity di is the longitudinal aberration, and its 
value is obtained by substituting in this expression the value 
of K, as given by the preceding articles. 

Let a/ be the extreme ray, meeting the axis iny, and the 
perpendicular to the axis, fo, erected at f the geometric focus, 
in o ; then f/* is the longitudinal aberration, and fo the lateral 
aberration, and by similar triangles 

^ AB -• ^ , 

FO = f/^.-^ = wf. -y, nearly; 

a/ denoting the semi-aperture of the last lens. Now, if a and /3 
denote the reciprocals of the distances of the foci of incident 
and refracted rays for the first lens, a! and /3' the analogous 
quantities for the second, &c. there is 

Wl^&c. 
• '^"■a'aV&c.-'^"'^' 

a denoting the ratio i ff ,ff a' • Accordingly, if we substitute 

for F/*and a/ their values in the expression of fo, we have 

lateral aberration = okBj^. 



A 


^ 


^"-^^,^ 






B 


j\s 


^^■^""■■v^if n 


^s 






— "^ri^ 


-^ 




a 






O 



(189*) To determine the least circle of aberration, let a/* be 
the extreme ray meeting the axis iny; of' any ray at the other 
side of the axis, meeting it iny*', and mn the perpendicular let 
fall from their intersection upon the axis. Then, reasoning as 

l2 
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in (65.), it will be evident that mw, when a maximum, will 
be the radius of the least circle of aberration. 

To find its value, let x denote the semi-aperture of the first 
lens corresponding to as, ^ that corresponding to as ; then, f 
being the geometric focus, there is 

r/* = K^*ar% Tf = xB^or'*, and subtracting, 

Again, on account of similar triangles, we have 

*^ AS flw? ' ^ ^ 

nf^mn.-=^,q.p, 
mn being denoted by f • Wherefore, adding, there is 

Finally, equating these two values of jQf', we obtain 

p = aK^(a7 — af)x3d. 

But ^ being the variable in this expression, p varies as 
(x — af)a^j and is a maximum when the latter is so ; that is, 
when a^ ^ JLx: wherefore, substituting this value of a^ in the 
expression of p, its maximum value, or the radius of the least 
circle of aberration, is 

And comparing this with the result of the preceding article, we 
learn that in any combination of lenses whatever, the radius of 
the least circle of aberration is one-fourth of the lateral aber- 
ration of the extreme ray. 

With respect to the position of the centre of this circle, we 
have already found 

w/* = ^— = ^kS^jt^, but f/ = xa^JT^, 

wherefore, subtracting, there is 

WF = |k5*^^; 
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wherefore the distance of the centre of the circle from the geo- 
metric focus is three-fourths of the longitudinal aberration of 
the extreme ray. 

(190.) When the lenses composing the system are in contact^ 

a) = j3, a" = /3', &c, ; and therefore 

_ <3ffl^^ &c. _ 
^,""aVa'"&c. "■ 

Accordingly, the expression of the radius of the least circle of 
aberration, in this case, becomes 

In which case also k = at + x' -f- x" + &c. (183.) ; x, x', x", &c. 
being the coefficients of the square of the semi-aperture in the 
values of dj$ for the several lenses composing tlie system* 

Thus, for example, if the rays are incident parallel upon the 
plane side of a piano-spherical lens, there is 

^ = ^ = fifci) (172), and 3 =/= ^ (157.); 
When parallel rays are incident upon a lens of best firm. 



Of Images formed by Refraction at spherical Surfaces. 

(191.) Of images formed by refraction at a single spherical 
surface Uttle need be said, inasmuch as such surfaces are never 
found in practice except in combination with a second, whether 
plane or spherical, in the form of a lens. From what has been 
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already said of images in general, it will readily appear that, 
when an object of any form is presented to a spherical re- 
fracting surface, the points of the image corresponding to the 
several points of the object are found by drawing from the 
latter lines to the centre of the refracting surface, and taking 
on these lines points whose distances from the centre are cal- 
culated by the formula 

in which u represents the reciprocal of the distance of any point 
of the object from the centre, and «/ that of the corresponding 
point of the image (145.). 

By an examination of this formula it will be easily seen that 
the image of a spherical surface concentric with the refracting 
surface is also a spherical surface having the same centre ; that 
the image of a plane is the surface generated by the revolution 
of a conic section round its axis ; and that the linear magni- 
tudes of the object and image, supposing them to be spherical 
surfaces concentric with the refractor, are as their distances from 
the centre. 

(192.) When there is a second refracting surface, the focus 
of the doubly refracted pencil, or the point of the image cor- 
responding to any point of the object, will be determined in 
the following manner : 




c being the centre of the first surface, and d that of the second, 
the line c'cv, passing through them, will be the common cutis 
of the two surfaces. Let f be any focus of incident rays 
situated out of this axis, and fcs the line drawn from it through 
the centre of the first surface, and meeting that surface in s ; 
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that line will be the axis of the pencil of rays incident from 
the point F upon the first surface : and if the distance sf' be 
taken, calculated according to the formula (136.), the point f' 
will be the focus of rays refracted by the first surface, and 
therefore the focus of rays incident upon the second. Through 
this point, therefore, let the line f'c's' be drawn through the 
centre of the second surface, and in this line let the distance 
s'f'' be taken, calculated as before ; then f" will be the focus of 
the pencil after refraction by both surfaces. 

It is obvious that the same method may be extended to any 
number of refracting surfaces. 

Now, confining our attention to the case of two surfaces, it 
is easy to see that, when the distance between these surfaces 
IS inconsiderable, and the obliquity of the incident pencil, or 
the inclination of its axis to the common axis of the two sur* 
faces, very small, f's and f's', the distances of the focus of the 
pencil after the first refraction from the two surfaces will be 
qtiam proximi equal. It follows therefore that, in this case, 
the same relation will subsist between fs and fV, the distances 
of the foci of the incident and emergent rays from the surface, 
as when those points are situated on the common axis of the 
two surfaces ; or, in other words, that the distance of the focus 
of the doubly refracted pencil from the lens will be the same as 
when the pencil is incident perpendicularly. 

To find the distance of the focus of refracted rays from the 
axis : on account of similar triangles, there is 

FG FC FS f'g' fW 1 • f's' 

f'g' "" f'C ""f's* fV "" F^V ~ jW, * f'V 

multiplying these equations, and observing that f's' = f's, 

FG FS FV 

PlF "^ F^' ~ F^' *'^' 

From this it follows that the points f, f", and v, are in the 
same right line, or, that the focus of refracted rays lies in the 
right line joining the focus of incident rays with the vertex of 
the lens. This right line, therefore, may be regarded as the 
axis of the doubly refracted pencil, and the position of the 
focus of the refracted rays on it will be determined by the 
known formula for central rays (155.). 
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(198.) We are led to the conclusion of the preceding article 
also from the consideration of the ray which suffers no devia- 
tion in passing through a lens. 

When a ray of light passes in any manner through a lens of 
any thickness, it is evident that the incident and emergent 
portions of the ray will be parallel, or the deviation nothing, 
when the tangents at the points of incidence and emergence 
(and, therefore, also the radii drawn to these points) are 
parallel ; for, in this case, the ray is under the same circum- 
stances as if it had passed through a medium bounded by 
parallel planes. 

Let qrr'q' be the course of such a ray, of which the in- 
cident and emergent portions, aR and q'r', are parallel'; and, 
c and d being the centres of the first and second surface re- 
spectively, let the radii, cb, c'r', be drawn to the points of 
incidence and emergence; also, let the portion of the ray 
within the lens, rb', be 
produced to meet the axis 
in o. Then, on account 
of the parallelism of the 
radii, CR and c'r', the tri- 
angles, COR, c'or', are a- ...l.. 

milar, and ^r^ — -i^"^ ^i — / U \ S' 




c/o = CO . 



cV 

CR 



, whence cc' = co( 1 i; 

\CB /' 



whence, denoting the radii of the surfaces, cr and c'r', by 
r and /, there is 

r 



CO = cc' . 



r — r 



From which it appears that the point o, in which the portion 
of the ray within the lens meets the axis, is invariable. This 
point is called the centre of the lens. 

To compute the distance of this point from the surface : 

r'— r— cc' 

OS = cs — CO = r . ; • ; 
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but W — r — cc'= ss', the thickness of the lens ; wherefore, if 
the thickness be denoted by ^, there is 



OS = ^. 



r^ —r 



From which we learn that the distance of the centre of the 
lens from the first surface is to the thickness of the lens, as the 
radius of the first surface is to the difference of the radii of the 
two surfaces. 

The preceding expression has been calculated for the case 
of the concavo<onvew lens, in which the radii, r and r', are 
ho\h positive. It is obvious, however, that the formula in- 
cludes all cases, if we observe only that the quantities, r, r'y 
and OS, are to be considered as affected with the positive or 
negative sign, according as they lie from the surface towards 
the incident lights or Jrom it (137.). 

In the concavo-convex lens, having its more curved surface 
turned towards the incident light, r and r' are both positive: 
in the menisctts they are both negative; and the value of 

r 
OS in each case is the same, namely, d . j — . Wherefore, 

since r' is greater than r, the value of os is positive; and 
therefore the centre of the lens lies without it and at the ^de 
of the more curved surface. It is obvious, that if the lens be 
turned in the opposite direction, the position of the centre 
will not be altered. 

In the double convex lens r is negative and / positive; 
in the double concave their signs are the opposite; and ac- 
cordingly the value of os is the same in both cases, namely, 

— ^•~i — • Wherefore, in these lenses, os is negative and 
r -{-r ° 

less than d; and, accordingly, the centre of the lens lies 
within it, bisecting its thickness when the surfaces are of equal 
curvatures. 

In the plano-convex and plano-concave lenses, if the curved 
surface be turned towards the incident light, the radius of the 
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second surface^ r', b infinite, and os = 0. The centre of the 
lens, therefore, coincides with the vertex of the spherical surface. 

Finally, in a lens whose thickness is inconsiderable, os be- 
comes indefinitely small, and the centre of the lens coincides 
5 .p . with the surface. And, if the obliquity of the ray 
passing through this centre be small, the incident and emergent 
portions may be regarded as parts of the same right line ; the 
portion of the ray within the lens being, in this case, incon- 
biderable* This ray, therefore, may be regarded as under- 
going no refraction whatever. 

(194.) From what has just preceded, it appears that when 
a pencil of rays, whose obliquity to the axis is small, is 
incident upon a thin lens, there is one ray of the incident 
pencil, that, namely, which passes through the centre of the 
lens, which may be regarded as undergoing no refraction 
whatever. This ray is called the principal ray of the oblique 
pencil, and is to be considered as its axis. Wherefore the 
fbcus of the refracted pencil will be obtained by joining the 
focus of the incident rays with the centre of the lens, and 
taking on this line a point whose distance from the lens is 
calculated by the formula for central rays. 

From which it will readily appear that the form of the image 
of any object, produced by such a lens and referred to its centre, 
will be the same in species as that produced by reflexion at a 
spherical surface, and referred to its centre. 

Thus, when the object is a portion of a spherical surface^ 
whose centre is the centre of the lens, a, the reciprocal of the 
distance of the several points of the object from the centre, is 
constant; a', therefore, is likewise constant, and the form of the 
image will be also a spherical surface having the same centre, 
and whose radius is the reciprocal of od^ or of a + (p. 

Again, if the object be a plane perpendicular to the axis of 
the lens, we may confine our attention to the section of this 
plane formed by any plane passing through the axis. If, then, 
a denote the reciprocal of the portion of the axis intercepted 
between the lens and this section, and B the angle contained, 
with the axis, by the line drawn from any point of the object 
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to the centre of the lens, 

a = a.cos.9, and a' = p + a.cos.0. 

From this it follows, as in (70.), that the section of the image 
is a conic sectkm^ whose axis is the axis of the lens, and 
foots its centre; and that the principal parameter of the sec- 
tion is double the focal length of the lens, and its excentridty 
equal to the ratio of the focal length to the perpendicular 
distance of the object from the lens. The section is therefore 
an ellipse, hyperbola^ or parabola^ according as the distance of 
the object from the lens is greater, less than, or equal to, the 
principal focal length. When the object is infinitely distant, 
the ellipse beoomes a circle, whose centre is that of the lens, and 
radius its focal length. When the object coincides with the 
lens, the hyperbola becomes a right line coincident with the 
object. 

(195.) When the section of the object is perpendicular to 
the axis of the lens, and subtends a small angle at its centre, 
it may, without sensible error, be considered as a circular arc 
whose centre is the centre of the lens. And the section of the 
image being, in this case, a circular arc having the same 
centre, and subtending the same angle at that centre, it is 
obvious that the linear magnitudes of the object and image 
will be as the radii of these circles, or as their distances from 
the centre of the lens. Wherefore, if the distances of the 
object and image from the centre of the lens be denoted by 
d and ^, and their linear magnitudes by m and m\ 

nJ a^ / 

When the lens is of the concave kind, jT is positive; and, 
since the incident rays are always divergent if the object pre- 
sented to the lens be a real object, d is always positive, and 

accordingly the value of the ratio — , in this case, is always 

less than unity ; or, the image of an object formed by a con- 
cave lens is always less than it ; the ratio decreasing from unity 
to nothing, as the object recedes from the lens to an infinite 
distance. 
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When the lens itsof tfaeantDfj: kind^yis mtgativty and 

^ _ / 

m -f-l' 
ISieuotj when the otgect minriiifs with the kns^ 3 = 0, and the 

ntio — is equal to oni^, or the image equad to the object 

Aa the diitfanrp rf the object in crcaMa , the Taloe of the fraction 

a^ . . . 

— mcreaaes indefinitely, ondl, when h =y^ the ratio becomes 



infimte ; that is, when the object arrives at the principal focus 
the image is infinitely great oompafed with it. When the 
otgect is beyond the principal focus, h >f^ and the ratio 

— becomes negative: its value also diminishes ind^mtely as 



the distance of the object increases, becoming equal to — 1, 
when 3 = 2/*, and vanishing altogether when 3 is infimte. 
Hence, when the distance of the object from the lens is double 
its focal length, the image and object are again equal ; and when 
the object is infinitely distant, the image is infinitely small in 
comparison with it. 

Since the axes of the several pencils intersect at the centre 
of the lens, it is obvious that the image will be erect with 
respect to the object, when they lie at the same side of the 
lens, u e. when d and ^ are afiected with the same sign ; it 
will be inverted when they are at opposite ades, or 3 and if 
affected with opposite signs. Hence it is evident that the 
position of the image with respect to the object will be de- 

termined by the sign of the fraction — , which is eqwd to 

—, being erect when that fraction is positifoey inverted when it 

is negative. It appears, therefore, from what has been said 
above, that in a lens of the concave kind the image is al- 
ways erect with respect to the object; while the image 
Ibnned by a convex lens will be erect only when the object 
between the lens and the principal focus, and in all other 
t inverted. 
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It IS evident^ also, that the inverted image is always real, 
the rays actually meeting there, and the erect imoffinart/, 

(196.) In any combination of lenses the image formed by 
any one lens of the system is to be considered as the object 
presented to the next, Sec, and thus the position and mag- 
nitude of the last image will be computed on the principles 
already established. 

Let a and j3 denote the reciprocals of the distances of the 
object and its image produced by the first lens of the system, 
a! and j? the analogous quantities for the second lens, a" and fif' 
for the third, &c. Also, let m denote the linear magnitude of 
the object ; iw', iti", mP*, &c. m^"^ , those of the images formed by 
the 1st, Sd, 3d, &c. and nth lens, respectively; then, from what 
has been said, it will appear that 

m' ^ a m" __ a' tn!" _ aP ^ 

H^^J' W'W' H^'^'W' 

And multiplying these equations together, we find 

an equation determining the ratio of the linear magnitudes of 
the object and its last image. 

The relations amongst the quantities a, j3, a', j3', &c. which 
enter this expression are ^ven by the equations of (168.), by 
means of which they may be all determined when the first is 
given. 

When the lenses composing the system are in contact, 
/S = a', ff = a", jS" = a'", &c. ; wherefore, if the reciprocal of 
the last distance, /3<'»~*^, be denoted by a^"^, the expression of 
the ratio becomes 

The relation between the quantities a^"^ and a is given by the 
equation 

in which <p denotes the power of the system, or the sum of the 
powers of the component lenses (167.) ; and if we substitute 
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When the lens is of the convex kind, y is negative^ and 

ni ^ f 

Hence, when the object coincides with the lens, d = 0, and the 
ratio — is equal to unity, or the image equal to the object. 
As the distance of the object increases, the value of the fraction 

— increases indefinitely, until, when d =/, the ratio becomes 

infinite ; that is, when the object arrives at the principal focus 
the image is infinitely great compared with it. When the 
object is beyond the principal focus, b > f^ and the ratio 

— becomes negative : its value also diminishes indefinitely as 

the distance of the object increases, becoming equal to — 1, 
when 5 = ^, and vanishing altogether when b is infinite. 
Hence, when the distance of the object from the lens is double 
its focal length, the image and object are again equal ; and when 
the object is infinitely distant, the image is infinitely small in 
comparison with it. 

Since the axes of the several pencils intersect at the centre 
of the lens, it is obvious that the image will be erect with 
respect to the object, when they lie at the same side of the 
lens, I. e. when b and S are affected with the same sign ; it 
will be inverted when they are at opposite sides, or b and ^ 
affected with opposite signs. Hence it is evident that the 
position of the image with respect to the object will be de- 

termined by the sign of the fraction — , which is equd to 

lit 

— , being erect when that fraction is positwe, inverted when it 

is negative. It appears, therefore, from what has been said 
above, that in a lens of the concave kind the image is al- 
ways erect with respect to the object; while the image 
formed by a convex lens will be erect only when the object 
is between the lens and the principal focus, and in all other 
cases inverted. 
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It is evident^ also, that the inverted image is always reaij 
the rays actually meeting there, and the erect tmagynary* 

(196.) In any combination of lenses the image formed by 
any one lens of the system is to be considered as the object 
presented to the next, Sec, and thus the position and mag- 
nitude of the last image will be computed on the principles 
already established. 

Let a and j3 denote the reciprocals of the distances of the 
object and its image produced by the first lens of the system, 
ai and ^ the analogous quantities for the second lens, a" and ^ 
for the third, &c. Also, let m denote the linear magnitude of 
the object ; iw', nt^ m^^ &c. m^"^ , those of the images formed by 
the 1st, Sd, 3d, &c. and nth lens, respectively; then, from what 
has been said, it will appear that 

H^^J' Wy lii^'"W' 
And multiplying these equations together, we find 

an equation determining the ratio of the linear magnitudes of 
the object and its last image. 

The relations amongst the quantities a, j3, a', j3', &c. which 
enter this expression are ^ven by the equations of (168.), by 
means of which they may be all determined when the first is 
given. 

When the lenses composing the system are in contact, 
P = odf i3' = a", jS" = a'", &c. ; wherefore, if the reciprocal of 
the last distance, /3<"-*^, be denoted by a^"^, the expression of 
the ratio becomes 

The relation between the quantities a^"^ and a is given by the 
equation 

in which <p denotes the power of the system, or the sum of the 
powers of the component lenses (167.) ; and if we substitute 



156 HOMOGENEOUS LIGHT. 

When the lens is of the convex kind,/ is negative^ and 

ni ^ f 

Hence, when the object coincides with the lens, d = 0, and the 

ratio — is equal to unity, or the image equal to the object. 

A% the distance of the object increases, the value of the fraction 

— increases indefinitely, until, when ^ =/ the ratio becomes 

infinite ; that is, when the object arrives at the principal focus 
the image is infinitely great compared with it. When the 
object is beyond the principal focus, d >fj and the ratio 



m! 



becomes negative : its value also diminishes indefinitely as 

the distance of the object increases, becoming equal to — 1, 
when d = ^f9 and vanishing altogether when d is infinite. 
Hence, when the distance of the object from the lens is double 
its focal length, the image and object are again equal ; and when 
the object is infinitely distant, the image is infinitely small in 
comparison with it 

Since the axes of the several pencils intersect at the centre 
of the lens, it is obvious that the image will be erect with 
respect to the object, when they lie at the same side of the 
lens, L e. when d and Hf are affected with the same sign ; it 
will be inverted when they are at oppo^te sides, or d and Hl 
affected with opposite signs. Hence it is evident that the 
position of the image with respect to the object will be de- 



m! 



termined by the sign of the fraction — , which is equd to 

— , being erect when that fraction is positive, inverted when it 

is negative. It appears, therefore, from what has been s^d 
above, that in a lens of the concave kind the image is al- 
ways erect with respect to the object; while the image 
formed by a convex lens will be erect only when the object 
is between the lens and the principal focus, and in all other 
cases inverted. 
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It is evident, also, that the inverted image is always real, 
the rays actually meeting there, and the erect imaginary. 

(196.) In any combination of lenses the image formed by 
any one lens of the system is to be considered as the object 
presented to the next, &c., and thus the position and mag- 
nitude of the last image will be computed on the principles 
already established. 

Let a and jS denote the reciprocals of the distances of the 
object and its image produced by the first lens of the system, 
J and ^ the analogous quantities for the second lens, a" and fif 
for the third, &c. Also, let m denote the linear magnitude of 
the object; w', m", m!", &c. m^"^ , those of the images formed by 
the 1st, Sd, 3d, &c. and nth lens, respectively; then, from what 
has been said, it will appear that 

And multiplying these equations together, we find 

an equation determining the ratio of the linear magnitudes of 
the object and its last image. 

The relations amongst the quantities a, /3, a', /3', &c. which 
enter this expression are given by the equations of (168.), by 
means of which they may be all determined when the first is 
given. 

When the lenses composing the system are in contact, 
jS = a', |3' = a", jS" = a'", &c. ; wherefore, if the reciprocal of 
the last distance, j3<'*~*^, be denoted by «<">, the expression of 
the ratio becomes 

The relation between the quantities a^"^ and a is given by the 
equation 

in which <p denotes the power of the system, or the sum of the 
powers of the component lenses (167.); and if we substitute 
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the value of a^**) , thus obtained, in the expression of the ratio 
it will be 

from which it appears that the ratio of the linear magnitudes 
of the object and its image, formed by any combination of 
lenses in contact, is the same as for a single lens whose power is 
equal to the power of the system. 

(197.) Let it be required to determine the brightness of 
the image of any luminous object formed by a lens or spe- 
culum. 

Let m and rn! denote the linear magnitudes of the object and 
image, b and S their distances from the lens, or centre of the 
speculum, and a the linear semi-aperture. Then, if the angle 
subtended by the latter quantity at the luminous object be 
very small, the surface of the lens may be considered as a 
portion of the hemisphere whose centre is the luminous object 
and radius its distance from the lens; and the quantity of 
light incident upon it will be to that incident upon the entire 
hemisphere in the ratio of their areas, i. e. as tta^ : ^S^. 
Wherefore, if the quantity of light incident upon the entire 
hemisphere be denoted by q, the portion incident on the lens 

A* 

or speculum will be q . ^. And, if the quantity of the trans- 
mitted or reflected light be to that of the incident light in 
the ratio of ^ : 1, the quantity of light in the image will be 

A* 

f Q "Slir* Accordingly, if this be denoted by a', there is 



i = ^^(t)- 



Hence the absolute quantity of light in the image varies as 
the apparent magnitude of the lens, as seen from the object; 
and, when the distance of the object from the lens is given, 
simply as the square of the aperture. This is what the eye 
estimates when the image has no sensible magnitude, as in 
the case of the fixed stars. Hence the importance of a large 
object-glass in sidereal observations. 
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The densities of the light in the object and image are as the 
absolute quantities of light directly and inversely as their areas, 
or the squares of their linear magnitudes. Wherefore, if these 
densities be denoted by d and d\ 

subsUtuting for — and ^, their values 4f f-r-^ ^J^^p-. 

The brightness of the image is measured by the density of 
the light in it, and therefore varies as the apparent magnitude 
of the lens, as seen from the image, whatever be the distance 
of the object. Hence the density of the sun^s light in the focus 
of a lens or speculum varies as the square of the linear aperture 
directly and inversely as the square of the focal length. 

From the value of the ratio — it appears that the density 

of the light, or the degree of illumination of the image, is much 
less than that of the object, even supposing that there is no 
light lost in reflexion or refraction, or that ^ :r 1. 

(198.) In what has preceded respecting images it has been 
supposed, that the pencils of rays diverging from each point of 
the object are reflected or refracted accurately to a point. This 
however does not take place in general in any of the cases that 
have been examined, except in that of reflexion by a plane 
surface. In all other cases the focus of the reflected or refracted 
rays, corresponding to each point in the object, will be, not a 
mathematical point, but a physical point, or small circle, over 
which the rays are difiiised ; and as these circles overlay one 
another, there will thereby be produced a confusion in the 
image proportional to their magnitude. These circles, we 
have seen, are the least circles of aberration or difiiision ; and 
hence the importance of correcting or diminishing the aberration 
in lenses used in optical instruments. 

(199.) The preceding theory is exemplified in many interest- 
ing and useful applications. 

If the light be admitted into a darkened chamber through 
a circular aperture made in the window-shutter, and in this 
aperture a convex lens be placed, it is evident, from what has 
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been said, that inverted images of external objects will be 
fimned within the room at thm proper distances from the lens; 
and that if the objects be at a oonaderable distance from the lens 
compared with its focal length, the distances of their images 
^nll be very nearly the same, and equal to the focal length of 
the lens. Hence if a sheet of paper be placed perpendicularly 
to the axis of the lens, at a distance equd to its focal length, an 
inverted picture of the external scene will be f<Hined there, 
whose brightness, ccet* par.j will vary in the duplicate ratio of 
the angle which the diameter of the lens subtends at its principal 
focus. 

In order that the lens may be directed to different external 
objects, it is adapted to a scioptric ball. The instrument so 
called is a solid sphere of polished wood fitting in a hollow 
frame of the same, whose interior surface is a portion of a 
spherical surface of the same diameter as the ball which it 
contains, so that the latter may revolve within it every way. 
Through the centre of the ball a cylindrical hole is cut, at the 
extremity of which the lens is adapted perpendicularly to the 
axis of the hole, so that the latter coincides with the axis of 
the lens. It is evident that by this arrangement the axis of 
the lens may be directed to any object within view. 

For the purposes of drawing, it is convenient that the image 
should be thrown into a horizontal portion. This is effected 
by placing a pkne mirror between the lens and its principal 
focus, and inclined to the axis of the lens at an angle of 45°; 
a second image will thus be formed before the mirror, at the 
same distance as that which the rays tend to form behind it, 
and the plane of the former image is perpendicular to that of 
the latter (44), and therefore horizontal. 
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(200.) Such is the principle of the portable camera obscura; 
a box from which all extraneous Ught is perfectly excluded, 
being substituted for the darkened chamber. This instrument 
is represented in the adjoining figure : l is a lens fitted in a 
sliding tube, and mn a plane mirror inclined at an angle of 45^ 
to its axis hb; now, if abc be any external object at a consider- 
able distance, an inverted image of it, oic, will be formed 
nearly in the principal focus of the lens ; but the rays which 
proceed to form this image, being intercepted by the plane 
mirror, are reflected upwards^ and thus a horizontal image, 
aj3y, is formed, similarly situated with respect to the mirror as 
abc. This image is received upon a piece of plane glass, be, 
roughened on one side, and thus the rays will diverge from it 
as from a real object; and the extraneous light is excluded 
from the picture by means of a lid, df, with a curtain attached, 
which covers the head of the spectator. 

In this construction of the instrument, the spectator having 
his face turned towards the object, it is evident that the image 
will appear erect as to top and bottom; but that with respect 
to right and left it will be inverted, the rays coming from the 
right side of the object crossing the axis of the lens at its centre, 
and proceeding to the left of the image, and v. v. 

In the construction just described, the lower part of the 
mirror forms an angle of 45^ with the axis of the lens : if this 
position be reversed, and the upper part be inclined to the axis 
at the same angle, it is evident that the reflected image will 
be thrown doumwardSy and may be received upon a table placed 
at the proper distance. In this arrangement the spectator has 
his back turned towards the object, and views the image through 
an opening in the front of the box, or, as is most usual, is 
himself enclosed within the chamber by means of a curtain 
covering his person, as well as the table on which the image is 
thrown ; and it is evident that, the spectator having his back 
to the object, the position of the image, with respect to right 
and left, as well as with respect to top and bottom, will be the 
same as that of the object. 

This construction, which is generally that of the larger in- 
struments of this kind, is the best adapted to the purposes of 
drawing* It is frequently modified by placing the plane mirror 

M 
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SO as to receive the rays and bend them into the vertical before 
they meet with the lens, which must therefore be horizontal. 
In this arrangement tlie whole focal length of the lens lies in the 
Tertical, and therefore the frame of the instrument is necessarily 
taller than in the other cases ; in ail other respects it is the 
same. 

(201.) In the mtgic lantern 
the object, instead of being 
at a considerable distance, is 
placed near the focus of the 
lens, and thus a distant and 
magnified image of it is 
formed upon a screen placed 
to receive it. 

The adjoining figure represents the lantern, in the front of 
which is a convex lens, a, fitted in the extremity of a sliding 
tube. B is a rectangular aperture or slit into which are intro- 
duced the objects to be represented, which are usually grotesque 
figures painted in transparent colours upon glass plates or 
slides, c is a lamp, in the centre of the box, by which the 
object is illuminated. D is a reflector behind the lamp to con- 
centrate its light upon the object, and e is a chimney above it 
with a projecting roof to intercept the light. Then, the room 
being darkened, one of the slides is introduced at b in an in- 
verted position, and the tube containing the lens is moved until 
the distance of the lens from the slide, ab, is a little greater than 
its focal length, af. This being done, it is evident that a 
magnified image of the object on the shde will be formed at a 
considerable distance from the lens, and may be received upoa 
a screen placed at the proper distance. This image will be 
inverted with respect to the object on the slide, and therefore 
erect with respect to the spectator. 

If the lantern and screen be fixed, the adjustment is to be 
performed by moving the sliding tube which contMns the lenst 
and will be always possible, provided the distance of the screen 
from the slide be greater than four times the focal length of 
the lens (159.). 

The magnifying power of this instrument, or the ratio — > 
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is equal to % x^ y the lens being convex, or to — . Hence 

the same instrument, the magnifying power varies inversely as 
BF, the distance of the slide from the principal focus of the 

lens. The brightness of the image varies ^ ( "tt ) ^ and there- 
fore in the same instrument is inversely as the square of the 
distance of the image from the lens. 

In the common magic lantern the image is reflected by the 
screen to the spectator, who is therefore at the same side of it 
with the lantern itself. But in the phantasmagoria the image 
is received upon a thin transparent screen, placed between the 
spectator and the lantern, and the magnitude of the image is 
made to vary by a simultaneous motion of the lantern and sliding 
tube, which are so regulated that the image may always fall 
upon the screen. If the brightness of the image increased and 
dtereased with its size, it would bear all the appearance of an 
object advancing and retiring ; this, however, is the reverse of 
what takes place under ordinary circumstances, and, to effect 
it, it is necessary to have some means of modifying the quantity 
of light, so as to diminish it when the lantern is brought near 
to the screen, and v. v. When these various contrivances are 
well arranged, the appearances produced are in the highest 
degree entertaining and deceptive. 

(202.) The principle of the solar microscope is the same as 
that of the magic lantern ; the object whose image is to be re- 
presented being in this case illuminated by a beam of the sun's 
light, which is thrown into the axis of the tube by the aid of 
reflectors. 

ABCD represents 
a conical tube, the 
less extremity of 
which, OD,is cylin- 
drical and furnish- 
ed with a sliding 
tube, CDEF, which 
fits it exactly. In 
the extremity of 
the sliding tube is 

m2 




I focus of tl 

I admitted t 
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a convex lens, i., of small aperture, by which the image of tlie 
object is to be formed ; and at the wider extremity of the conical 
tube is a broad convex lens, ab, the use of which is to concentrate 
the rays of the sun upon the object, and thus to illuminate it 
strongly*. This extremity of the instrument is inserted in a 
Bijuare frame, pq., by means of which it may be attached to a 
window- shutter at an aperture corresponding to the size of the 
lens, AB. To this frame is attached also, at the other side, a 
plane mirror, hs, by which the light of the sun may be thrown 
into the instrument. This mirror is moveable round a hinge 
at R, by which means its inclination to the plane pa, or to tlie 
axis of the instrument, may be altered at pleasure ; and the 
hinge itself is capable of a rotatory movement round the axis 
ML, which enables the observer to vary at will the plane of 
reflexion of the mirror. 

When the instrument is used, it is attached to the aperture 
in the shutter of a darkened room, and a beam of the sun's 
light thrown into it, in the direction of its axis, by the adjust- 
ments of the plane mirror. The object to be examined, which 
is generally some minute and partly transparent natural object, 
is then introduced into the axis of the tube at o, through an 
aperture in the side; the point, o, at which the object is placed 
being near the principal focus of the illuminating lens, but not 
exactly at that point, on account of the intensity of the heat 
there. The sliding tube, cdef, is then moved by means of a 
rack and screw until the distance of the lens from the object, 
LOj is a little greater than the focal length of the lens. It is 
manifest, then, that a magnified image of the object upon a 
bright ground will be formed on a screen placed at a proper 
distance. 

The magnifying power in this instrument is the same as in 
the magic lantern, being equal to the focal length of the lens 
divided by the distance of the object from its principal focus. 
Instruments of this kind are usually made with a very high 
magnifying power. 

■ A second and smaller lens is generally added, near the printipiil 
focus of the first, for the purpose of concentrating still further tlie 
admitted beam. 
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CHAPTER VIL 



OF LIGHT BEFBACTED AT ANY CUBVED SUBFACE8. 



I. 

General Thetyry of Refraction at amy curved Surfaces. 

(203.) Let the angles which the incident and refracted rays 
make with the axis of abscissae be denoted by w and c</ ; then, 
as in the case of reflexion (74.), the cosines of the angles 
which these rays form with the tangent to the curve at the 
point of incidence are, respectively, 

dx . du 
cos.a; . -t — h sm.w . -^, 
ds ds 

dx . du 
cos.a/ . -J — h sm.a/ . -5^. 
ds ds 

Now, these cosines are + sin. (inc.) and + sin.(ref.) re- 
spectively ; therefore, substituting these values in the equation 
sin.(inc.) = m , sin.(ref.), we have 

cos.a; . dx + sin.w . dy + m{cos.cJ . dx + an.o/ . dy) = ; 

an equation which determines a/, the angle which the refracted 
ray makes with the axis, when fiu, the angle which the incident 
ray makes with the same, is given. 

(204.) Let (a, /3) be the co-ordinates of any point of the 
incident ray, (a', |3') those of the refracted ray ; then, as these 
rays pass through the point of incidence, whose co-ordinates 
are {x, y), their equations are 
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/S' — y = tan.w'(*' — ^)* 

And, if we eliminate w and w' between these equations and 
that of the preceding article, as has been done in the case of 
reflected light, the resulting equation will express the relation 
between (a, /3), (a', jS'), and the co-ordinates of the refracting 
curve. Accordingly, when the co-ordinates (a, )3) are deter- 
mined by the condition to which the incident light is subject, 
this equation exhibits the relation between a! and )3', the co- 
ordinates of the refracted ray, for each point of the refracting 
curve. 

To proceed with this elimination: — ^from the equations just 
obtained, we deduce, as before, 



06— 0? . ^— y 

9 



COS.C0 = , sm.ctf = , 



cos.ecr = — r— , sm.o/ = — p=, 
in which we have made, for abbreviation. 



f = V(a-^)« + C3-y)S 

And these values being substituted in equation of preceding 
article, it becomes 

" + III • • ^ vr , 

an equation which ^ves the relation between a! and ^y the co- 
ordinates of the refracted ray, when a and j3, the co-ordinates 
of the incident ray, are known. 

When the incident ray is parallel to the axis, j3 — ^ = ; 
wherefore g = a — Xy and the preceding equation is reduced to 

f'da? + »w[(a' — a:)dx + (pf — y)dy] = 0. 

(205.) If the values of p« and ^ '* be difierentiated relatively 
to X and y only, there is 
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(a — j[)dx + (iS — y)dj/ = — fdf 
(a'- x)dx + (/3'-y)d^ = -. ^dg^; 

and if these values be substituted in the equation of the preceding 
article, it becomes 

rfp + fwdf' = 0; 

from which we learn that the function (f + mf) is a minimum^ 
when taken from any assumed point in the incident to any 
assumed point in the refracted ray. 

When the incident ray is parallel to the axis, (/^ = — dxj 
and this equation becomes 

md^ = dx. 

(206.) To determine the curve which will refract rays pro- 
ceeding from a point accurately to a point, we have but to con- 
sider (a|3), (a'/3'), as given points in the equation (204.), and 
integrate on that supposition. 

For the sake of simplification let the focus of the refracted 
rays be taken as the origin of the co-ordinates, or let a' =: 0, 
jS' = 0, in the difierential equation ; and, integrating. 



-v/(a - xy -f (/3 ^yy + mVx'*' •\- y* = a, 

a being the arbitrary constant. This equation is that of a 
curve of the fourth dimension, which has been called, from it$ 
inventor, the Cartesian ovcU, It is evidently equivalent to 

£ -f m^' = a; 

a result which expresses the fundamental property of the curve, 
and by means of which it may be easily constructed by points. 
The preceding equation may be conveniently transformed 
to one in plolar co-ordinates. For this purpose, let j: = r cos.Wf 
y = rsin.ct;, and substituting, we find 

(a — rcos.«)* + (i3 — rsin.w)^ = (a — mr)*. 

As the axis of abscissae is perfectly arbitrary, we may take 
for it the line joining the two foci ; in which case |3 = 0. Now, 
if a^ denote the co-ordinate of the intersection of the curve 
with this axis, or the value of x corresponding to ^ = 0, 

oc — af '\- ma/ = a. 
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When the constant a = ; L e. when « — «'=— maf, or 
the distance of the focus of incident rays from the surface is to 
that of reflected rays from the same in the ratio of m : 1, the 
refracting curve becomes the circle; for, in this case, the 
equation is 

(a - a?)« + J^* = fn'^(x^ 4- y^. 

And if we transfer the origin to the point, whose abscissa 

= ; ;, this equation becomes 

1— 1»* ^ 

^' "^ ^ "" (m«-l)»* 
the equation of a circle referred to the centre, whose radius 

(207.) When the incident rays are parallel, we must return 
to the differential equation (204.), in which, making a! = 0, 
/3' = 0, and integrating, as before, there is 

X + nix/x^ -j- y« = const. 

Now, of being the value of jt, when y = ; const. = (m + l)a/. 
Wherefore, making this substitution, and transforming the 
equation to polar co-ordinates, we have 

m + cos.c(i* 
The equation of a conic section, whose excentricUy = — . 

It is therefore an ellipse when m >1, or the refracting medium 
denser than the surrounding medium; a hyperbola^ when 
i» < 1, or the refracting medium rarer. 

From the preceding it will readily appear that, by the com- 
bination of spheroidal with plane or spherical surfaces, it is 
always possible to construct a lens which shall be perfectly 
aplanatic for parallel rays. For it appears from what has 
been said, that when parallel rays are incident from the rarer 
into the denser medium, if the surface bounding the latter be 
that generated by the revolution of an ellipse^ whose excen- 
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tricity = — , about its major axis, the rays will be refracted 

accurately to the farther focus. If then the second surface, 
bounding the medium, be a portion of a spherical surface, 
whose centre is that focus and radius any line less than the 
distance of that focus from the first surface, the rays will be 
incident upon it perpendicularly, and therefore undergo no 
refraction there ; and the meniscus^ thus formed, will be per^ 
fectly aplanatic for parallel rays. 

Again, when parallel rays pass from the denser into the 
rarer medium, if the bounding surface be a hyperbohid gene- 
rated by the revolution of a hyperbola whose excentricity is 

— , about its major axis, the rays will be refracted accurately 

to the farther focus. If, therefore, a plano-convex lens be 
constructed, whose second surface is the hyperboloid just men- 
tioned, and first surface a plane perpendicular to its axis, it 
will be perfectly aplanatic for parallel rays, the rays under- 
going no refracUon at its first surface. 

(208.) As an application of this theory, let us take the case 
in which rays diverging from a point are incident on a plane 
refracting surface. 

The perpendicular from the radiant point on the plane being 
taken as the axis of abscissae, there is jS = ; and, if we take 
the point in which this perpendicular meets the plane as the 
origin, the equation of the plane will be simply 

a? = 0, whence also dx = 0. 

And these substitutions being made in the equation of the 
refracted ray (S04.), it is reduced to 

9nf»(/3' — y) - f 'y = ; 

or, if we transfer ^y to the other side of the equation, square 
both sides, and substitute for ^^ and ^^ their values, which are, 
in this case, a* + y^ and a'* + (j3' — y)«, respectively, we 
have 

(/y - y)[m^a^ + (m» - l)y«]^ =a'y, 
the complete equation of the refracted ray. 
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To get the intersection of the refracted ray with the axis, 
let /3 = in this equation, and there is 

For rays indefinitely near the axis in their incidence^ y = ; 
and 

d zsz ma, 

agreeing with the results already obtained (US.) and (113.). 

(209.) Let us now consider the case in which the refracting 
surface is a sphere. 

Taking the line joining the centre with the radiant point as 
the axis of abscissae, |3 = ; and if the centre be taken as the 
origin, the equation of the circle is 

dy X 
^« + a?* = r*, whence p = -p = . 

Making these substitutions in equation (S04.), it becomes 

f'ay + mf (fl^ — jS'o:) = 0. 

From which, by squaring and substituting for ^ and ^ their 
values, we obttun the relation between the co-ordinates of the 
refracted ray. 

To find the point in which this ray meets the axis, let /3' = 0, 
and the equation becomes 

/a + mgflc' = 0, 

a result already obtained (134.). If we square and substitute 
for g and ( their values, this becomes 

<x!\{a^ - xY + y«] = mV2 [(a - a?)« + y] ; 

an equation which agrees with that from which we have already 
deduced the whole theory of aberrations, foci, &c. (1 46.). 

For rays indefinitely near the axis, we must make^ = 0, 
and therefore a? = r, in this equation, which is thus reduced to 

moi{at. — r) = a(a' — r) ; 

whence we obtain 

m 1 m— 1 

a oi ^ r * 
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11. 



Of Caustics produced by Refraction at any curved Surf aces. 







X 



(210.) Let an, QR^, be two incident rays indefinitely near, 
R^, k'?5 ^he refracted rays meeting in q^ which is therefore a 
point of the caustic ; rc, r'c^ two normals to the curve at these 
indefinitely near points, meeting in c, which is therefore the 
centre of the osculating circle. Then, if we denote qc and gc, 
the distances of the foci of incident and refracted rays from 
that centre, by d and d ; qr and rjjt, the distances of the same 
foci from the point of incidence, by f and ^; rc, the radius of 
the osculating circle, by r, and the angles of incidence and 
refraction by Q and & ; we have in the triangles qrc, jrc, 

D« = 7« + £« + 2rf> . cos.O, 

d* = r^ + {/« — 2r/.cos.(?'; 

and difierentiating, as before, considering d, d^ and r as 
constant, 

(f + r . cos.0)(2^ ■— rp . sin.O . dft = 0, 

(J -r. cos.ef)d^ + r^.An.ff.dff = 0. 

Now the angles 6 and 6^ are connected by the relation 

sin.O = m . sin.O' ; whence cos.0 .dQ ^ m* cos.^ • d9. 

Again, the differentials d^ and d^ are related ; for 

' ^ do , ^ dp' 

sm.O = ^ , sm.e' = - ^, 
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ds being the differential of the arc of the refracting curve ; 
and substituting these values in the equation sin.O = m.sin.6', 
there is 

Accordingly, if we divide the former of the differential equa- 
tions obtained above by the latter, and substitute in the result 

for -r-. and j^ their values — m, and m . — ^, derived from 
dp' d& ^ cos.a' 

the equations just obtained, we find 

p4-r.cos.O __ p sin,0 cos.O' 
p'— r . cos.6' "" p' sin,©* * cos.O' 

From this equation we obtain the value of p'; for, if we ex- 
pand it by taking away the denominators, we have 

r[p . sin.0 . cos.^O' + p' . sin.6' . cos.*6] = pp' . sin.(0 — ff) ; 

from which, dividing by rs§^^ we obtain 

sin.iy . cos.^Q sin.Q . cos.«(y _ sin. (0 - e') 
p p' "" r * 

1 
(211.) When the incident rays are parallel, — =0, and 

this equation gives for the value of p', 

sin.0 • cos.^O' 



p' = r. 



sin.Ce-a')' 



This value is readily constructed. From the centre of the 
osculating circle c, let the perpendicular cm be drawn to the 
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refracted ray, from m the perpendicular tnn on the radius of 
curvature, and from n the line ng, parallel to the incident ray 
QR ; then q, the point of intersection of this line with the re- 
fracted ray, is the point of the caustic ; 

for nn = nm . cos.6' = r . cos-^fl', 

sin.Rnq sin.SRu r.cos.^^ Mn.O 

and R^ = Rn • -: = Rw . -; = — -. — 77- — j^ — . 

^ sm.Rjn sm.sRjjT sin.(fl— d') 

(21 S.) If we expand the second member of equation (210.), 

/J 

divide by sin.9', and put for -r-V, its value nu we find 
•^ ^ sin.O' ' 

cos.'0 cos.'9' m . cos.9'— cos.9 

h m. — J- =s J 

f f r 

a form, perhaps, more convenient than the former. 

When the refracting surface is plancj r is infinite; the 
second member of this equation therefore vanishes^ and it is 
reduced to 

f»' . cos.^9 + m^ . cos.«9' = 0. 

Again, let the refracting curve be the logarithmic spiral^ 
and the radiant point its pole. 

As the angle contained by the radius-vector with the tangent 
or normal, in this curve^ is constant, it follows that 9, and 
therefore also ^, is constant. Again, the radius of curvature 
in this curve is 



r = 



cos.d 



And if we substitute this value in the equation preceding, we 
find 



2 _ COS.9/ ^ 2 cos.9\ 
f! "" cos.^x m cos.9y' 



From which it appears that -j is constant, since 9 and 6' are 

so. Wherefore in the triangle formed by the lines joining the 
point of incidence in the refracting curve and the foci of in* 
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ddent and refracted rays, the ratio of two of the sides, f and y, 
is given, as is also the contained angle, d — ^ ; hence the triangle 
is given in species, and, consequently, the angle contained by 
the refracted ray with the line joining the foci of incident and 
refracted rays is determined. But this is the angle cont£uned 
by the radius-vector of the caustic with its tangent; the 
caustic curve, therefore, is also a logarithmic spiral, having 
the radiant point as its pole. 

(213.) We shall now derive the theory of dmcaustics from 
the consideration of the equation of the refracted ray. 

When the incident rays are parallel^ making dy = pdx in 
the equation of the refracted ray (S04.), it is 

i + w[(«f - x) + p{pi - y)] = 0, 

which is equivalent to 

d^ . 
tn. -y- = 1. 
dx 

Now, differentiating this equation relatively to x and y^ as 
in the case of reflexion, there is 

f + "»[(^ - y)? - (1 +P*)]=0. 

And multiplying by niy and putting I for m -^ 

ni%^^ - y)q = ^^(1 + p') - 1. 

And if we eliminate x and y between this equation and that 
of the refracted ray above given, combined with the equation 
of the refracting curve, the resulting equation, containing 
a' and jS' only, will be the equation of the caustic. 

In the case of reflexion^ m = — 1, and these equations 
become 

p' = (a' - ^) + p(/3' - J/), {& - y)q = p\ 

as we have already obtained (89.)« 

If the refractive power be infinite^ or w infinite, it is evident 
that the refracted ray must coincide with the normal, and 
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therefore the caustic with the evclUite. In fact, the equations 
become in this case 

or, ^-J^ = — ^, a -x= — p. ^; 

the well known expressions of the co-ordinates of the evolute, 

(214.) As an application of the preceding equations, let it 
be required to find the caustic where parallel rays are incident 
upon a spherical refracting surface. 

The equation of the refracting curve, in this case, is 

^ + y« = r% 
whence we obtain 

and these values being substituted in the equations of the pre- 
ceding article, they become 

f'y + m{a!y — fi'x) = 0, 

The equation resulting from the elimination of^ and jf from 
these equations, combined with that of the circle itself, will 
be that of the caustic required. 

(215.) When the incident rays diverge from a pointy if that 
point be taken as the origin of the co-ordinates by making 
a = 0, jS = ; the equation of the refracted ray is 

mp[(a - a:) + p(^ - y)] - p'(^ + pt/) =z 0, 

omitting the trwts over a', /3', as no longer required. And if we 
differentiate this equation relatively to x and y, the co-ordinates 
of the refracting curve ; and observe that 

, dg^ do . 

we obtain 
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or collecting analogous terms, 

[mf (^ -y) - f!y] y = («f + f^ (i +p') + (p + V) J • |;- 

Now the equation of the refracted ray may be put under the 
form 

from which we have 

a4-pB . a4-vQ 

•"f + f ' = "f ^q^' f + "»f' = '"'f • ^+^ + (^ - ♦"')?• 

Again, in virtue of the same equation, there is 

d^ _ I dp 
dx in dx 

' ' dx ' dx " m \dxj m x'^+y^ 

And if we make these substitutions in the differential equation, 
multiply the result by fn(x +py) (fV^ -^y% and observe that 

(1 +p^) (x^ + y') - {X +pffY = {px - j^y; 

we shall have finally 

m^(x^ + j/«) (fix — ay)q 
= m^(px--yY (a + pfi) + (w«— 1) (a? + py)\ 

In the case of reflexion, m^— 1 = 0, and this equation be- 
comes 

{x^ +^«) (/3a? -ay)q = (« +i>^) (p^-J/)S 

as we have already obtained (97.) 

(216.) The caustic curve being the locus of the intersections 
of the successive refracted rays, each ray, it is evident, must 
be a tangent to the curve at the point in which it meets it. 
But the tangent of the angle which the tangent to the caustic 
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makes with the axis of abscissae is -77 ; wherefore a/ being the 
angle which the refracted ray makes with the same, we have, 
as in the case of reflexion, -r-j = tan.o/, or, 

JjS'. 008.0/ — da'»sin.a/ = 0. 
Again, if we difierentiate the equations 

and substitute in the result, for a — a?, /3 — y, oi —a:, /3' — y, 
their values, f cos.a;, f> sin.a;, p' cos.e(/, £>' sin.o/; there is, 

— dy . sin.o; — dx • cos.a; = dp, 

(d/3' — • dy) sin.w' + (da' — dx) cos. J = dp'. 

Now if we multiply the latter of these equations by m, and 
then add, and observe that 

dx • cos.oi + dj/ . sin.ia + m {dx • cos.(tf' + dy • sin.o/) = 0, 

we shall have 

do 
dff.sin.J + dJ.cos.J = — *- + dp'. 

Finally, if we square and add together this equation and that 
obtained above, we have 

di3'2 + da'2 =(^ 4. djp'Y= ds% 

dz being the diflerential of the arc of the caustic curve: hence 

dz = —+ do' 
m * 

.*. » = -^ + e' + const. 

The caustic curve, therefore, is always rectifiable^ if the re- 
fracting curve be an cdgehraic curve. 

(217.) As an exemplification of this theory, let us seek the 
caustic produced by refraction at a pkme surface. 

N 
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The eqoatioD of tbe refincted nj, in dus case, we have 
already found, is 

(3f - y ) [«'^*+ (-t^-oy]* = ^5; 

in which a denotes the Higt^nr** of the mfiant point from the 
plane. If we divide this equation bj jf, and difiefentiate^ re- 
latiydy to y cndy, we find, 

m'^3^ + («* — l)y = 0. 
Now, if we multiply the former of these equations by ffi^% and 

substitute for iiiV O'-y) its value, —5 [««a^+ (•»'— l)y*], 
derived from the latter, it becomes 

Finally, if we raise both ades of this equation to the power ^9 
substitute for y its value in j3', derived from the differential 

equaUon, and divide the result by (ma)^, it becomes 



which is the equation of the evclute of a conic section^ having 
its centre at the origin, and focus at the radiant point. The 
conic section is an ellipse or hyperbola^ according as fit is less 
or greater than unity. 
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CHAPTER VIII. 



OF REFLEXION AND REFRACTION COMBINED. 



(218.) It has been already observed that, when a beam of 
light is incident upon the surFace of any transparent medium, 
a portion of the incident light is, in all cases, reflected at the 
bounding surface, and never enters the medium. If, again, 
the portion which enters the medium meet with a second 
bounding surface, pait of it will be reflected there ; and thus, 
meeting the first surface a second time, it will again be sub- 
divided into two portions, one of which will re-emerge into the 
original medium, and the other sufier a second reflexion. 

As this combination of reflexion with refraction is the cause 
of some remarkable phenomena, and occurs also, more di- 
stinctly, in the artificial combinations employed for optical 
purposes, it becomes necessary to examine its laws. 

(219.) When a ray of light is incident upon a medium 
bounded by two parallel plane surfaces, let it be required to 
determine the direction of the emergent ray, after being twice 
transmitted through the first surface, and once reflected at the 
second. 

Let qbsb'q' be the course of 
the ray, entering the first sur- 
face of the medium at b, re- 
flected by the second at s, and 
again transmitted through the 
first at b'; and let st be the 
perpendicular to the surface at 
the point of reflexion. Then, 
since the angles at s are equal, the angles srt, sr't, which the 
portions of the ray within the medium make with the first 
surface, are equal ; consequently, the angles which the incident 
and emergent rays qr and q'r' form with that surface are also 

n2 
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equal ; and therefore these rays produced must meet the per- 
pendicular st in the same point v, and contain with it equal 
angles. Hence the direction of the emergent ray is the same as if 
it had undergone only a single reflexion, at a plane drawn paral- 
lel to the two surfaces at a distance from the first equal to tv. 
To determine the distance of this imaginary plane, we have 



TV = ST . 



cotan.TVR 
cotan.TSR 



= ST 



tan.TSR 
tan.TVR' 



Now the angles tvr, tsr, are the angles of incidence and re- 
fraction into the medium ; wherefore, denoting them by 6 and V 
respectively, and the interval between the two surfaces by 5, 
the distance of the imaginary plane from the first surface is 



a. 



tan.^ 
tan.fl * 



Hence it is obvious that the distance of this plane varies 
with the incidence of the ray. When the ray is incident perpen- 

tan.9 . sin.d 



dicularly, the ultimate value of the ratio ^ ., 
•^ tan.6' 

and the distance of the reflecting plane is 



IS 



sin.fl'* 



or f*; 



It is evident that the ray can never undergo a total re- 
flexion at the second surface; for the angle of incidence on 
the second surface is equal to the angle of refraction at the first, 
and therefore less than the limiting angle of total reflexion. 

(220.) Let it be required to determine the course of a ray of 
light which, entering the first surface of a prism, is reflected at 
the second, and again transmitted through the first. 

Let QRSR'a' be the 
course of such a ray, 
mn and nJnl the per- 
pendiculars to the first 
surface at the points 
of transmission, and so 
the perpendicular to 
the second at the point 
of reflexion. Then if 
the angles aRm, SRn, 
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be denoted by ^ and \py the angles q'rW, srW, by ff and ^, 
there is 

sin.f =^ ju. • sin.ipy sin.f' = ju. • sin. yf^. 

i\gain, if the angle of incidence on the second surface, rso, be 
denoted by 9, and the angle of the prism by c, 

and subtracting 

ivhich equation, combined with the two already obtained, will 
determine the direction of the emergent ray when that of the 
incident ray is known. 

From these equations it appears that the inclination of the 
emergent ray to the surface is the same as in the case of trans- 
mission through a prism whose refracting angle is 26, double 
the refracting angle of the given prism. 

The total deviation of the ray is equal to the sum of the 
angles which the incident and emergent rays contain with the 
first surface of the prism ; that is^ denoting the deviation by S, 

a = IT - (p + f/). 

If the values of ip and \(/ be added together, there is 

i// 4- if/ = 2d. 

Hence, if one of the angles ip or ^ be less than d, the other 
will be greater ; and, consequently, if 6 be equal to or greater 
than the angle of total reflexion, the ray cannot be transmitted 
at the corresponding point. It follows, therefore, as in the 
last case, that a ray of light cannot be twice transmitted through 
the first surface, and suffer total reflexion at the second. The 
case is difierent if the ray emerge through a third side of the 
prism ; as will appear from what follows. 

(221.) Let it be required to determine the direction ofn 
ray of light which, entering the side of a prism, is reflected at 
the base and emerges through the remaining side. 

Let qrsr'q' be the course of such a ray; mn, fn!n\ the per- 
pendiculars to the surfaces at the points of incidence and 
emergence; and so the perpendicular to the base at the point 
of reflexion. Then, if the angles QRMjiltoRn, be denoted by 
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f and >//, the angles q'rW, srW, by (f/ and <^, as before, 
there is 

8in.9 = iot • sin.)//, sin.f' = ^t . sin.;//. 

Again, if the angle rso = r'so be 
denoted by d, and the angles con- 
tained by the two sides of the prism 
with the base by a and a! respec* 
tively, we have 

and subtracting 

i// — i// = a' — a ; 

which equation, combined with the two already obtained, will 
determine the direction of the emergent ray when that of the 
incident ray is known. 

It appears from these equations that the inclination of the 
emergent ray to the surface will be the same as if the ray had 
been transmitted through a prism whose refracting angle is 
ci — a, the difference of the angles at the base of the given 
prism. 

If the prism be isotceles, or a' = a, there will be ^/Z = i//, 
and therefore <p' = p* Hence, when a ray is transmitted 
through the sides of an isosceles prism, and suffers an inter- 
mediate reflexion at its base, the ray will emerge inclined to 
the surface at the same angle as at its incidence. 

The sum of the deviations of the ray at incidence and 
emergence is ^ + f' — {^ -h yjJ); and the deviation at the 
point of reflexion is cr — 20. Wherefore, adding, and ob- 
serving that xj/ + \P + 2& = a -^ a^^ the total deviation is 

dz=z(p + (f/ + 'it^(oc + a') = (p + <pf + s, 

e denoting the vertical angle of the prism. 
{222.) From the equations 

it is obvious that it will be always possible to take the angle & 
of such value, that the ray shall ibe transmitted at the two 
sides, and suffer tplal reflexion at the base. For, that this 
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should take place, it is only necessary that 9 should be equal 
to or greater than ip the angle of total reflexion, and yp and xj^ 
each less than the same. 

In order that the ray should be incident and emergent per- 
pendicularly, it is necessary that yj^ and i// should be each equal 
to nothing, or that 

And if, moreover, the ray undergoes a total reflexion at the 
base, 6 must be equal to or greater than ^y. Hence, if the ray 
be incident perpendicularly on the side of an isosceles prism, of 
which the base angles are equal to or greater than the angle 
of total reflexion, it will sufl^er total reflexion at the base, and 
emerge perpendicularly ; and accordingly the course of the 
ray will be the same as if it had been reflected by a plane 
surface, whose position is that of the base of the prism. 
When the ray just suffers total reflexion, 

Hence, if either of the angles at the base of the prism, a or of , 
be equal to 6^ the angle of total reflexion, \por yjJ will be nothing, 
and the ray which just sufibrs total reflexion, incident or 
emergent perpendicularly. When a or a' is greater than 6^, 
%!/ or >//', and therefore f or <p', will be positive, and the incident 
or emergent ray inclined from the perpendicular towards the 
vertex ; and, on the contrary, when a or a! is less than 6^ the 
incident or emergent ray, which just sufi^rs total reflexion at 
the base, will be inclined towards the base. The value of the 
angle of incidence or emergence in this case is readily de- 
termined : for then is 

sin.^ = fji, . sin.^/' = ft . sin.(a — 61). 
Wherefore, expanding the second term, and substituting for 



lun.O,, COS.O1, their values — , and / 1 r, we have 

sin.<p = -v/ft^ — 1 • sin.a — cos.a. 

The sine of the angle of esiergence ^' will be a similar function 
of a'. 
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(2S9.) Let it be required to determine the course of a ray 
of light which enters a sphere and emerges after any number 
of internal reflexions. 

It is evident that the ray will continue in the same plane 
throughout] namely, the plane containing the incident ray and 
the centre of the sphere. For the refracted ray, both at in- 
cidence and emergence, ia in the plane containing the incident 
ray and the radius at the point of incidence; and each re- 
flected ray is in the plane contaioing the incident ray and radius 
drawn to point of incidence. Hence we may confine our at- 
tention to the great circle contmning the incident ray. 

Let RSTV be this circle, and srstvx the course of the ray 
which is incident and emergent at b and v, and reflected at 
a, T, &c. Then it is evident that the angles contained by 
each chord with the radii 

drawn to its extremities, ~ 

CRS and csr, cst and cts, 
CTV and cvt, are respect- 
ively equal ; as are also the 
angles CSR and cst, i:t3 
and CTV, &c. contained by 
each radius with the ad- 
jacent chords, these being 

the angles of incidence and reflexion. Hence all the angles 
contained by the direction of the ray within the sphere with 
radius are equal; wherefore the angles cas and cvT at in- 
cidence and emergence are equal, and accordingly the ray 
emerges under an angle equal to that of incidence. 

It is obvious that the portions of tlie ray within the sphere, 
RB, ST, rv, &c., and therefore the arches which they subtend, 
are all equal; ihe triangles ens, cst, ctv, &c. being equal in 
every respect. 

It appears also from what has been said that the ray can 
never undergo total reflexion within the sphere, the angle of 
incidence at each point of reflexion being equal to the angle of 
refraction into the sphere, and therefore less than the limiting 
angle of total reflexion. 

If e and ff denote the angles of incidence and refraction 
into the sphere, the angle of deviation at the point of incidence 
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IS 9 — O' ; and, as the deviation is the same at emergence, the 
sum of the deviations at incidence and emergence is S(d — ff). 
Again, the deviation at each point of reflexion is equal to ^—86^^ 
each angle of reflexion being equal to the angle of refraction 
into the sphere. Wherefore, if the number of reflexions which 
the ray undergoes within the sphere be denoted by n, the sum 
of the deviations, at the points of reflexion will be nir — ftnf* 
Therefore, adding this to the sum of the deviations at incidence 
and emergence, the total deviation is 

^ = nlr + 26-^n + 1)9'. 

(224.) To find when the deviation of the ray is a maximum 
or minimum, let its difierential be taken equal to nothings and 
there is 

d6=^(n + l)dV. 

But we have also 

sin.9 = f(. . sin.^, cos.9 .d6 =^ /a. cos9' • J9' ; 

and, substituting in the latter the value of cJ^ just obtained^ 

(n + l)cos.^ = jx.cos.^; 

which equation, combined with the former, will determine 
the angle of incidence when the deviation is a maximum or 
minimum. To effect the elimination required, we have only 
to square these equations and add them together, and we find 

(n + l)^cos.«* + sin.29 = ^«; 
or, [(w + 1)2 - l]cos.«9 = f^« - 1 ; 






{225.) A pencil of rays being incident nearly perpendicularly 
upon a medium bounded by parallel plane surfaces, let it be 
required to determine the focus of the emergent pencil after 
reflexion at the second surface and a double transmission 
through the first. 

Let d denote the distance of the focus of the incident pencil 
from the first surface ; cP, £?', and d!"y the distances of the foci 
of the pencil after refraction by the first surface, reflexion at 
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the second, and a second refraction by the first; and let d 
denote the interval between the surfaces. Then for the re- 
fraction at the first surface, we have the relations, 

Again, the distances of the foci of the incident and reflected 
rays from the second surface are d'-\-d and d'^+d respectively; 
and since their sum is equal to nothing, the equation of the 
reflexion at the second surface is 

<? + d" 4- 2a = 0. 

If then we substitute in this for d' and d'' their values obtained 
from the two preceding, and divide the result by /ex., there is 

d + d" + — = 0, 

an equation expressing the relation between the distances of 
the foci of incident and emergent rays. 

From this equation it appears that the efiect produced is the 
same as if the incident pencil had sufiered reflexion only at a 

plane, whose distance from the first surface is — ; a con- 

elusion which might have been deduced immediately from 

(219.)- 

As the greater part of the light, under ordinary circum- 
stances, will be transmitted at the second surface, the efi*ect 
produced by this reflexion at the second surface combined 
with two transmissions through the first will not be distinctly 
observed, unless the reflexion of the second surface be strength- 
ened by coating it with mercurial amalgam, as in the common 
looking-glass. 

(226.) The whole light, however, which is thus thrown 
back to the first surface, will not emerge there. A portion of 
it vnll be reflected there, again reflected at the second surface, 
and, finally, emergent at the first, having undergone three 
reflexions. Fart, again, will be thrown back and emerge after 
five reflexions, &c. And thus there will be an indefinite series 
of foci of pencils emergent after one, three, five, &c. re- 
flexions ; the condensation of the light in these foci^ and there- 
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fore in the images they form, decreasing rapidly. These phe- 
nomena may be easily observed by looking obliquely at the 
image of a candle formed by a glass mirror. 

The positions of these foci are easily ascertained. Thus, 
when the pencil undergoes two reflexions at the second surface, 
and one at the first, let d denote, as before, the distance of the 
focus of incident rays from the first surface ; /i', cf ', d% d^^, and 
d^, the distances of the successive foci of the pencil after the 
several modifications which it undergoes, these distances being 
measured from the first surface towards the incident light: 
then it will be easily seen that these distances are connected 
by the following equations : 

£? + £f + 2a = 
d^ + dw = ' 
din + div 4- 2a = 

To eliminate d', d\ d^', and d'^^ from these equations, we 
have only to change the signs of the second and fourth, and 
then add them together; and dividing the result by /a, we 
obtain 



d + d'f -^ =0; 

from which it appears that the efiect is the same as if the rays 
had undergone a single reflexion at the surface whose distance 

from the first is — . 

In like manner, when the pencil emerges after three re^ 
flexions at the second surface, and two at the first, we should 
find that the position of the focus of the emergent pencil 
is the same as if the incident pencil had been simply reflected 

at the surface whose distance from the first is — . 

It appears then that there will be a series of foci of emergent 
rays, sufiering two transmissions and one reflexion, two trans- 
missions and three reflexions, two transmissions and five re- 
flexions, &c., whose virtual reflecting planes are, in succession. 
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distant from one another and from the first surface of the 
medium by the interval — • Hence it follows that these foci, 

together with the focus of rays reflected at the first surface 
only, are ranged along the same right line at equal intervals, 

their distances from each other being equal to — . 

In plate glass /^ = 1 nearly; wherefore the interval between 
the successive foci formed by a plate-glass speculum is four- 
thirds of the thickness of the plate. 

(^^.) A small pencil of rays being incident perpendicularly 
upon the side of an isosceles prism, and emergent at the other 
side after reflexion at the base, it is required to find the focus 
of the emergent peqcil. 

Let D be the focus, and 
Ds the axis of the pencil in- 
cident upon the first surface 
of the prism bag; then if 
we take on that line d's = 
Ik . DS, d' will be the focus 
of the pencil after refrac- 
tion by the first side, and 
therefore the focus of the 
pencil incident upon the base 
at o. If, then, we let fall 
from this point the perpen- 
dicular d'p upon the base, 
and produce it equally to d'^, 

the pencil will diverge from the focus d", after reflexion by 
the base, and be incident perpendicularly upon the remaining 
side at s' (221.). Accordingly, the focus of the emergent 
pencil is obtained by taking, in the line d"os', a point xP such 
that dV = ft . d'^'s'. 

Now, on account of the equality of the lines no and d^o, 

d"s' = d'o + os' = d's + OS + os' ; 
or, ft . i/V = ft . Ds + OS + os'. 

But, in an isosceles triangle, the sum of the perpendiculars let 
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fall from any point of the base upon the sides is constant, and 
equal to the perpendicular let fall from either extremity of the 
base upon the opposite side. If then this perpendicular be 
denoted by p, we have os + os' = j>. Wherefore, if ds and 
D^s', the distances of the foci of incident and emergent rays 
from the first and second surfaces respectively, be denoted by 
d and ^, we have finally 

Hence the diflference between the distances of the foci of in- 
cident and emergent rays from the two sides of the prism is 
equal to the thickness of the medium traversed by the pendl 
divided by its index of refraction* The analogy between this 
result and that of {225.) will be at once observed. 

When the dimensions of the prism are small in comparison 

with the distance of the radiant, — may be neglected in com- 

parison with d, and the distance of the focus of the emergent 
pencil from the second surface is gtuim proocime equal to the 
distance of the radiant point from the first. 

The deviation of the axis of the pencil is equal to the ver- 
tical angle of the prism. 

(S28.) From the preceding it is evident that if the pencils 
diver^ng from the several points of an object be received per-i 
pendicularly upon the side of a right^ngled isosceles prism, 
they will emerge perpendicularly through the other side after 
undergoing a total reflexion at the base ; and the object, whose 
direction is horizontal with respect to the spectator, will be 
seen by looking directly downwards. In this manner the 
image of an object may be made to coincide with a paper placed 
on a table underneath the prism, and may be traced there with 
a pencil. 

Such is the principle of the camera hidda invented by Dr. 
Wollaston, an instrument of great use in assisting the drafts- 
man. In the prism just described, however, the image will be 
seen in an inverted position by a spectator having his fac^ 
towards the object. To obviate this objection. Dr. WoUaston 
substituted a quadrilateral prism, such as that represented in 
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the adjoining figure, for the triangular one already mentioned. 
In this prism the angle at a is right ; the opposite angle d is a 
right angle and a half^ or 135^ ; and 
the angles at b and c are each three- 
fourths of a right angle, or 67®. SO'. 
It is evident, then, that the rays which 
are incident perpendicularly upon the 
side AC, and reflected successively at cd 
and DB, will emerge perpendicularly at 
the remaining side ab ; and that the 
image will be erect, the rays proceed- 
ing from the upper part of the object going to the upper part 
of the image, and v. v» 

The prism here described is mounted in a brass frame, and 
attached by its axis to the end of a brass stem, the lower 
extremity of which may be clamped to a table by means of a 
screw. The upper surface of the prism, ab, is furnished with 
an eye-stop having a small aperture, which is to be adjusted so 
that the aperture shall be as nearly as possible divided equally 
by the edge of the prism at b : by this means only a small por- 
tion of the surface ab, near the edge, is employed, all the rest 
being covered. This being done, and the side of the prism, 
AC9 placed in a vertical plane and turned towards the object, 
the observer looks downwards through the aperture in the eye- 
stop, and sees, at the same time, the image of the object through 
the uncovered portion of the prism, and the paper on which it 
is thrown through the remaining part of the aperture. 

Since the dimensions of the prism are very small in com- 
parison with the distance of the object, it appears from the 
preceding article that the distances of the object and its image 
are very nearly equal. Hence, if the distance of the object from 
the prism be different from that of the latter from the table, 
the image of the object will not be thrown on the paper, and 
the simultaneous vision of the image and paper will be im- 
perfect. To remedy this, the prism is furnished with a convex 
and a concave lens, the focal length of each being equal to the 
greatest distance of the prism from the table. When the 
former of these lenses is used, it is turned up horizontally 
under the prism, and, the paper being in its principal focus, 
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its image is thrown to an infinite distance, and therefore made 
to coincide with the image of a remote object formed by the 
prism. When the concave lens is used, it is placed verti- 
cally in front of the first surface of the prism; and the rays 
proceeding from a distant object, afler refraction by the lens^ 
will diverge from an image whose distance is equal to the focal 
length of the lens : this image will therefore coincide with the 
paper after refraction by the prism. The convex lens is to 
be used by long-sighted persons, or those whose eyes require 
parallel rays ; the concave by short-sighted persons, or those 
whose eyes are adapted to diverging rays. 

Such is the adjustment for distant objects : for near objects 
the adjustment of the distances is completed by varying the 
distance of the prism from the paper ; and to efiect this, the 
stem of the instrument is furnished with a sliding tube by 
means of which it can be lengthened or shortened at pleasure. 

(229.) Let it be required to determine the focus of a pencil 
of rays which is transmitted through the first surface of a lens, 
and emerges at the same afler suffering reflexion at the second 
surface. 

Let a, /9, j3' and a!^ denote the reciprocals of the distances of 
the foci from the surface, and ^ and ^ the curvatures of the two 
surfaces. Then, in consequence of the transmission through 
the first surface, we have the equations 

At(/3 — = a — ^, fi(fi^ — ^) = a' - ^. 

Again, if the thickness of the lens be neglected as inconsidera- 
ble, there is, in virtue of the reflexion at the second surface, 

/3 + e' = 2/. 

To eliminate j3 and j3' from these equations we have only to 
multiply the latter by /:^, and substitute in it, for |w,j8, jw,j3', their 
values derived from the former; by which means we obtain 

an equation expressing the relation between the distances of 
the foci of the incident and emergent pencils, and from which 
it appears that the effect is the same as that produced by re^ 
flexion only at a surface whose curvature is /^^ — (f*' -^ l)gw 
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Hence this virtual reflectins: surface will be concave or 



convex, according as / is greater or less than 1. When 

if = f , a + a' = ; and the effect is the same as that 

* f^ 

of reflexion at a plane surface. 

(230.) If (p denote the value of a', when a = 0, or the in- 
cident rays parallel, there is 

an equation which may be put under the form 

^ = %'_2(^-l)(g_g^. 

From which we learn that the power of this reflecting lens is 
equal to the excess of the power of the second reflecting surface 
above double the power of the lens, when used simply to trans- 
mit the pencil ; a result which is quite in conformity with our 
preconceived notions, inasmuch as the pencil undergoes a re- 
flexion at the second surface and two transmissions through 
the lens with an opposite effect. 

When the first surface of the lens is plane^ or f = 0, 

and the effect is the same as that produced by a single re- 
flecting surface whose curvature is ^^. 
When i' = 0, or the second surface plane, 

and the curvature of the virtual reflecting surface is —0^—1)^. 
When the curvatures of the two surfaces are equal and in 
the same direction, f' = f , and 

? = 2f ; 

and the effect therefore is that of a simple reflexion at either 
surface, the lens producing in this case no effect whatever. 
When the curvatures are equal and opposite, ^ = — |, and 

and the curvature of the equivalent reflecting surface is 
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OF COMPOUND OR HETEROGENEOUS LIGHT. 



CHAPTER I. 

OF THE ANALYSIS OF SOLAR LIGHT. 

(231.) We have hitherto treated of simple or homogeneous 
light, and considered the modifications which it undergoes in 
reflexion and refraction. The light of the sun, however, is not of 
this nature, but is found to be compound; each ray of solar light 
consisting of an infinite number of rays of simple light, difiPer- 
ing from each other in colour and re/rangibility. This im- 
portant discovery we owe to Newton. We shall here briefly 
describe a few of the principal experiments by which it is 
established. 

If a cylindrical beam of solar light, so, be admitted into a 
darkened room through a small circular aperture, o, and rer 
ceived on a screen at a distance from the hole, a circular image 
of the sun, s', will be there depicted, whose diameter will 
correspond to that of the hole. If now the beam be received 
on a triangular glass prism, bag, placed near the hole, and 
having its axis perpendicular to the direction of the incident 
beam, the image of the sun will be thrown upwards by the 
refraction of the prism into the position rv, and will be no 
longer white and circular, but coloured and oblong ; the sides 
which are perpendicular to the axis of the prism being recti- 
linear and parallel, and the extremities, at b and v, semicircular. 
The breadth of this image, or spectrum, as it is usually called, 
is equal to the diameter of the unrefracted image of the sun, 
s', but its length is much greater. 

o 
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Now if the solar beam consisted of rays possessing all the 
same degree of refrangibility, the refracted image should be 
circular, and of the same dimensions as the unrefracted image 
of the sun, s', from which it would differ only in position. For 
the rays composing the beam, being parallel at their incidence 
on the prism, would, on this supposition, be equally refracted 
by it, and therefore continue parallel, and preserve the same 
mutual distances after refraction. This not being the case, 
then, we conclude that the rays composing the incident beam 
are of different degrees of refrangibility ; the more refrangible 
rays going to form the upper part of the spectrum, v, and the 
less refrangible the lower, b. 

In this account of the experiment we have assumed that the 
rays composing the solar beam are parallel. Thb, however, is 
not strictly the case; the rays proceeding* from the upper and 
lower limbs of the sun being inclined to one another at an 
angle equal to the sun^s apparent diameter, which is about half 
a degree. It will be easily seen, however, that this difference 
in the incidence of the rays which fall upon the prism is wholly 
insuflBcient to account for the phenomenon we have just de- 
scribed : for, if the prism be placed in its position of minimum 
deviation* with respect to the incident beam, a difference of 
incidence, such as that just mentioned, will produce no appre- 



»i 



* This position is easily attained; for we have only to turn tbf 
prism slowly round its axis, and stop it when the spectrum, between * 
Its descent and subsequent ascent, appears stationary. This will 
be the position of minimum deviation (125.). 
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ciable difference in the deviations of the emergent rays ; conse- 
quently the rays will emerge from the prism inclined to one 
another at the same angle as at their incidence, if there be no 
difference in their degrees of refrangibility ; and therefore the 
lengths of the refracted and unrefracted images will be the 
same^ if received upon a screen at the same distance from the 
hole. 

From the foregoing experiment it further appears that 
those rays, which differ in refrangibility, likewise differ in 
colour ; the spectrum being red at its lowest or least refracted 
extremity r, violet at its most refracted extremity v, and 
yellow, green, and blue, in the intermediate spaces, these 
colours passing into one another by imperceptible gradations. 
Sir Isaac Newton, with the assistance of a person who had a 
more accurate eye than himself, distinguished the spectrum 
or coloured image of the sun into seven principal colours, and 
determined the spaces occupied by each. These colours, ar- 
ranged in the order of their refrangibility, are red, ojcmge^ 
yelUm^ green^ hlue^ indigo^ violet; of which the yellow and 
orange are the most luminous, the red and green next in order, 
and the indigo and violet weakest. 

Any one of these rays may be separated from the rest by 
transmitting it through a small aperture in a screen which 
intercepts the remainder of the light. The ray thus separated 
may be examined apart from the rest, and will be found to 
undergo no dilatation or change of colour by any subsequent 
refractions or reflexions. We are therefore warranted in con-* 
eluding that the solar light is compound, and consists of an 
infinite number of simple rays, which are permanent in their 
own nature, but differ from one another both in their colour 
and refrangibility. 

(^S.) To the preceding conclusion, however, it may be 
objected that each ray of the incident beam is, by the action of 
the glass, dilated or split into many diverging rays without any 
difference in refrangibility; or, supposing a difference of re- 
fraction to exist, still that inequality may hefortuiUms, and not 
the result of any real diversity in the rays themselves. The 
former of these hypotheses is that of Grimaldi, who was the 
first to observe the dilatation of the solar image by the prism. 

o3 
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To overthrow these objections the following experiment is 
adduced by Newton. The light emerging from the first prism, 
BAG, is received on a second, de, whose axis is perpen- 
dicular to that of the first, and therefore the planes of their 
refractions perpendicular to one another. If, now, the length 
of the solar image arose from a dilatation of each ray, or from 
any casual inequality in their refractions, it is evident that the 
oblong image, rv, produced by the first refraction, should, by 




a second refraction made laterally, be increased in breadth, as 
it was before in length by the same causes, and should therefore 
appear square or rectangular. But the result is found to be 
otiierwise: the image, rr, is not at all increased in breadth 
by the refraction of the second prism, but only becomes oblique 
to its former position, rv, the upper or violet extremity, v^ 
being translated farther from its former position than the lower or 
red extremity, r. Accordingly, the light which is most refracted 
by the first prism is again most refracted by the second ; and 
that which is least refracted by the first is, in like manner, least 
refracted by the second. And since the sides of the oblique 
image, rv, are found to be rectilinear, as well as those of the 
first, RV, it follows that every ray which is more or less refracted 
by the first prism, is, exactly in the same proportion, more or 
less refracted by the second. 

Further, if the image produced by the second prism be again 
laterally refracted by a third, and so on to any number of re- 
fractions, it is always found that the rays which are more or less 
refracted by the first prism are in the same proportion more or 
less refracted by all the rest, and this without any dilatation of 
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the image in breadth. These rays are therefore justly con- 
sidered to possess each a peculiar degree of refrangibility. 

(233.) The following experiment, however, may be con- 
sidered as removing all doubt on this subject. Close behind 
the prism bag is placed a board, ra, perforated with a 
small aperture, o, through which the refracted hght is per- 
mitted to pass : this light is then received on a second board, 
p'a', placed at a considerable distance from the first, and simi- 
larly perforated ; so that a small portion of the light of the 




spectrum is suffered to pass through the aperture, o', in the 
second board, the rest being intercepted. Close behind this 
aperture a second prism, def, is fixed, by which the trans- 
mitted light is a second time refracted. The first prism being 
then turned slowl}' round its axis, the light of the spectrum 
will move up and down on the board p'a', and the differently- 
coloured rays be successively transmitted through the aperture, 
o', and fall upon the prism behind it. If then the places of the 
differently-coloured rays, s', on the opposite wall, mn, be noted, 
the red will be found to be lowest, the violet highest, and the 
intermediate colours in order as they are in the spectrum. 
Here, on account of the unchanged position of the apertures in 
the boards, all the rays are necessarily incident upon the second 
prism, DEF, at the same angle ; and yet, in that common inci- 
dence, some of them are more refracted and others less, and 
that in the same proportion as they are more or less refracted 
by the first prism. A ray of solar light consists, therefore, of 
an indefinite number of simple rays, each having its own 
degree of refran^bility. 

Each of these siipple rays, we have seen, has its peculiar 
^colour, and these colours are permanent and unalterable in all 
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the various modificationB which the ray undergoes. For in 
the la bU mentioned experiment it is found that, if the Hght 
be properly simplified, no perceptible change of colour is pro- 
duced by the refraction of tlie second prism; and the same will 
be found true, if tlicre be any number of successive refrac- 
tions. Again, these colours undergo no change by reflexion; 
for it is found by experiment, that if any coloured body be 
placed in simplified homogeneous light, it will always appear of 
tlie colour of the Hght in which it is placed, whether that be 
the same with the colour of the body or not. Thus ultra- 
marine and vermilion both appear red in a red light, blue in a 
blue light, Sec. We shall return to this subject hereafter: at 
present it is noticed merely to show that simple homogeneous 
ligiit suffers no change of colour by reflexion, whatever be the 
colour of the body by which it is reflected. 

From the foregoing we conclude, then, that the peculiar 
colour and refrangibility belonging to each kind of homogeneous 
tight are permanent and original affections not generated by 
the changes which that light undergoes in refractions or re- 
flexions; and therefore that these properties are inherent in 
the rays previous to their separation by experiments, 

(234.) In tlie experiments hitherto described, the analysis of 
solar light, or its resolution into its simple components, is far 
from being complete, inasmuch as there is a considerable mix- 
ture of the different species of simple light in the coloured 
image of the sun produced by the prism. This will be evident, 
if we consider that, as the several species of homogetieous Hght 
suffer no dilatation by the prism, each will depict on the screen 
a circular image of the sun equal in magnitude to the uare- 
fracted image of the sun at the same distance. Hence the 
spectrum consists of innumerable circles of homogeneous light, 
whose centres are disposed along the same right line (the 
intersection, namely, of the plane of refraction with the screen), 
and whose common diameler is that of the unrefracted image. 
Wherefore the number of such circles mixed together in the 
spectrum is to the number mixed together in the unrefracted 
image of the sun, as the interval between the centres of two 
contingent circles, or the breadth of the spectrum, to the interval 
between tile centres of the extreme circles, which is the length 
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of the rectilinear sides. Now the mixtures being as the number 
of circles mixed together, we have 

, b 

m ^ m. -J, 

in which rri denotes the mixture of the different species of light 
in the spectrum, wi, that in the unrefracted image, b the breadth 
of the spectrum, and I the length of its rectilinear side. The 

mixture, therefore, in the spectrum varies as -r-; if, therefore, b 

can be diminished, / remaining the same, the mixture will be 
diminished in proportion. 

There are various ways of diminishing the breadth of the 
spectrum, or the diameter of the sun's unrefracted image, 
amongst which that of Newton seems as convenient in practice 
as can be required. In the beam of solar light, admitted into 
a darkened chamber through a small circular aperture, a lens 
of considerable focal length is placed at the distance of double 
its focal length from the aperture; at the same distance 
beyond the lens will be formed a distinct image of the hole, 
equal to it, which may be received upon a screen placed for 
that purpose. A prism being then placed immediately behind 
the lens, this image will be dilated in fength, its breadth re- 
maining unaltered ; and thus a spectrum will be formed whose 
breadth is the diameter of the hole; whereas, without this 
contrivance, the breadth would be equal to that diameter 
together with a line which, at the distance of the screen from 
the hole, subtends an angle equal to the apparent diameter of 
the sun. Thus, by diminishing the diameter of the hole, the 
breadth of the spectrum, and therefore the mixture, may be 
reduced at pleasure. 

If the diameter of the aperture be very small, the spectrum 
IS reduced to a narrow line, which renders it unfit for examina- 
tion. To remedy this inconvenience, Newton employed, instead 
of a circular aperture, a narrow rectangular one, whose length 
is parallel to the axis of the prism, and may be as large as we 
please, while its breadth is very small. In this manner we 
obtain a spectrum as broad as we wish, and whose light is, not- 
withstanding, as simple as before. 
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(235.) Having in this manner resolved the light of the sun 
into its simple and homogeneous components, the next step is 
to determine the degree of refrangibility belonging to each 
species. 

It has been already mentioned (126.) that the index of re-r 
fraction of any substance is given by the formula 

sin.4(g + 6) 
sm.-i-s 

in which s denotes the refracting angle of the prism into which 
the substance is formed, and d the minimum deviation of the 
ray, or the value which it has when the refractions are equal 
on both sides. This angle was obtained by Newton by mea- 
suring with a quadrant the altitude of the sun and the mi- 
nimum inclination of the emergent ray to the horizon ; and, 
if this could be done for each species of light of which the 
' spectrum is composed, nothing more would be required. But 
this method, it is obvious, would not be susceptible of much 
accuracy in practice ; and it will be found more convenient to 
determine the index of refraction of some determinate ray — the 
extreme red, for instance — by the preceding method, and, for 
the rest, to seek the elation between the corresponding small 
variations of [^ and 6, the latter of which may be ascertained 
by observation. 

Accordingly, if |x and 6 denote the index of refraction and 
minimum deviation of the extreme red ray, fi -\- bfi and B-^-bO 
those of any other species, the relation between bfi and bB will 
be obtained by differentiating the preceding equation^ sinc^ 
the small corresponding variations of the quantities ju. and B 
may be regarded as proportional to the differentials of thos^ 
quantities. Differentiating, therefore, with respect to the 
character 5, and dividing the result by the equation itself, 
we find 

b^L = \^coiax\.\{e + 6)50; 

in which the quantity bd is to be obtained by measuring the 
distance between the centre of the lower semicircular ex- 
tremity of the spectrum and the ray whose index of refraction 
is sought: that interval divided by the distance from the 
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point of emergence is the angle ddy which being substituted in 
the preceding equation, ^jtx, is determined, and therefore /* + 5f^ 
known. 

(^6.) The method employed by Newton consisted in de* 
termining the index of refraction of the extreme red and 
violet rays directly by means of the formula of the preceding 
article ; and then, since dju. varies as ^0, nearly, as appears from 
the formula just found, the index of refraction of the other 
rays may be obtained by a simple proportion. 

Thus^ if B' and d'' denote the minimum deviations of the 
extreme red and violet rays, and f^' and jx" their refractive in- 
dices, we have 

, ^ sin.±(g + ff) ^ sin.4(g -I- ff^) 

sin.^ ' sin.-^5 

Now the diflFerence of the angles ff and 6", which is the total 
dispersion, is obtained by dividing the interval between the 
centres of the extreme circles, or the difference between the 
length and breadth of the spectrum, by its distance from the 
prism. And the sum of these angles, which is double the 
deviation of the mean ray, is obtained by measuring the alti- 
tude of the sun and the inclination ^tf the mean ray to the 
horizon at emergence. The sum and difference of the angles 6t 
and ^ being thus obtained, the angles themselves are deter- 
mined ; and^ their values being substituted in the preceding 
formulae, the refractive indices of the extreme rays are known* 
In this manner, when the refracting prism was of crown- 
glass, Newton found for the indices of refraction of the extreme 
red and violet rays 

„f --. 7 7 ff _- 7 8 . 

from which it follows that, for this medium, jw," — fx.', or the 
whole variation of /ti, is equal to ^^ or to ,02. 

To determine the refractive indices of the several interme- 
diate rays, it became necessary to examine the angles through 
which they were dispersed, and therefore the spaces which they 
occupied respectively in the coloured image of the sun. For 
this purpose Newton delineated on paper the spectrum ahAa, 
and distinguished it by the cross lines Aa, b6, cc, &c. drawn 
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at the confines of the several colours ; so that the space ABba 
is that occupied by the red light, Bccft that by the orange, 
CDflfc the yellow, DEed the green, ef/!? the blue, FGgJ^ihe 
indigo, and gh^ the violet. He then found that, if the 
whole length of the rectilinear side ah be taken as unit, the 
distances to the confines of the several colours ab, ac, ad, &c. 
will be denoted by the numbers ^, |, ^, ^, *., ^^ 1 ; the re- 
fracting prism being of crown-glass, as before. Now the 
intervfiJs ab^ bc, cd, &c. occupied by the several colours in the 
spectrum, or the differences of the deviations which they sub- 
tend, are to one another as the corresponding variations of ^, 
the index of refraction. If, therefore, the whole variation of 
^, or 3^, be divided as the line ah is in the points b, c, d, &c* 
the refractive indices of the rays at the confines of the several 
colours will be determined as follows : 

7J 77^ 77^ 7Jjr '^U TTj "^3: ^ 
5ff 50' 60' 60' 60' 60' 60' 60* 

77i. 
The mean refractive index is -ttt, or 1,66 ; and it appears 

from the preceding that this belongs to the rays at the confines 
of the green and blue. 

Newton observed that the rectilinear sides of the spectrum, ah 
and ah^ were divided by the lines drawn at the confines of the 
several colours, after the manner of a musical chord. For, if 
HA be produced equally to o, the distances ho, go, fo, eo, 
DO, CO, bo, ao, will be to one another as the numbers 
-'^ T> 4» T> T> f> -TT9 h ^^^ so represent the length of the 
chords which sound the notes of tiie octave. This curious 
agreement, however, which Newton seems to have looked upon 
as the result of some physical relation, cannot be regarded in 
any other light than as an accidental and near coincidence. 
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(^7.) On a minute examination of the solar spectrum, when 
every care has been taken in making the experiment, it is found 
that it is not, as Newton supposed, a continuous line of light, 
whose intensity is greatest about the confines of the yellow and 
orange, and diminishes regularly from thence to tlie two extremi- 
ties ; but that on the contrary there are, at certain points, abrupt 
deficiencies of light, total or partial, indicated by the existence 
of numerous dark streaks or bands crossing the spectrum in 
the direction of its breadth; and that, in the intermediate 
spaces, the intensity of the light does not increase or decrease 
continually, but varies irregularly, or according to some very 
complex law. 

Some of these bands are wholly black, others dark, of various 
degrees of illumination : they differ also from one another in 
breadth, and are irregularly disposed throughout the length of 
the spectrum. They are not, however, the result of any ac- 
cidental cause; for, when solar light is used, and the refracting 
substance of the same material, it is found that they preserve 
always the same relative breadth and intensity, the same re- 
lative position both with respect to one another and to the 
colours of the spectrum. When the refracting substance is 
varied, indeed, their relative positions with respect to one an^ 
other are altered, but their positions as referred to the colours 
of the spectrum, as also their relative breadth and intensity, 
remain unchanged. These singular phenomena indicate that, 
in solar light, numerous rays of certain degrees of refrangi- 
bility are wanting, or at least that, if they do exist, they are 
not of a nature calculated to excite the sensation of vision. 

If other kinds of light, as that of the fixed stars, flames, && 
are examined in the same way, similar bands are discovered, 
but differing in each species of light in their position, &c. ; so 
that each species of flame and the light of each fixed star has 
its own system of bands, which remains unalterable under all 
circumstances, and which therefore is a distinct physical cha- 
racteristic of the species of light to which it belongs. 

These singular phenomena were first noticed by WoUaston^ 
who published an account of his observations in the Phi- 
losophical Transactions of the year 1802. They have since 
been much more fully examined by the celebrated Fraunhofer, 
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to whom the practical branches of optics and astronomy are so 
much indebted. Their exhibition requires the utmost nicety 
of observation, and a degree of purity in the refracting ma- 
terial which renders our ordinary glass prisms wholly inade- 
quate to the purpose. 

These bands, or Jlxed Unes, are of the utmost import- 
ance in optical investigations, since, as they preserve an 
invariable position with respect to the colours of the spectrum, 
they furnish us as it were with landmarks by which the 
coloured image may be charted out and its proportions ascer- 
tained; and the accuracy of their delineation renders their 
observation susceptible of the utmost nicety, 
r. In Newton's method of determining the refractive index of 
the different species of homogeneous light, already described, 
the regular gradation of tints in the coloured spaces of the 
spectrum makes it altogether impossible to fix with precision 
the position of any particular ray in the coloured image, and 
therefore to determine, with any accuracy, its index of re^ 
-fraction. The position of the fixed lines, however, may be 
observed with an accuracy equal to that of astronomical 
measurements, and thus the index of refraction of the rays, to 
which they correspond, determined with the utmost exactness. 
Fraunhofer fixed upon seven of the most remarkable of these 
lines, and determined the refractive indices of the rays cor- 
responding to each for various media ; by which the refractive 
powers of these media for these species of homogeneous light, 
as also their dispensive powers, are, with the utmost accuracy, 
determined. 

(^8.) As the white light of the sun is, by the foregoing 
experiments, resolved into its simple homogeneous elements, so 
these latter may be again compounded, and thus reproduce a 
white light agreeing in all its properties with the light directly 
.received from the sun. 

To effect this, Newton received the spectrum or coloured 
image of the sun upon a broad lens placed at the distance of 
double its focal length from the prism: by this means the 
coloured rays which diverge from the prism are by the lens 
made to converge to a focus, at the same distance behind the 
prism, and there by their mixture produce a perfect whiteness. 
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as will be evident by receiving them on a white paper at that 
distance. If this paper or screen, upon which the light is re- 
ceived> be removed to a greater distance from the lens, the 
colours reappear in the contrary order, showing plainly that 
the whiteness at the focus is the result merely of the mixture 
of the variously-coloured rays, which converge to that point, 
and crossing there again diverge. The divergence of this 
beam may be corrected by means of another prism, whose re- 
fracting angle is equal to that of the former, placed at the 
focus where the rays are mixed. By this means the coloured 
rays, which after crossing at the focus would then diverge, are 
reduced to parallelism, and the emergent beam compounded of 
them is perfectly white. This compounded beam may be 
subjected to experiment, just as the direct light of the sun, 
and is found to be possessed of all the same properties ; and 
if by a new refraction it be again resolved, and any of its com- 
ponent elements then stopped at the lens, the same colour will 
disappear from the refracted image; from which it is abund- 
antly evident, that these several refractions produce no other 
effect than that of mixing or separating the rays of simple 
homogeneous light, without impressing any new modification 
on any, or changing in any respect their colorific qualities. 

The coloured lights reflected from natural bodies may be 
in like manner compounded, and, if mixed together in the 
same proportion in which they enter solar light, will compose 
a whiteness which will be more or less perfect in propoilion to 
the vividness of the colours employed. 

Thus, if, by lines drawn from the centre, the area of a circle 
be divided in the proportion of the coloured spaces of the 
spectrum, and these sectors be painted with the prismatic 
colours, it is found that by a rapid rotation of this circle round 
an axis passing through the centre, the eye will be affected 
with the sensation of whiteness. Now, as the effect of any im- 
pression on the retina continues for some short time after the 
impression has been made, a rapid rotation will produce the 
same effect, as to vision, as if the several colours had been 
mixed together in the same object, and thus impressed si- 
multaneously ; and this effect, it is seen, is the sensation of 
whiteness. 
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It is to be observed, however, that all coloured bodies reflect 
the light of their own colours less copiously than white bodies 
do, as will be shown hereafter ; and consequently, the com- 
bination of such reflected lights being less intense than that pro- 
duced by the combination of the prismatic colours reflected by 
a white paper, the whiteness produced will be of a grayish 
hue, differing, not in quality, but degree, from the most in- 
tense whiteness. 
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CHAPTER IL 



OF LIGHT DISPERSED BY REFRACTION AT PLANE SURFACES. 



I. 



Dispersion by a single Plane Surface^ or by Prisms, 

(239.) We have now seen that, though in the same re- 
fracting substance the index of refraction is invariable for 
any one species of homogeneous light, yet that, for each of 
the different species of such light of which the solar light 
is composed^ it is different, and varies within certain limits 
dependent on the nature of the refracting substance ; the 
less of these limiting values belonging to the extreme red 
ray of the spectrum, and the greater to the extreme violet. 
Accordingly, the fundamental equation of homogeneous re- 
fracted light, namely, 

sin. 6 = I* . sin.©', 

may be extended to heterogeneous light by considering the 
index ju. itself as a variable quantity, whose different values 
belong to the different species of simple light of which the 
compound ray is composed *• 

(^40.) In order to see, then, the variation in the position 
of the refracted ray arising from the diversity of the light of 



* In reflexion, considered as a case of refraction, jx = — T, and 
is therefore the same for all kinds of light. There is, accordingly, 
no decomposition of solar light produced by reflexion, and therefore 
no separation into colours. 
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the incident ray is compounded, we have only to con- 
nder the quantities ft and 6^, in the preceding equation, as 
leoeiTing any corresponding variations Za and M ; the resulting 
value of c6f will be the quantity sought. Now these correspond- 
ing variations, being small, may be regarded without sensible 
error as proportional to the differentials of the quantities ft and 
0* Differentiating that equation, therefore, relatively to these 
quantities, and substituting 2ft and iff far dfk and dtf^ we 
find 

cfL . sin.B' + ^cos.6^ . Jflf = 0, 

,\ def = tan.a'. 

When the course of the ray is from the denser into the rarer 
medium, 6 is variable and 6f constant, and we find in like 
manner 

3it 
^ = -^ tan.0. 

Hence, if ^ft be known for each spedes of ray, 26 or dO' is 
found; and if its value be added to the angle of refraction of 
some one ray — as, for example, that of mean refrangibility — 
the angle of refraction, and therefore the direcdon of every 
other ray, is obtained. 

When 2ft is the whole variation of ft between its extreme 
limits, the corresponding value of 66f is the measure of the dis- 
persion which a ray of solar light undergoes in consequence of 
its separation by refraction at a plane surface. The quantities 
(I, and 2ft, which enter its value, depend on the nature of the 
refracting medium, and are therefore constant for a given 
substance ; the dispersion produced by refraction at the surface 
of a given medium, therefore, varies as the tangent of the angle 
of refraction. 

(S41.) In all known media, it has been observed, the ab- 
solute index of refraction is different for each of the different 
species of light of which solar light is composed, and therefore 
the quantity 3/t is always of some finite magnitude. Hence, 
when the refraction takes place at the common surface of any 
medium and a vacuum^ the dispersion Z6f can never vanish, 
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unless when 6 = 0, or the ray incident perpendicularly on 
the surface ; and accordingly the ray, when it suffers refraction 
at all^ must also undergo a separation into its homogeneous 
elements. 

When, however, the light is incident from one refracting 
medium into another of different density, these media may be 
so constituted that a ray of solar light may be refracted at 
their common surface without dispersion. For, if f^ and /*' 
denote the absolute indices of refraction of the two media, 
the relative index of refraction at their common surface will 

fjj 
be — (118.); and, that this should be constant for each of 

the different species of light of which the compound ray con- 
sists, we must have 

^(^) = 0, or, f^V-|^V = 0; 

Wherefore, if the constitution of the two media be such that 
the increments of the refractive indices, for each of the dif- 
ferent species of homogeneous light, are proportional to those 
indices themselves, the relative refractive index will be in- 
variable, and the ray therefore will undergo refraction at the 
common surface of the two media without any separation into 
colours. 

(242.) We now proceed to consider the dispersion of a 
ray of solar light, produced by refraction through a prism. 

To solve the problem in all its generality, we shall suppose 
the ray dispersed before its incidence upon the prism, and 
seek the relation between the dispersions of the incident and 
emergent rays. Let ^ and ;//, then, denote the angles which 
the portions of the ray in the rarer and denser medium re- 
spectively make with the perpendicular to the first surface at 
the point of incidence, 0' and i|/ the corresponding angles for 
the second surface, and e the angle of the prism : the relations 
among these quantities are determined by the equations 

sin.0 = |x . sin.;//, sin.0' = f* . sin.i//', >// -|- i//' = «. 

p 
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Wherefore, differentiating these equations regarding all the 
quantities, e excepted, as variable, and substituting for the dif- 
ferentials of p, 0, )//, &c. the whole variations of these quan- 
tities between their extreme limits, which we shall denote by 
A^, A0, A.//, &c. we have 

COS.0 . A^ = Afx. . sin.i// + i^ • cos.i/^ . Ai// 

cos.^'. A^' = AjM, . sin.)// + i>* . cos.;//. Ai/^' 

Ai// + A;// = 0. 

To eliminate A;// and Av//, we have only to multiply the first of 
these equations by cos.i//, and the second by cos.)//, and add 
them together, and in virtue of the third we have 

cos.)//.cos.0.A^ + cos.;//.cos.0'.A0' = Anx,(sin.v//.cos.;// + cos.;//.sin.i//') ; 

or, since the coefficient of Aju. in the second member of this 
equation = sin.(i// + ;//' ) = sin. g, 

COS.)// • cos.^ . A^ -f cos.i// • COS.0' . A9' = Aju. . sin.£ ; 

an equation which furnishes the relation between A0 and A^', 
the dispersions of the incident and emergent rays. 

(^43.) When the ray is undispersed in its incidence on the 
prism, A^ = ; and the dispersion of the emergent ray is 

Aju. . sin.g 



A«^' 



cos.\|/ . cos.^' 



r 



From which it appears that the dispersion varies inversely as 

the product of the cosines of the angles of refraction at the two 

surfaces of the prism. 

When the ray is incident perpendicularly on the first surface 

- , . ^ 1 A f A/Cfc. sin.g 
of the pnsm, v^ = 0, and A(p' = —, But smce >}/ = 0, 

COS. >p 

•v]/ = 6, and therefore sin. (p' = jU' sin.g; and substituting in the 
preceding expression the value of sin.g, here obtained, there is 

Aju. 
A^' = tan.^', 

as is otherwise evident from (240.), inasmuch as the ray suf- 
fers dispersion at the second surface only. 
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When the refractions are equal at both sides of the prism, 
i^ = i|/ = — ; therefore, substituling cos. -^ for cos, ^ in the 

value of A^', A^' = Ajx ^. But in this case there is 

cos* (b 

sin.0' = jot.sin.^*; wherefore, dividing, 

A^' = tan.^'. 

(244.) From the general expression of A^' it is obvious that 
the dispersion, which a ray of solar light undergoes in passing 
through a prism, can never vanish, inasmuch as Aju. is always 
of finite magnitude, and the factors of the denominator are 
not capable of indefinite increase. It admits, however, of a 
minimum value, to which it attains when the denominator 
cos.)// . cos. ^' is a maximum. Accordingly the condition of a 
minimum dispersion is obtained by differentiating the latter 
quantity, and making the result equal to nothing, and we 
find 

tan.Tp . d^ + tan.0' . d^ = 0. 

If in this equation we substitute for d^ its value — (/;//, it 
becomes 

tan.^' . d^' = tan.^// . d^' ; 

and it only remains to eliminate d^^ and d-^^ by means of the 
equation sin.^' = jx.sin.i//: accordingly, if this equation be 
difierentiated, and the result divided by the equation itself, 
there is 

cotan.0' . d^ = cotan.>/^ ,d^\ 

and, dividing the equation last found by this, 

tan.*^' = tan.^p . tan.i//. 

The dispersion, therefore, is a minimum, when the tangent of 
the angle of emergence is a mean proportional between the 
tangents of the angles of refraction within the prism. 
By this equation combined with the two following, 

sin.0' = f^ . sin.i/^, ;// + ;^ = e, 

the position of minimum dispersion is completely determined. 

p2 
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To eliminate among these equations, let us square the equation 
sin.0' = fA • sin.i//, and substitute in the result the value of the 
sine expressed in terms of Xhe tangent^ and it is 

tan.^^^ _ /x^ . tan;^>// 
1 + tan.y "" l-l-tan.2;//' 

and substituting in this for tan.y its value tan.;// . tan.\//, given 
by the equation of condition, we find 

, tan.i/(l+tan.')//') 

f^^ . tan.i/;' = 1^; I . n > 
^ 1+ tan.;//, tan.;//' 

/ « -ix ., tan. ^^ — tan. J/' 

or (f^«-- Ijtan.;//' = -— p- -7, 

^ ' ^ 1+tan.y.tan.;//' 

subtracting tan.;// from both sides. We have, therefore, finally, 

(i*« - l)tan.;// = tan.(;// — ;//'). 

Since ;// + ;//' = e, the second member of this equation is 
equivalent to tan.(s — 2;//) ; and, if this be developed in terms 
of tan..//', we shall obtain finally a cubic equation for the de- 
termination of the latter quantity *. 

(245.) Returning to the general expression of the dispersion 
(243.), it will be easy to see in what manner it varies with the 
incidence. 

In the first place, when the incident ray just grazes the 
surface, proceeding from the back towards the edge, = 90®, 
and therefore xp is greatest. Also xfj = \l/^ s is greatest, and 

* According to Newton^ the position of minimum dispersion is 
the same as that of minimum deviation — that, namely, in which the 
refractions are equal at incidence and emergence. From the pre- 
ceding determination^ however^ it is evident that this cannot be the 
case j since, if ;// = \(/, we must have v//' = 0, results which are 
inconsistent if the angle of the prism he of finite magnitude. 
Newton's error, if such it may he called (for the result is in strict 
conformity with his assumed data), arose from considering the ray 
to proceed out of the prism in both directions, and therefore the 
homogeneous rays to be parallel, not at their incidence on the prism 
externally, but within the prism itself. This, however, must be 
regarded only as a simplification of the real problem. 
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therefore likewise <fl. In this position, accordingly, cos.i//.0(>8.^' 
is a minimum, but finite ; and therefore the dispersion is finite 
and a maximum. 

As the angle which the incident ray makes with the side of 
the prism, towards the base, increases from nothing, <p and tp 
are diminished, and consequently also \p' and ^': accordingly, 
the denominator of the value of AtjJ increases, and the di- 
spersion diminishes, until the denominator attains its maximum 
value, in which case the dispersion is the least possible. This 
position has been already discussed in the preceding article. 

When the angle which the incident ray makes with the side 
of the prism towards the base still further increases, the di- 
spersion increases indefinitely, since f' increases, and therefore 
cos.^' decreases, without limit. Finally, when the emergent 
ray just grazes the surface, which is the limiting portion at 
which a ray can be transmitted, cos.^' = 0, and the dispersion 
becomes infinite. Since, therefore, the dispersion may be in- 
definitely increased by adjusting the position of the prism with 
respect to the incident ray, it follows that the dispersion pro- 
duced by any prism, whose refracting angle is ever so great, 
may be counteracted by the dispersion of another prism, even 
of the same material, whose refracting angle is ever so small. 

(S46.) Let it be required to determine the dispersion of a 
ray produced by transmission through two prisms placed in 
any manner with respect to each other. 

Let ^ be the refracting angle of the second prism, and (jJ the 
index of refraction of the substance of which it is composed ; 
also, let 0" and 4^', ^"' and \f/" be the angles corresponding to 
^ and 1//, <i>^ and ij/ in the first prism : these angles are connected 
by the equations 

sin.^ := /x . sin.i//, sin.^' = /^ • sin.;//', 
sin.^" = fjJ . sin.i//', sin.^'" = f^' . sin.;//'". 

Also, if the inclination of the adjacent sides of the two prisms 
be denoted by /, the angles ^' and 0" are connected by the 
equation 
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Again, it appears from (S4S.) that the dispersions of the ray 
at its ingress into and egress from each prism are connected by 
the equations 

cos.^ . cos.^ . A^ + cos.\j/ . cos.^' . A^' = A,a • sin.f, 

cos.V^".co8.0". A0" +cos.^'',cos.^'". A^'" = Ay . sin^ ; 

and, since <p^ + <p^^ = /, we have also 

A^' + Af = 0. 

To eliminate among these equations, we have only to obtain 
the values of A^' and A<p" from the two former, and substitute 
them in the latter, and the equation thence resulting will contain 
only A^ and A^'', and therefore determine the relation between 
the dispersions of the incident and emergent rays. 

When the ray is undispersed at its first incidence, Ap = 0, 
and the resulting value of Ap'" is the dispersion produced by 
transmission through the two prisms. 

(247.) From what has been said it will be readily seen in 
what manner we are to proceed in order to obtain the equations 
which determine the dispersion produced by any combination of 
prisms. 

When the ray passes nearly perpendicularly through any 
number of prisms whose refracting angles are very small, the 
expression of the dispersion becomes very simple. For, in this 
case, the partial deviation produced by each prism is equal to 
the refracting angle multiplied by the index of refraction dimi- 
nished by unity. Wherefore, if g, g', g", &c. denote the re- 
fracting angles of the prisms, jx, p', jw.", &c. the refractive in- 
dices of the substances of which they are composed, and ^ the 
total deviation of the ray, there is 

a = (ft - l)g + (io.'- l)g' + ((Jf - l)g'' + &c. 

and, di£Perentiating with respect to S, ft, (jJy &c. 

Aa = AjMr. g + Ajx'. ^ + Ajtx", g" + &c. 
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II. 

Achromatic Combinations of Prisms. — Measurement of di" 

spersive Powers, 

(!S48.) It has been already shown (244.) that a ray of solar 
light cannot pass through a single prism without dispersion. 
If, however, a second prism be combined with the first, it is 
always possible to adjust their refracting angles in such a 
manner that the dispersion produced by the first shall be 
counteracted by the second, and consequently that the ray 
shall emerge colourless. 

This Newton conceived to be impracticable, unless when the 
ray emerged in a direction parallel to that which it had at indp- 
dence, or the total deviation was nothing. He was led to this 
conclusion by observing that when a glass prism was enclosed 
in a prism of water with a variable refracting angle, their re« 
fracting atigles being turned in opposite directions, the emergent 
ray was always coloured when it emerged inclined to its original 
direction, while, on the contrary, it was colourless whenever, by 
a proper adjustment of the angle of the water prism, it emerged 
parallel. From this he concluded that the dispersion of all 
substances was proportional to the refraction or deviation of 
the mean ray ; and, therefore, that the dispersion could never 
be destroyed as long as any refraction took place. This made 
him despair of the improvement of refracting telescopes^ and 
led him to turn his attention to the application of concave 
mirrors, as a substitute for the convex object-glasses of such 
instruments. Thus to his error on this subject we owe the 
invention of the telescope which goes by his name. 

Dollond, an eminent London optician^ repeated the experi>- 
ments of Newton with the two prisms, and to his great surprise 
found the results exactly the opposite to those stated by New- 
ton; the ray being coloured when it emerged parallel to its 
original direction, while on the other hand it was found inclined 
to its original direction when, by a proper adjustment of the 
angle of the water prism, it was made to emerge free from 
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colour*. Thus it appeared that the dispersions produced by 
two prisms were equal while their refractions were unequal ; 
and therefore that Newton's conclusion, that the dispersions 
were in all cases proportional to the mean refractions, was not 
consonant to experience. 

(249-) But, further, it appears from an examination of the 
values of the index of refraction of different media for the dif- 
ferent species of simple light, that not only are the whole spaces, 
over which any ray of solar light is dispersed, not proportional 
to the refraction of the mean ray, but also that the proportion 
of the spaces occupied by the several colours is different for 
different media. From this, which is termed the irrationality 
of the coloured spaces of the spectrum, it follows that, though 
the total dispersions produced by two prisms of different ma- 
terials may be equal and opposite, and thus the extreme red 
and violet rays united in the emergent beam, yet there will be 
still a dispersion of the intermediate rays, the middle or green 
rays being more refracted, in proportion to the extremes, by 
one prism than by the other. Thus the ray, instead of emerging 
colourless from the two prisms, will form a second but smaller 
spectrum, one extremity of which is of a greenish tint, and the 
other of a colour compounded of the extreme red and violet 
rays, that is, of a purple hue. This is called the secondary 
spectrum. 

Again, as secondary spectra arise when the extreme red and 
violet rays are united in the emergent beam by means of two 
prisms of different materials, so if three media be employed for 
the purpose of uniting three rays — as for instance the red, 

* Newton's mistake was detected, and the difference of the di- 
spersive powers of different media first observed by Mr. Hall, a 
gentleman of Worcestershire, who applied his discovery to the con- 
struction of an achromatic telescope. This important discovery, 
however, was afterwards suffered to fall into oblivion, until it was 
again discovered and applied by Dollond. It is supposed that 
Newton's mistake arose from the accidental circumstance that the 
dispersive power, or the ratio of the dispersion to the mean refraction, 
of the species of glass which he employed was nearly the same as 
that of water. 
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green, and violet — there will in like manner arise a tertiary 
spectrum, from the want of union of the other rays in the 
emergent beam ; and so on indefinitely. But though in theory 
it is perhaps impossible to attain perfect achromatism by any 
combination of media, however numerous, yet it is evident that 
the successive spectra which arise will be much smaller and 
fainter, each than the preceding, so as after a few combinations 
to become wholly insensible ; so much so, that in practice it is 
seldom deemed necessary to combine more thaii the two ex- 
treme rays. 

It should be observed, however, that when two media are 
employed for the purpose of correcting the primary dispersion, 
the extreme red and violet rays, being faint, are not those 
which should be selected for union in the emergent beam ; but 
we should rather comlnne those rays whose brightness and dif- 
ference of colour together is greatest. Thus the near union 
of the other rays is better consulted, or the secondary spectrum 
less, than if we united the extreme rays. 

(250.) When a ray of solar light is incident upon a com- 
bination of two prisms, it is required to determine the condition 
which they must fulfil, in order that the extreme red and violet 
rays should be united in the emergent beam, or the dispersion 
of the first order destroyed. 

The extreme rays being united both in the incident and 
emergent beam, A^ = 0, A(p'" z= 0, in the equations of (246.) : 
these equations, therefore, are reduced to 

COS. i// . COS. <)>'. A^' = Aju. . sin. s, 

cos. i//". COS. ^". Ap" = Affc' . sin. g', 

A^' + A^"= 0; 

and, eliminating Ac?/ and A^" from the two former by means 
of the third, we find 

Aft • sin. s . COS. ^" . cos. xfj'^ + Aju.'. siiu J . cos. ^'.cos, ^ = 0. 

It appears from (246.) that the angles p' and ^, ^' and xj/", 
are connected by the equations 

sin. (p^ =i fi. sin.(g — ^), sin. ^ a= fj. sin.(s' — i//") ; 
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SO that, lis and fJ being given, there are four quantities in the 
equation of condition really independent, namely, 8 and /, 
^ and ^''. Hence, if the angle of the first prism be given, as 
well as its position with respect to the incident ray, s and ^ 
are ^ven, and J and <fP remain arbitrary. Accordingly, if one 
of these quantities be assumed as fixed, the equation of condi- 
tion may be satisfied by the other ; from which it follows that 
the combination may be rendered achromatic in two ways — 
dither by varying the angle of the second prism, its posidon 
being given, or by varying its position when its angle is given. 

These results are true, whatever be the values of fi, and fJ^ 
A|x and Aju.'; it appears therefore that, even in the case in 
which the two prisms are of the same material, the emergent 
beam may be achromatized in either way. 

If the prisms are both placed in the position of minimum 
deviation, the equation which furnishes the condition of achro- 
matism assumes a very simple form. For, since in thb case the 
refractions are equal at both sides, there is 

^). = ^ = -i-, 4" = ^"=^; 

and, these values being substituted in the equation obtained 
above, it becomes 

Afb . sin. is • cos. <p" + A/^' , sin. ie' • cos. ^' = ; 

which, if we substitute for sin.^^g, sin.^g', their values derived 
from the equations 

sin. p' = jM, . sin. 4^6, sin. <J>'' = ju.'. sin.^ g', 

is reduced to 

|u,'Ap . tan. 9' 4- f^AjM,' . tan. <p" = 0, 

in which ^' and 9" are determined by the two preceding equa- 
tions. 

(251.) There would be no difficulty in extending these in- 
vestigations so as to determine the condition of achromatism of 
a ray of solar light which is transmitted through any combina- 
tion of prisms. But the results are complicated and of little 
practical importance. 

There is one case, however, in wliich the condition of achro- 
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matism assumes a very simple form: it is that in which a 
ray passes nearly perpendicularly through any combination of 
prisms whose refracting angles are small. For, equating to 
nothing the value of the dispersion in this case (^47.), we have 

A]M..g + Aft'.g' + A]x".g" 4- &c. = 0. 

(252.) The dispersive power of a prism is measured by the 
difference of the deviations of the extreme red and violet rays 
divided by the total deviation. Now, when the refracting 
angle of the prism is small, and the ray incident upon it nearly 
perpendicularly, this fraction is independent both of the angle 
of the prism and of the incidence of the ray upon it, and is a 
function of the index of refraction only. This function, there- 
fore, depending solely upon the nature of the medium of which 
the prism is formed, becomes the natural measure of the di- 
spersive power of that substance. To determine its value we 
have (124.) 

a = (/ix, — l)g, and AS = Aa . g ; 

in which g denotes the refracting angle of a thin prism, and 6 
the deviation of a ray which passes through it nearly perpen- 
dicularly. Dividing, then, the latter of these equations by the 
former, there is 

A^ _ ^i"' 

The dispersive power of any substance, therefore, is measured 
by the quantity ^ , in which Ajm, denotes the whole varia- 
tion of the index of refraction between its extreme limits. 

Its magnitude may be ascertained by forming the substance^ 
whose dispersive power is required, into a prism, and ascer^ 
taining by direct measurement the dispersion which a ray of 
solar light undergoes in passing through it. This is to be ob- 
tained by receiving the spectrum perpendicularly upon a screen 
at a sufficient distance, and dividing the length of its rectilinear 
sides^ or the difference between the length and breadth of the 
spectrum, by its distance from the prism. The magnitude of 
the dispersion being thus found, and the relation between it 
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and the increment of the refractive index known (243.), the 
latter is then determined, and therefore the dispersive power. 

Thus, if the prism be placed in the position of minimum de- 
viation, from (S43.) we find 

"^^^tmY' '*' At- 1 "^^f^- 1' tan.^ ' 

in which A^' is found by the method just described, and tan. 9' 
determined by the equation 

sin. ^' = ju..sin.4^> 

I being the angle of the prism. The dispersive power of any 
substance, however, is more conveniently ascertained in practice 
by comparing it with that of some other substance in which it 
is known. 

(S53.) In order to compare together the dispersive powers 
of two substances, they are to be formed into prisms, and the 
combination rendered achromatic either by varying the angle 
of the second prism, or by changing its position with respect 
to the first. This being done^ the equation which expresses 

A]c^ 

fore, if the refractive indices of the two substances be already 
known, the ratio of their dispersive powers. 

The method usually adopted in practice is to adjust the 
angle of the second prism. In this method, therefore, a prism 
of some known substance (such as glass or water) is required, 
whose refracting angle is capable of being varied at pleasure. 
The two prisms being then fixed in any position (that which 
gives most simplicity to the result is that in which the refrac- 
tions are equal at both sides), the angle of the variable prism 
is increased or diminished until the ray emerges colourless. 
This is determined by looking through the prisms at any dark 
object upon a white ground (as for example one of the bars of 
a window-frame), and observing when the coloured fringes, by 
which such an object is usually surrounded, disappear. This 
b^ng done, and the angle of the variable prism then measured, 
the ratio of the dispersive powers of the two prisms is deter- 
mined by the equation of achromatism. Thus, when the two 



the condition of achromatism will give the ratio ■;^, and there- 
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prisms are placed in the position of least deviatioiii that equa- 
tion (250.) gives 

Ajw, fx, tan. (^ 

A]x' y! ' tan. 9' ' 

and therefore the ratio of the dispersive powers is 

Aft, ^'— 1__ fJi* |x' — 1 tan.^" 
AfjJ 'fXr— 1~ jDu^'ju,— 1' tan. <p' ' 

in which the angles ^' and <p" are determined by the equations 

sin. (p^ zz fi . sin. -^^ sin. (f zz if) , sin. -3-. 

When the angles of the prisms are small, the ratio of the 
angles (tf and ^'', s and s', may be substituted for that of their 
sines or tangents; wherefore, from the preceding equations, 
there is 

and. this value being substituted for-- — '—r in the above value 
' ® tan. 9' 

of the ratio, it becomes 

A^ fi! ^l _ Ot^-l)s^ 

A/(fr' ■ ]X — 1 "" (jx — 1) g ' 

That is, the dispersive powers of the two prisms must be in- 
versely as the total deviations, as may readily be shown inde- 
pendently. 

For the practice of this method, it is evident from what has 
been said, it becomes necessary that we should be provided 
with a prism of some known substance, whose refracting angle 
is capable of being varied at pleasure. The most obvious 
method of constructing such a prism is to enclose water or any 
other fluid in a vessel composed of two plates of glass witJbi 
parallel surfaces united by a hinge round which they turn; 
the sides of the vessel being closed by metallic cheeks, which 
fit in such a manner as to prevent the escape of the fluid. 
Clairaut employed for this purpose a piano-cylindrical lens. 
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the different parts of whose cylindrical surface contained of 
course every possible angle with the plane surface from to 
90^. Boscovich improved considerably upon this contrivance 
by joining together two such piano-cylindrical lenses, one of 
which was plano-convex and the other plano-concave, and of 
equal curvatures. The convex surface then fitting in the 
concave, and revolving round the common axis of the two 
cylinders, it is obvious that the plane surfaces will be inclined 
at every possible angle. 

(254.) Each of these methods, however, of varying the angle 
of the standard prism is found liable to some important objection 
in practice; and to avoid such objections Dr. Brewster proposed 
a very ingenious contrivance, in which, by altering the plane 
qf' refraction of the standard prism, the same effect is produced 
as if its angle had been variable. The change in the plane of 
jefraction by which the achromatic adjustment is effected then 
determines the ratio of the dispersive powers of the two prisms. 
In this manner Dr. Brewster has calculated the dispersive 
powers of a great number of substances*. 

From what has been said above, however^ it is plsun that it 
is not necessary to resort to this expedient ; since it has been 
shown that by simply changing the inclination of the second 
prism to the first, its plane of refraction as well as its angle 
remaining unaltered, it is possible to correct the dispersion 
produced by the first. This being done, the equation which 
expresses the condition of achromatism gives the ratio of the 
quantities Ajx and Aju.', and therefore the ratio of the dispersive 
powers. 

In this equation, if one of the angles, as •s)/, be known, the 
lest are determined by the equations (S46.). The value of -vj/ 
is determined by the position of the first prism, which is per- 
fectly arbitrary, and the position which seems to give the most 
simplicity to the result is that in which the first surface of this 
prism is perpendicular to the incident ray : in this case "v)/ = 0, 
aad 4^ = s, and the equation of achromatism (S50.) gives 

Ajbb sin. J COS. ^ 

Aju.' "" sin. g * COS. ^". cos. >}/''' ' 

* See Appendix. 
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in which the angles <;>', p", and 4^", are given by the equations 

sin. (f^ z=. If.. sin. g, sin. ?" = f^'. sin. >}/, 

(p' + (p" = /, -^^ + ^" = j. 

Accordingly, the angles s and ^ being given, the adjustment is 
to be performed by the variation of the angle /, or the inclina- 
tion of the adjacent surfaces of the two prisms ; and the adjust- 
ment being performed, and the angle / then ascertained by 
direct observation, the angles ^', ^", and ^^''', are obtained by 
calculation from the equations just given. 

It is obvious that the angle / may be ascertained by the very 
process of making the achromatic adjustment. For, if the two 
prisms be attached to a frame, the first invariably, and the 
second by means of an axis round which it revolves, it is evi- 
dent that an index, attached to the extremity of the axis of 
the revolving prism, will revolve through an angle equal to 
that which the side of this prism contains with its first position ; 
and therefore will mark off on a graduated arch attached to 
the frame an angle equal to the angle formed by the adjacent 
surfaces of the two prisms, provided that it points to the ssero 
of the scale when these surfaces are parallel. 
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CHAPTER III. 



«r UGUT DISPERSED BY REFRACTION AT SPHERICAL SURFACES. 



I. 

Ktfirsian by a Single Lens, or by any CambimUion qf Lenses. 

(255«) We have seen (156.) that the powor of a lens is ex- 
pmacd by the formula 

? = (/*- l)(f -f'), 

in which § and ^ denote the curvatures of the two surfaces. 
Now it is evident that this quantity, being a function of ft, the 
mdciX of refraction, will be different for each of the different 
fficcics of homogeneous light ; being greatest for the violet or 
WH^ refrangible rays, least for the red or least refrangible, and 
Wf ittlcrmediate values for the rest, in the order of their re- 
AlinjtibiUty. Accordingly, when a pencil of parallel rays of 
iKJiir lijStht is incident upon a lens, the various simple rays 
wKk^ <\Hupose it will, after refraction^ converge to or diverge 
tl^yvMl \ti(R>rcnt foci ; the focus of the violet rays being nearest 
t^ t^ WnS) that of the red farthest from it, and those of the 
i«lK>miCtUjitc rays occupying intermediate positions. 

Thi$ diflfcrence of the vergencies of the different species of 
«iM|>W ligl^t is easily exhibited. Let a sheet of white paper 
W iJhKixl W «8 to receive perpendicularly the cone of light 
<yN^>tW*Ht ^^ ^^^ '^"^ ^^ * convex lens. When the paper is 
IwvnWKt w<^wr to the lens than the focus of the rays of mean 
lv<\*wWUiy% the circle formed by the intersection of this cone 
i^n\h tW l>*por will bo fringed with red ; and, if placed beyond 
iKnl l\KH«k with Wik»; for the red rays, having the least con- 
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vergency, will be Dutermost within the focus, nnd innermost 
beyond it ; while, on the contrary, the violet rays will be inner- 
most within the focus, and outermost beyond it. 

(256.) In order to see the law of this variation, let fXr and f 
denote the refractive index and power of the lens for the rays 
of least refrangibility, ]x -f ^i"* and ^ + 3<p those for any other 
species of rays ; then, if the latter quantities be substituted 
in the preceding equation, and that equation subtracted from 
the result, we have 

and, dividing this by the equation itself. 



^-1 



p. 



When dfA is equal to Aa, the whole variation of the refractive 
index between its extreme limits, d^ becomes A^, the corre- 
sponding variation of <f>, and therefore 

^ — 1^ 

that is, the whole variation of the power of a lens, arising from 
the heterogeneity of the light^ is equal to that power itself mul- 
tiplied by the dispersive power of the substance of which it is 
formed. 

When the incident rays diverge from a point, the relation 
between the vergencies of the incident and refracted pencils is 
expressed by the equation ^ 

a' — a = p. 

And if, for any other rays of the incident pencil, a! and <p be- 
come a! + da' and ^ + 6p respectively, substituting and sub- 
tracting, we have 



That is, the variation of the vergency of any refracted pencil is 
altogether independent of the vergency of the incident pencil^ 
and equal to the variation of the power of the lens. 

(S57.) From what has been said above, it appears that the 
different species of simple light, which are united in the inci<^ 
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dent pencil, will, after refraction, diverge from or converge ta 
different points in the axis of the lens. The space, over which 
these foci of the differently coloured rays are diffused, is called 
the chromatic aberration. After what has been said its mag- 
nitude is easily ascertained ; for, iff denote the prindpal focal 
length of the lens, 

= "TT, and Ap = — yT" » 

since the variations of and/, being small, may without sensible 
error be regarded as proportional to the differentials of these 
quantities. And substituting in the equation of the preceding 
article 

that is, the chromatic aberration from the principal focus ia 
equal to the focal length multiplied by the dispersive power. 
In like manner, if d be the distance of the focus of any re- 

fore, since Aa' = A^, there is 

That is, the aberration from the conjugate focus is to that from 
the principal focus in the duplicate ratio of the focal distances 
themselves. If in this result we put for /^ its value found 
above, we have 

, AfA d^ 

Att = T . -jr. 

ft- 1 / 

(^58.) We have now seen that when a pencil of solar rays 
is refracted by a lens, the different simple lights of which it is 
composed will be separated by the refraction, and diverge from, 
or converge to, each a different focus. Hence, even supposing 
that no aberration is produced by the form of the refracting 
surfaces, the refracted light is nowhere brought to a point; 
and, accordingly, it is naturally suggested to us to inquire the 
magnitude and position of the least possible space into which 
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the refracted rays are collected. This space is called the lecui 
circle of chromatic aberration. 

Let A^ b/*, be the 
extreme red rays of 
a pencil refracted by 
the lens ab; a/*', b/*, 
the extreme violetin-^ 
tersectingthe former 
in a and b ; then it ^ 
is plain that the connecting line ab is the diameter of the least 
circle into which all the rays are collected, or the diameter of 
the least circle of chromatic aberration. 

Now, in the similar triangles a/b and q/J, a/*'b and (if'bj 
there is 




o/= c/. 



ab 



ab 



AB 



.-. of+ of = — (c/ + c/'). 

Now of+ of' =^' = <if ~ cf'i therefore there is 

c/ - cf> 

ao — AB •■'/». /»! • 

But cf — cf\ the difference of the focal lengths of the extreme 
raysy is the aberration ^; and 0/*+ c/*' is equal to double the 
focal length of the mean rays, or to 2d. Wherefore, denoting 
the radius of the least circle of aberration by ^, and the semi- 
aperture by A, 

d 

== A. ' — — < 

d 






When the incident rays are parallel, d =y*; and therefore 

That is, the diameter of the least circle of dnroroatic aberration 
for parallel rays is equal to the semi-aperture of the lens mul- 
tiplied by the dispersive power. For a given substance, there^ 
fore, it varies simply as the aperture. 

q2 
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In cFown-glass =• = ,033 ; and therefore the diameter 

** fXr — 1 ' 

of this circle in the principal focus of a lens of this substance 
= ,033. Ay or about the -^th part of the aperture. 

To find the position of the centre of the least circle of chro- 
matic aberration, let the equations found at the commencement 
of this article be divided, one by the other, and we have 

j/ _ q/* c/*— CO 
cf^ q/^'""co-c/'* 

from which we obtain 

2c/. cP 
CO = - /, ^. . 

That is, the distance of the centre of this circle from the lens 
is a harmonic mean between the focal distances of the extreme 
rays. 

Now, if d be the focal distance of mean rays, c/* = d H- \^d^ 
c/*' -=• d — \t^\ and substituting these values in the ex- 
pression of CO, we have 

Hence the distance pf the centre of the least circle of chromatic 

aberration from the focus of mean rays is equal to - ., ■. 

(259.) The angular dispersion is equal to the diameter of the 
circle of aberration divided by its distance from the lens, or the 
conjugate focal distance. It is therefore equal to 

% _ A^ A 

and is therefore independent of the position of the radiant 
point. 

From this it is easy to discover the ratio of the foq^l lengths 
of two lenses which will counteract each other's dispersions. 
For, that the dispersion of the compound lens should be dc- 
stixiyed, the angular dispersions of the component lenses must 
be equal and opposite. Now these dispersions are as the 
dispersive powers of the substances of which the lenses are 
composed divided by their focal lengths, the apertures of th^ 
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lenses being the same. It follows, therefore, that the focal 
lengths of the two lenses must be to one another as their 
dispersive powers. We shall presently consider this subject 
in a more general point of view. 

(S60.) Something is usually said by optical writers on the 
variation of the density of the light in the circle of chromatic 
aberration. To understand this, we are to consider that the 
several pencils of homogeneous light which are incident upon 
the lens, being brought each to a different focus by refraction, 
may be considered as forming so many cones of rays having a 
common base and axis, namely, the surface and axis of the 
lens ; and whose vertices are arranged along their common axis 
in the interval between the foci of the extreme rays. These 
cones of light, therefore, if received upon a screen at the place 
of the least circle of aberration, will depict there so many con- 
centric circles, whose radii diminish from the radius of the 
circle of aberration to nothing, and then increase to their former 
limit ; and therefore the circle of aberration may be conceived 
to be composed of an indefinite number of such circles suc- 
cessively superimposed. 

Now, if a: and x + dx denote the radii of two such conti- 
guous circles, the change of density in proceeding from one 
periphery to the next will be evidently the density in the last 
or superimposed circle. But, if the quantity of light in these 
several circles be supposed equal, the density in each circle will 
be inversely as its area, or the square of its radius. Wherefore, 
if D and d + dn be the densities in the circles whose radix are 
X and X + dxj dD varies inversely as a:% or 

- mdx 

m denoting an unknown constant ; and integrating this equa- 
tion, D = — — 4- const. Now the density is nothing at the 

X 

periphery, or d = when a? = r; hence the constant is equal 

to •\ , and the corrected integral is 

r 

D = W( J. 

\r X / 
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. 7" — a? 

The density therefore vanes as , i. e. as the distance from 

the periphery divided by the distance from the centre. Hence 
the light in this circle diminishes rapidly from the centre to the 
circumference, where it becomes extremely faint and at last 
vanishes ; and, for this reason, the confusion arising from chro- 
matic aberration is not so great as would appear from the con« 
sideration of its magnitude. 

It is necessary to observe, however, that the preceding con-* 
elusions are built upon the assumption that the simple rays of 
each different degree of refrangibility exist all in the same 
quantity in solar light. This assumption the observations of 
the spectrum show to be without foundation in fact ; and there- 
fore the results that have been obtained above are only to be 
regarded as loose approximations. 

(261.) We now proceed to consider the dispersion produced 
by any combination of lenses. 

To commence with the simplest case^ that, namely, in which 
the lenses composing the system are in contact : let (p\ (fP^ ^'9 
&c. denote the powers of the component lenses, and <p that of 
the system, for the rays of least refrangibility; p' + ^^', <fP -H 3(p", 
(fl» 4. d^ff/y &c. and (p + b(Pi the corresponding quantities for 
the rays of any other species. Then, from (167.) it appears 
that 

^ = ^' + / + ^w ^ gjc, 

^ + ap = (?' + h({f) + {f + hf) + [f^ + ^<f) + &c. 

and subtracting, 

^9 = h(ff 4- ^" + 3/' + &c. 

And, if we substitute for d^', d^", &c. their values as obtained 
(256.), the variation of the power of the system is 

Such is the variation of the power in proceeding from the 
lowest or least refrangible rays to those of any other species. 
To obtain the whole variation of this quantity between its ex- 
treme limits, we have only to substitute for BfjJ, dfjJ'^ &c. the 
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whole variations A.u,', Ajx", &c. Thus the coefficients of 0', 0", 
&c in the preceding expression become the dispersive powers 
of the substances of which the several lenses are composed ; 
and if these be denoted by tr*, ir", ir'", &c. we have 

A0 = nf^^ + 11^0" + '^f + &c. 

When the rays diverge from a pointy we have (167.), as in 
the case of a single lens^ 

a' — o = 0, 

in which a and d denote the vergencies of the incident and re- 
fracted pencils respectively. And from this we find, as in a 
single lens, 

la! = 80, and Aa' = A0. 

(262.) We shall now investigate the inequality arising from 
the heterogeneity of light in refraction through any number of 
lenses, disposed in any manner along the same axis. 

The relations between the vergencies of the incident and 
refracted pencils are given by the equations 

^ = a + <f>, /3' = a' + <F>', /3" = a" + ^, &c. 

1-1 1 1--.1 1 

a' "■ ^ + 6 ^ a" - ^ "^ a' ' 

in which p, ^', (f^ &c. denote the powers of the several lenses; 
a, a', a'', &c. the vergencies of the pencils incident on each ; 
/3, /3', /3'', &c. those of the refracted pencils ; and 0, 0', 0", &c. 
the reciprocals of the intervals between the lenses (168.). Now, 
the corresponding variations of these quantities arising from 
the heterogeneity of light, being small^ may be regarded as pro- 
portional to their differentials. Therefore, differentiating the 
preceding equations, and substituting these variations for the 
differentials, we have 

8/3 = Sf , 8/3' = 8a' + 8p', 8/?' ^ 8a" + If, &c. 
^8a' = 8^, 1^ ^a" = 8/3', &c. 
To eliminate among these equations, let the second equation 
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of the first series be multiplied by -jj-, the third by — ^ • -^> 

&c. and let them be added together ; then, in virtue of the re- 
lations furnished by the second series of equations, the quan- 
tities ^/3, ^o', ^/y, ^a^ &c. disappear from the result, ami we 
obtain 

in which it only remains to substitute for S^, ^9', &c their 
values (S56.). 

For the whole variation of the vergency of the refracted 
pencil, we have 

and therefore. 

When the lenses are in contact, the fractions —r* —1*^ ~iir% 

&c. become each equal to unit, and the equation is reduced to 
that of the preceding article. 



9 
+ &c. 



II. 

Achromatic CombincUions of Lenses. 

(263.) After what has been said in the concluding part of 
the preceding section, the reader will find no difiiculty in de- 
termining the condition which must be fulfilled by any com- 
bination of lenses, in order that a pencil of rays passing 
through them may be undispersed at its emergence, or the 
combination achromatic. 

Thus, when a pencil of rays is refracted by any combination 
of lenses in contact, in order that the extreme red and violet 
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rays should be united in the emergent pencil^ the whole varia- 
tion of the vergency of the refracted pencil arising from the 
heterogeneity of light must be nothing; that is, we must 
have (261.) 

Aa' = A0 = 0. 

Whence, substituting for Aip its value obtained in the same 
artigle, the condition of achromatism is 

nf^ + Ti^y + ^Y" + &c. = 0. 

This result, being independent of the vergency of the in- 
cident pencil, shows that if a compound lens, consisting of any 
number of simple lenses in contact, be achromatic for any one 
distance of the radian t^ it will be so for every distance. 

If any of the lenses thus combined be of the same mate- 
rial, their dispersive powers are the same ; and that part of 
the first member of the preceding equation which relates to 
them becomes 7r2(^), 2(9) denoting the sum of their powers. 
Accordingly, their effect as to achromatism is the same as that 
of the single equivalent lens, whose power is 2(^). 

(264.) To apply the preceding theory to the case of two 
lenses in contact, the equation of achromatism becomes 

if 4 + tt"/ = 0. 

Wherefore, since if and ir" are essentially positive, it follows 
that 0' and ^^ must be of opposite signs, or that one of the 
lenses must be convex and the other concave; and that their 
powers of refraction must be inversely, or their focal lengths 
directly, as the dispersive powers of the substances of which 
they are composed. 

The preceding equation, combined with that which expresses 
the relation between the power of the compound and those of 
the component lenses, will determine the latter when the former 
is given. These equations being independent of the abso- 
ulte magnitude of if or if\ and involving their ratio only, it 
will be found convenient to introduce that ratio into the pre- 
ceding result. Wherefore, dividing by ifly and denoting the 

if 
ratio -^ by p, we have 






r 




^ ^ 




* --4 -- ^'^ St ^ 



:2ie ampnfiKsi: .t^osesw jmt sue rvo- jipwcum^ i^eaieat 
.7 ; imi :&£ nner rvir -vnl m ;aiiit vMonBed by the 



Lx tte :isaiiL cmscmua ^ dk^ sspur 
Ae imriifrp jsns s of fixiH[^iisB^ jodl ^ si <SrabM^ ccocaTe of 
tsfoi csrrgLjixsz As <£:rc9K jesses » Kx& cf cioviKgbss» 
aid are cqafr-coures Terwp^ of eqoBiI pcvcis. la dus case, 
tbwefcre, <* = r, and o" = o*. Whmfixi^ nsikii^ s'^/i.v'^ 
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2p0' ^ ^^ = 0, 2^' + V = ♦• 
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Whence it is obvious that the two convex lenses are equivalent 
to a single lens of the same material and of double the power. 

The triple achromatic lens, however, is susceptible of ad- 
vantages (as far as achromatism alone is concerned) of which 
the double lens is not capable. This will be seen hereafter, 
when we shall enter more fully into the conditions of achro- 
matism. 

(^66.) In order that the foci of the extreme red and violet 
rays should be united in the pencil refracted by any combina* 
tion of lenses, disposed in any manner along the same axis, 
or the combination itself achromatic, we must have AjS'**^ = 
(262.) ; or, putting for Aj3t'»> its value, 

in which the quantities jS, a', P^9 «"* &c« are determined by the 
equations already given (262.). 

When the lenses are in contact, the fractions -7, —77* - m « 

a' a!' a!" 

&c. are each equal to unit; and the equation is reduced to that 
of (263.). 

In the case of two lenses, this equation becomes 



it<i> + 



«'^' (47 = 0. 



la which the quantities /3 and a' are determined by the 
equations 

1 1 1 « 

Now, from these equations we have 

a! ^ ^ e ^ ^ e • 

Wherefore, substituting this in the preceding equation, dividing: 
the result by ir'^', and denoting the ratio -7 by p, as before^ 

the condition of achromatism of two lenses separated by any 
interval is 
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phi'*'-py">- 



0' 

Since this result contains a, the vergency of the incident 
pencil, it follows that the combination which is achromatic for 
any one distance of the object, ceases to be so when that 
distance is varied ; so that if two lenses separated by any in- 
terval be achromatic for parallel rays^ they will not be so for 
pear objects. 

When the incident rays are parallel, a = ; and if we sub- 
stitute for 0, (t>\ and 0, their values -r-, -tt,, and -y, f and J^ 

being the focal lengths of the two lenses, and S the interval 
between them, the preceding equation becomes 



/;+(.. i)'=o. 



This equation may be satisfied either by means of the focal 
length of one of the lenses, or the interval between them. To 
satisfy it in the latter way, we must solve the equation for ^, 
and we find 



>=/{J-p4-i)- 



Now this value will be always real, provided y andy be of 
opposite signs, or one of the lenses convex and the other con- 
cave. From this, therefore, we derive the important conclusion 
that any two lenses of this kind, whatever be their refractive 
and dispersive powers, may be rendered achromatic, simply by 
separating them to the distance determined by the preceding 
formula. 

When the quantity under the radical sign is equal to unity, 

f 
or -^ = — /? ; the value of S becomes nothing, and the lenses 

must be placed in contact, agreeably to that which has been 
already shown (264.). When the quantity under the radical 

f 
sign is less than unitv. or ~r > — «? ; in order that the value 
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of 6 should be positive, f must be negative, or the first of 
the two lenses convex. And, on the other hand, J' must 
be positive, or the first of the two lenses concave; when 

^ < — p, or the quantity under the radical sign greater than 

unity. 

The preceding equation suggests also a very simple method 
of determining the ratio of the dispersive powers of two media 
formed into lenses, of which one is convex and the other con- 
cave. For we have only to separate the lenses until the com- 
bination becomes achromatic. This is determined in ordinary 
cases by the practical optician, by applying the compound lens 
to form an image of a well defined white circle upon a black 
ground; if, on examining this image with an eye-glass of 
high power, the edges are observed to be free from colour, the 
lens is achromatic. This adjustment being made, and the in- 
terval between the lenses then measured, the ratio of the 
dispersive powers will be 



= - f . })•. 



/' V " / 

(267.) In forming an achromatic combination of two media, 
the condition which has been assumed (S64.) is to unite the 
foci of the extreme rays in the emergent pencil. Now, if the 
media which are employed for this purpose act proportionally 
upon the rays of all colours, i. e. if the spaces occupied by the 
differently coloured rays in the spectrum are proportional to the 
whole spaces of dispersion, it is evident that, in uniting the 
foci of the extreme rays, the foci of all the intermediate rays 
are also united, and the combination is therefore perfectly 
achromatic. 

It appears, however, from what has been stated (249.) that 
this condition does not hold, and that, in general, one of the 
two media acts more upon the rays of intermediate refrangi- 
bility, in proportion to the extremes, than the other; so that, 
though the foci of the extreme rays should be united in the 
emergent pencil, the focus of the intermediate or green rays 
will not coincide with that of the other two, and thus a di- 
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spersion will arise exacdy analogous to the secondary spectrum 
already menUoned. 

These secondary dispersions^ arising from the irraiionaliiy 
of the coloured spaces of the spectrum, though considerably 
less than the first or primary dispersions, are yet too consider- 
able to be overlooked either by the theoretical or practical op- 
tician. Dr. Blair was the first to draw the attention of scientific 
men to their conaderation, as also to show in what manner they 
might be corrected''^. It naturally occurred to him that as the 
'primary dispersions were corrected by combining two media in 
which those dispersions were different for the same refraction ; 
so also the secondary dispersions might be corrected by means 
of two such binary combinations, in which the secondary di- 
spersions were unequal for the same refraction. The theory 
of such corrections, it will readily appear, is the same as that 
of the former; so that, when two binary achromatic combina- 
tions are employed to correct the secondary dispersions, one of 
these combinations must be convex and the other concave, and 
their focal lengths must be to one another in the ratio of their 
secondary dispersive powers. 

The limited variety of solid transparent substances which 
could be used for this purpose led him to employ com- 
binations of fluids, whose refractive and dispersive powers were 
known or could be easily ascertained. It is obvious that 
such a combination may be simplified, by taking one medium 
common to the two binary combinations, and the surfaces, 
which bound it externally, plane; for thus the two com- 
binations may be placed together, and the bounding surfaces 
dispensed with ; and in this manner a trtpk achromatic lens 
may be constructed, in which the dispersions both of the first 
and second order are corrected. 

In the same manner as a secondary dispersion has been found 
to arise when the primary dispersion is destroyed by the com- 
bination of two media ; so also, when three media are employed 



* His researches connected with this subject are of exceeding in- 
terest. The account of them will be found in the Transactions of 
the Royal Society of Edinburgh for the year 1791. 
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to correct the dispersions of the first and second order, it is 
evident that a tertiary dispersion will arise from the want of 
union of the other rays of the spectrum : and, if this be cor- 
rected by the addition of another lens, dispersions of succeeding 
orders will in like manner arise indefinitely. These dispersions 
decrease rapidly, so that in practice it is unnecessary to attend 
to any beyond the second. But as the theory of their cor« 
rection is given by the same analysis, we shall, in what follows, 
inquire generally the conditions to be fulfilled by any com** 
bination of lenses, in order that it may be perfectly achromatic. 

(268.) It has been proposed by Mr. Herschel to take water, 
at the temperature of its maximum of density^ as a standard of 
comparison in optical as well as in other physical inquiries, 
and to determine any ray of homogeneous light by its index of 
refraction from a vacuum into water. This being known, it is 
evident that the colour, and all other physical properties of the 
ray dependent upon its degree of refrangibility, are determined. 

Accordingly, if x denote the refractive index of any ray for 
water, and jx that of the same ray for any other medium, jx must 
be a function of «r, whose form will depend upon the nature of 
the refracting medium. We have therefore 

|x = F(a:) ; 

and, if jit + 3jM, and x + hx he any other corresponding values 
of j(t and ^, 

fji, + Bfji, = f(x + 8x). 

But the second member of this equation may be expanded into 
a series of the form 

r(^) -f aBx + B(dxY + c{dxy + 8ic. 

in which, A, B, c, &c. are functions of or, derived from the pri- 
mitive function f(^), and independent of the increment dx. 
Wherefore, if we substitute this series for the second member 
of the preceding equation, and subtract the primitive equation 
jx = f(x), there is 

a^ = Adx + B{dx)^ -f c{8xf 4- &c. 

Now, if in this result x zz x^, its least value, bx and ^ become. 
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respectively, the differences between any corresponding values 
of X and [u and their least values ; and the coefficients^ a, b^ c, 
&c. are constant quantities. Accordingly Sjm., the difference be- 
tween any value of /x and its least value, is represented by a 
series of the ascending powers of bXy the corresponding dif- 
ference of the refractive index of the ray by water, with 
constant coefficients. 

. If a, 5, c, &c. be another series of constant coefficients con* 
nected with the former by the relations 

(o:^- 1)a = (fx,, -l)a, 

{^i- l)»c = (^^-l)c, 
&c. &c. 

in which x^ and |X/ denote the least values of x and |x, re- 
$pectxvely ; the preceding equation assumes the form 



hu. hx 

^ = a 






jXy — 1 0:^—1 

(269.) In order to determine the coefficients a, J, c, &c., for 
each different medium, it is necessary that we should know as 

many corresponding values of the quantities r- and r> 

as there are coefficients required. The accurate observations 
of Fraunhofer on the refractive indices of the rays corresponding 
to ihe fixed lines in the spectrum furnish us with the data ne- 
cessary for this inquiry. The following table is an abridg- 
ment of that given by him in his Essay on the determiniUion 
of tlie refractive and dispersive powers^ &c, and contains the 
values of the refractive indices, for different media, of the de- 
ficient rays of solar light, which correspond to seven of the 
principal fixed lines which he has selected as standards of com- 
parison, and designated by the letters b, c, d, e, f, g, h. Of 
these B and c are in the red portion of the spectrum, the former 
being qear the extremity ; d is in the orange, e in the green, 
F in the blue, g in the indigo, and h in the violet. 

As the refractive indices of the substances here considered 
all lie within the limits 1 and S, to avoid the repetition of the 
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integer unit, we shall subjoin the values of ft — 1, instead of 
those of ju. itself. 



Refracting 
Medium, 

• 


Specijic 
Gravity, 


A.-1 

( 


B 


c 


D 


E 


F 


o 


H 


Water . . 


1.000 


.3309 


.3317 


.3336 


.3358 


.3378 


.3413 


.3442 


Solution of } 
potash . \ 


1.416 


.3996 


.4005 


.4028 


.4066 


.4081 


.4126 


.4164 


Oil of turpentine 


0.885 


.4705 


.4715 


.4744 


.4783 .4817 


.4882 


.4939 


Crown glass (1) 


2.53d 


.5243 


.5253 


.5280 


.5314 .5343 


.5399 


.5447 


Crown glass (2) 


2.53d 


.5258 


.5268 


.5296 


.5330 


.5360 


.5416 


.6466. 


Crown glass (3) 


2.756 


.5548 


.5559 


.5591 


.5631 


.5667 


.5736 


.5796 


Flint glass (1) 


a5l2 


.6020 


.6038 


.6085 


.6145 


.6200 


.6308 


.6404 


FUnt glass (2) 


3.695 


.6236 


.6255 


.6306 


.6373 


.6435 


.6554 


.6661 


Flint glass (3) 


3.724 


.6266 


.6284 


.6337 


.6405 


.6468 


.6588 


.6697 


Flint glass (4) 


3.723 


.6277 


.6297 


.6350 


.6420 .6483 6603 


.6711 



Now, in the general value of — ~- given above, we may, 

without introducing any error appreciable in practice, neglect 
all the terms of the series beyond the second as inconsiderable, 

the powers of the quantity r decreasing rapidly. We shall 

accordingly apply the preceding table to determine the co- 
efficients a and b in the expression 



djx 



hx 



h 



-1 



= a 



a?y — 1 



+ 6 



C^)- 



Tor this determination it is necessary to obtain izffo cor- 
responding values of the quantities — •— r and — — r from the 

preceding table ; and, as the differences Bi^ and Bx should be 
taken from rays as wide asunder in the spectrum as possible, 
we will take the values of these differences which result from 
comparing the refractive index of the ray b, with those of the 
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rays e and h, respectively ; the refractive index of the ray b 
corresponding to the least values of /^ and x^ which we have 
denoted by ^^ and x^. In this manner we find the two values 

of — -J to be .014808 and .040193, respectively ; and, if the 

corresponding values of — ~r be denoted by m and m', there is 

M = •014808 a + .0002196, 

m'=. 040193 a + .0016166. 

From these equations the values of a and 6, for each of the 
substances in the foregoing table, are found ; and in this manner 
the following table is constructed : 



RtfracHng Medium. 


a 


b 


Water 


+ 1.0000 


+ 0.0000 


Solution of potash 


0.9963 


1.1326 


Oil of turpentine • . 


1.0615 


4.5864 


Crown glass (1) • . 


0.8737 


2.4920 


Crown glass (2) . . 


0.8842 


2.3491 


Crown glass (3) . . 


0.9013 


3.4900 


Flint glass (1) . . 


1.2901 


7.6305 


Flint glass (2) . . 


1.3703 


8.4409 


Flint glass (3) . . 


1.3758 


8.6690 


Flint glass (4) . . 


1.4258 


7.6770 



(270.) To apply the preceding to the investigation of the 
conditions of achromatism of any combination of lenses in con- 
tact, let ^', 0^^, 0'", &c. denote the powers of the component 
lenses, and ^ that of the system ; then, in order that the com- 
bination should be perfectly achromatic, the variation of 0, in 
proceeding from the least refrangible rays to those of any other 
species, must be nothing; that is (261.) we must have 
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whatever be the increments BfjJ, hyJ^^ df/J^, &c. Wherefore, if 
we substitute for ~TZri> 1 V ^^* ^^^^^ values expressed 

in series of the powers of =-> namely, 

ft' — 1 a; — 1 \a: — 1/ \ar — 1/ 

the result must be nothing, whatever be the magnitude of the 
variable r-. Hence the coefficients of each of the powers 

of this variable must be separately equal to nothing : that i% 
the following equations musl be satisfied : 

ay + a Y + oY" 4- &c. = 0, 

jy + by + V*f + &c. = 0, 

i/^' + (?f + c'V" + &c. = 0, 

&c. &c. 

On the first of these equations depends the destruction of the 
dispersion of the 1st order ; on the second, that of the ^ order, 
and so forth. 

The number of these equations being indefinite, it becomes 
impossible to satisfy them all, or, in other words, to obtaia 
perfect achromatism^ by the combination of any finite number 
of lenses of given materials. This, however, is of little im- 
portance in practice, inasmuch as the dispersions whose destruc- 
tion depends upon their fulfilment form a rapidly decreasing 
series ; so that it becomes unnecessary in practice to attend to 
any but the first two equations, which furnish the conditions of 
the destruction of the dispersions of the first and second order. 

(271 •) It is easy to see that the number of these equations 
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which can be saUsfied at once is one less than the number of 
lenses employed. Thus, with two lenses we can only satisfy 
the first, which thus becomes 

by which the ratio of the powers of the lenses is determined, 
and therefore the power of each, if that of the compound be 
known. This result is identical with that obtained in Art. 
(864.), in which we sought only the correction of the dispersion 
of the first order. 

With three lenses, however, we may satisfy' the first two 
equations, which thus become 

aV + a V + a Y' = 0> 

u^f + vy + v"'f = 0. 

From these equations the ratios of the powers'of the lenses are 
determined as follows : 



• 



which, combined with the equation 

4 + ^" + f = ♦, 

determine cpmpletely the powers of the component lenses when 
the dispersions of the first and second order are destroyed. 

ci a' a" ■ 

(272.) If any of the fractions -^, — ^, or -j^, happens to 

6' V ft" 

be equal to the corresponding fraction -^, -^, or -r^jp, the 

numerator or denominator of one of the preceding expres^ons 

^11 vanish; and, consequently, the power of one of the lenses 

must be nothing. It is easy to see, in fact, that in this case 

the other two lenses satisfy the two conditions of achromatism. 

d V . , , 
Thus, if — IP = -jjjf-^ it is evident that the equations 

ay + o V = 0, 
y^' + 6»/ = 0, 
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become identical, and therefore that the lenses which satisfy the 
first will also satisfy the second; so that the dispersions^ both 
of the first and second order, are in this case corrected by two 
lenses only. 

The same observation may be extended to the dispersions of 
succeeding orders ; and it will readily appear that if two sub^ 
stances be so constituted that 

d _ y c^ 



cP W f? 

the lenses composed of them, whose powers are such as to satisfy 
the first of the conditions of achromatism, 

^0' + o^y = 0, 

v^ + Wf = 0, 

di^ + (Pf =• 0, 

&c. &c. 

will satisfy all the succeeding. The condition involved in the 
preceding relations is evidently that of proportionate dispersion ; 
and it will be easily understood, a priori, that if all the rays of 
which the solar light is composed are dispersed proportionally 
by two media whose total dispersions are difierent; by com- 
bining them so as to unite the extreme rays, the intermediate 
rays will be likewise united. 

It is, then, a practical problem of the utmost importance, 
to obtain a medium which, with a different total dispersive 
power, shall disperse the difierent rays in the same proportion 
with some known medium, crown glass for instance. With 
fluid media this may be easily accomplished : for the law, ac- 
cording to which a medium acts upon the difierent rays, de- 
pends evidently on its cliemical composition ; and, in a fluid 
medium, this may be altered indefinitely until at length we 
obtain one of the required character. 

In the course of the experiments into which Dr. Blair en- 
tered on this subject, it was found that the addition of a metal 
to any fluid, while it increases the whole refractive and dispersive 
powers, has also the effect of increasing the dispersion of the 
more refrangible rays in a higher proportion than that of the 
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less refrangible. Muriatic acid, on the other hand, was found 
to have the opposite effect, namely, of diminishing the propor- 
tion whicti the dispersion of the more refrangible rays bears to 
that of the less. He concluded, therefore, tnat by comlnning 
muriatic acid with metallic solutions in due proportions a com- 
pound might be obtained, in which the law of dispersion should 
be exactly the same as that of crown glass, though their total 
dispersions were different. His anticipations were fully veri- 
fied ; and by enclosing the fluid thus obtained between two 
lenses of crown glass, he was enabled to form a compound lens 
of considerable aperture in which no trace of chromatic dis- 
persion could be discovered. 

It is much to be desired that investigations of this nature 
were extended to solid media. Could a perfectly transparent 
glass be made, of considerable size and uniform density, possess- 
ing the property of the fluid which Dr. Blair describes, there 
would be nothing to limit the perfection to which the telescope 
might be brought. 
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CHAPTER IV. 



• 

OF THE COLOURS OF NATURAL BODIES. 



I. 

Of the unequal Reflexion of Light by natural Bodies; and ^ 

{he Colours thence arising. 



(S73.) We have hitherto spoken of the refleadons and 
fractions which light undergoes when it encounters an even 
surface of any form, such as the surfaces of liquids when at 
rest, and the artificial surfaces given to glasses or metals by 
grinding and polishing. In such cases we have seen the rays 
of light are reflected or refracted regularly in certain directions, 
so as to meet the eye only when placed in those directions. 
Such, however, is not the case with the surfaces of most na^ 
tural bodies : these, on account of their inequalities, present 
every inclination of surface to the incident lights and, conse* 
quently, reflect or refract it in every possible direction. 

To explain this more fully ; if a beam of light be incident 
upon a plane mirror, it is evident from what has been said, 
that it will be reflected in a certain direction, making an equal 
angle with the surface of the mirror as the incident beam^ 
Now, suppose this mirror subdivided into any number of 
portions, ten for instance, each of which is inclined to the 
incident beam at a different angle, then it is equally evident that 
the lights instead of being reflected in one particular direction, 
will be reflected in ten difierent directions ; and if each of these 
portions be again subdivided, and the inclination of its parts 
varied, the directions in which the incident rays are reflected 
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will be multiplied accordingly ; so that if the magnitude of the 
partial surfaces be diminished indefinitely, and their number 
and position indefinitely increased, the light will be reflected 
in every possible direction. Now this is, in general, the case 
with the inartificial surfaces of natural bodies, any portion of 
which, however small, may be regarded as a polyhaedron of an 
indefinite number of sides ; and accordingly the light incident 
upon every such portion will be reflected by it in every pos- 
sible direction. The reflected light, therefore, radiates from 
every portion of such a body, as the direct light from a self- 
luminous body, in all directions ; and is visible to the eye any 
how placed. 

This then forms the ground of the distinction between real 
bodies, whether they be self-luminous or shine by reflected 
light, and optical images formed by the convergence or di- 
vergence of reflected or refracted rays. The light emanating 
from the former in all directions, they are visible to the eye 
ftny how placed with respect to them ; while that of the latter 
proceeding only in certain lines, they are only visible to the 
eye when placed in those directions. 

(S74.) There is no body in nature which reflects the whole 
of the light incident on it ; a part of this light, in all cases, 
enters the body, and is either transmitted, or meeting with the 
parts of its substance is stifled or absorbed. Mercury, which 
is among the most reflective of all known substances, reflects 
three-fourths of the incident light, the remaining fourth being 
absorbed within its substance. The brightness of natural 
bodies depends upon the proportion which the light reflected 
by them bears to the incident light. 

But further, not only do bodies differ from one another in 
the whole quantities of solar light which they reflect ; but also, 
in one and the same body, the proportion of the reflected to 
the incident light is, in general, different for each species of 
simple light of which the solar light is composed, some bodies 
reflecting one species of rays more than the rest. Hence it is 
that natural bodies appear coloured ; the colours which they 
exhibit being those of the predominant rays in the light re- 
flected by them ; and, accordingly, the colours of natural 
bodies arise from nothing else than their aptitude to reflect 
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this or that species of homogeneous light more copiously than 
others. Thus minium reflects the least refrangible, or red 
rays, more copiously than the rest, and thence derives its 
colour ; violets, on the contrary, reflect the most refrangible, 
or violet rays, more than the rest ; and so of other bodies. 

That such is a just explanation of the phenomena of the 
colours of natural bodies appears fully from the experiments 
of Newton/ to which we have already alluded. All bodies, 
whatever be their colour when exposed to solar light, exhibit 
the colour of the homogeneous light in which they are placed ; 
appearing brighter, however^ and more luminous in the light 
of their own colour, than in any other. Thus, cinruibar ap- 
pears red when placed in a homogeneous red light, green in 
a green light, and blue in a blue; its brightness, however, 
being greatest in the red light, less in the green, and least of all 
in the blue. Ultramarine, on the contrary, appears brightest 
when placed in a homogeneous blue light ; that brightness di- 
minishes when it is brought into the green light, and is least 
of all when exposed to the red ; the colour which it exhibits 
being in every case that of the light in which it is placed. And 
so of all other coloured bodies, which are always found to be 
most luminous in the light of their own colour. 

Again, if two such bodies, as the cinnabar and ultramarine, 
be compared together in different lights, it will be found, that 
when placed in a homogeneous red light, they both appear red, 
the cinnabar, however, being of a brilliant red, the ultramarine 
of a very obscure one ; but when transferred to the blue ex« 
tremity of the spectrum, the order of their brightness is re- 
versed, the cinnabar exhibiting an obscure blue, and the ultra* 
marine a brilliant one *. From all which it is evident that the 
cinnabar reflects the red rays more copiously than those of any 
other colour, and the ultramarine the blue ; and so of other 
bodies. 

But further, this fact that each species of natural bodies re- 

* It is to be observed^ that white bodies reflect the light of any 
particular colour more copiously even than the bodies of that colour^ 
all coloured bodies absorbing a considerable portion of the incident 
light. 
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fleets the differently coloured rays in different proportions^ 
affords not only an easy explanation of the phenomena of the 
colours of such bodies, but is, moreover, the only ground on 
which they can be accounted for. For, since it appears from 
the experiments just mentioned, that the colours of the dif- 
ferent species of homogeneous light are not in any respect 
altered by reflexion at the surfaces of natural bodies, it follows 
that such bodies cannot appear coloured otherwise than by re- 
flecting the rays of that particular colour which they exiiibit 
in daylight, or such rays as compound it by th^r mixture. 

(^75.) Let s denote the whole number of rays of whatever 
kind which enter the composition of a solar beun ; A, b, c, d, 
£, F, G, the number of red, orange, yellow, green, blue, 
indigo, and violet rays, respectively, in the same b^m ; so that 

A-fB-fC + D-fE + F + GsS. 

Then, if a denote the proportion of red rays which are re- 
flected to those that are incident, Aa will be the number of red 
rays in the reflected beam. In like manner the number of 
orange, yellow, green, blue, indigo, and violet rays in the re- 
flected beam will be b^, C7, i)^, Es, f^, g^i, respectively; 
^9 79 ^9 '9 ^9 And ^9 denoting the proportions of the reflected to 
the incident rays for each colour. Accordingly, the whole 
number of rays in the reflected beam, or its intensity, will be 
represented by the formula 

Aa + Bj3 + C7 + dS -h E6 + f^ + Qvif 

and the colour of the reflected beam will depend upon the re- 
lative magnitude of the coefficients ol, jS, y^ &c. which coeffidents 
depend upon the nature of the reflecting substance. 

Thus, in those bodies which appear of a white, grey, or any 
neutral colour, such as those which the clouds exhibit, the co- 
efiicients a, jS, y^ &c. are all equal ; such bodies reflecting all 
the different species of light in the same proportion. So that 
the preceding formula becomes 

a(A + B + c, &c.) = as; 

and the intensity of the shade depends upon the magnitude of 
the coefficient a. All such shades differ from one another in 



COLOURS OF BODIES BY REFLECTED LIGHT. 251 

degree only, not in kind ; the darkest grey differing from the 
most brilliant white only in the quantity of light. This was 
fully evinced by Newton, by comparing such bodies together 
under different degrees of illumination. 

For bodies, which exhibit a homogeneous light of any colour, 
all the coefficients vanish except that of the particular colour. 
Thus, for bodies of a homogeneous red, all the coefBcieniB 
vanish, except a, and the colour reflected by the body is repre- 
sented by ha, ; for those of a homogeneous blue, it is Ee ; and so 
for others. Such bodies, however, are not to be met with in 
nature; amongst those which approach nearest to them may 
be reckoned blood, gamboge, and ultramarine. Bodies of the 
most vivid prismatic colours, such as minium and vermilion, 
generally reflect a considerable portion of each of the different 
kinds of light, with a predominant portion of the light of their 
own colour. 

When a, ^^ and y are large with respect to the other co- 
eflScients ; f . e. when the red, orange, and yellow predominate 
in the reflected light, we have the various shades of scarlet^ 
orange, and the darker browns. In the composition of the latter 
colours, scarcely any other species of light enters but the three 
just mentioned, and of these the coefficients are generally small. 
Accordingly, when a painter wishes to form the darker shades 
of brown, he mixes black with red or yellow, or both, bin 
object being to absorb the light of other colours. When the 
coefficients of the other colours increase, the resulting shades 
are such as would arise from a dilution of those mentioned 
with white, and we obtain the lighter yellowish tints, together 
with all the lighter browns. 

When y, ly and « are larger witli respect to the rest ; i . €• 
when the yellow, green, and blue predominate, we obtain all 
the various shades of green and olive. And it is remarkable 
that the heterogeneous green formed by the mixture of blue 
and yellow is of the most perfect kind, not at all distinguishable 
from the prismatic green without the aid of the prism. 

When the larger coefficients are those of the red and blue, 
the combination furnishes all the beautiful shades of crimsoo, 
purple, lilac, pink, &c. 



252 SETEmOCENBOUB ucaKX. 



II. 



Of iht unequal TrangmUrion of Light by mOrnial BoSeMj 

and cftke Colours ihenct aririmg. 

(276.) It has been already mentiaoed that a oooadenUe 
part of the light incident upon bocfies in all caaes cnias thor 
substance, and is either transoiitted, or meering widi the mM 
parts of the subtsUince is absorbed and losL When a body 
trantmits freely the whole of the light which enters its MtamoCp 
it i» said to be perfectly traruparetU; and, on the other hand, 
it is denominated opaque when none of the light wfaidi enten 
it is transmitted, but the whole stifled or abaxbed. 

There is, however, no body in nature other pa&my 
transparent, or perfectly opaque. The most transparent «■ 
all bodies, such as air, water, glass, Sre. stop a portion of the 
liglit which enters their substance; and this porbon inCTBB«s 
with the extent of the medium through which it passes* so that 
when the latter is sufficiently great, the portion of light trans- 
mitted becomes too inconsiderable to aflect the eaghL To this 
want of perfect transparency in the air it is owing that the 
brightness of all objects decreases with the distance, so that 
they cease altogether to be visible when that distance is con- 
siderable. Objects under water become invisible at smaller 
and not very considerable distances; and to the same cause 1% 
probably, to be ascribed the fact noticed by Captidn Kater, 
and which he has accounted for on a different supposition; 
namely, that objects are seen more distinctly through the 
Galilean telescope than in the common astronomical of the 
same power ; the thickness of the eye-glass at its central parts 
being much smaller in the former case than in the latter. 

On the other hand, there is no body, however seemingly 
opaque, which will not transmit some portion of light if re- 
duced sufficiently in thickness. One of the densest of all known 
substances, gold, if beaten thin, will transmit a portion of the 
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incident light, appearing of a greenish hue when placed between 
the eye and the light. 

But further : the same substance does not transmit all the 
different species of light with the same facility. Thus, if a 
red liquid, contained in a vessel of a conical form, be placed 
between the eye and the light, at the lower part where it is 
thinnest it will appear of a pale yellow colour ; higher up, 
where the thickness is somewhat greater, this yellow becomes 
a full yellow or gold colour; then it is changed into an 
orange ; next into a bright red ; and lastly into a dark but full 
red, which becomes darker as the thickness is greater, until at 
length it vanishes altogether, and the liquid becomes to all 
sense opaque. This is easily explained : the liquid transmits 
the red rays most easily, the yellow next in order, and so 
on in the inverse order of their refrangibility. Accordingly, 
when the thickness of the medium is small, none of the rays 
are intercepted, except the extreme violet and part of the 
indigo; and the rest, which are transmitted, compound a 
colour not differing much from white light, but having a shade 
of yellow. As the thickness is increased, the indigo and blue 
rays are intercepted, and the yellow of the transmitted beam 
becomes more full and rich. When the green and yellow axe 
successively intercepted by the increasing thickness, the colour 
is gradually changed into a bright orange, then to a brilliant 
red, and last of all to a deep prismatic red, which is the last to 
suffer extinction. 

(277.) The solar light being separated in the manner we 
have described, part being reflected, part transmitted, and the 
remainder stifled or lost, it would seem to follow that the colours 
which bodies exhibit by reflexion and transmission should be, 
in general, different; and, if no portion of the incident light 
were absorbed by the medium, the colours of the reflected and 
transmitted lights would necessarily be complemental, i, e. such 
as together compound whiteness. Now this is observed to be 
nearly the case in very many instances. Thus, Dr. Halley ob- 
served, in the course of some experiments made at a considera- 
ble depth below the surface of the sea in a diving-bell, that the 
back of his hand, which was illuminated by the direct light of 
the sun transmitted through a small glass window in the top of 
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the bell, exhibited a brilliant rose colour; while the lower 
part of his hand, which was illuminated by the light reflected 
from the lower parts of the water, appeared green. Sea-water, 
therefore, transmits the red or least refrangible rays most ea^ly, 
and reflects the most refrangible. Again : gold appears yellow 
by reflected light, while it exhibits a bluish colour inclined 
to green by transmitted light, when beaten sufiiciently thin. 
Thus, also, the infusion of lignum nephriticum is of a red 
or yellow colour by transmitted light, while by reflected light 
it is blue. 

There are many bodies, however, that exhibit the samie 
colour both by reflexion and transmission. This Newton ac- 
counted for by supposing the light of that colour to be reflected 
by the remoter surface of the body, or by the air beyond it. 
In such circumstances, it is evident, the reflected light shall 
have suffered transmission through double the thickness of the 
medium, and must therefore be of the colour most readily 
transmitted. It is probable that there is in general a reflexion 
from both surfaces, and that the colour of the reflected light is. 
that which results from the mixture. In this manner, it is 
evident, the colour of the reflected light may have every variety 
of shade, from the colour of the transmitted light itself to tlie 
colour most opposed to it. This account of the phenomenon is 
confirmed by the fact that the reflected colour depends, in 
almost all cases, on the thickness of the substance, becoming 
fuller and richer as that thickness is increased up to a certam 
limit ; as may ea^ly be observed in precious stones, and other 
transparent coloured substances. 

(278.) We have already seen (21.), that when homogeneous 
light is propagated in parallel rays in a medium of imperfect 
transparency, the portion transmitted through any thickness of 
the medium, fi, will be Aaf; in which a denotes the whole 
quantity of the light at its entrance into the medium, and a the 
ratio which the transmitted part bears to the whole after passing 
through a unit of thickness. It now appears that the dif- 
ferent species of homogeneous light are not transmitted with 
the same facility in any known medium ; and therefore that 
the quantity a in the preceding expression, which may be 
termed the indew of tnmsmuaion, is different for each difiinrent 



COLOURS OF BODIES BY TRANSMITTED LIGHT. £55 

species of simple light Accordingly, all the phenomena of 
colours, exhibited by transmitted light in natural bodies, will 
be explained by assigning a different index of transmission to 
each of the different species of homogeneous light of which 
solar light is composed. 

Let A, a', a'', &c., therefore, denote the number of rays of 
each species in the incident light ; and a, of, a!', &c. their in* 
dices of transmission ; the intensity of the transmitted light, or 
the number of rays transmitted through any thickness of the 
medium, 0, will be 

Acif + A'a'^ + aV' + &c. = 2(a«0; 
the intensity of the incident light being 

A + a' + a" + 8CC. = 2(a). 

The colour of the transmitted light will depend upon the re-> 

lations which the coefficients a^, a'', &c. in this expression bear 
to one another; and, as these are continually varying with 
every variation in d, it follows that this colour is continually 
changing with every change in the thickness of the medium. 

If in any medium the indices of transmission were the same 
for each of the different species of simple light of which solar 
light is composed, the transmitted Ught would be colourless* 

For in this case the preceding expression becomes a^2(A), and 
the colour of the transmitted light will be white, varying only 
in intensity as the thickness of the medium is varied. No 
known media, however, possess this property. 

If the thickness of the medium be indefinitely small, how- 
ever, the transmitted light will be colourless, and that whatever 

be the nature of the medium. For, if ^ = 0, a^ = 1, what- 
ever be the value of a ; and the intensity of the transmitted 
light is represented by 2(a), which is that of the incident 
light. It is for this reason that the foam of all coloured liquids 
is colourless. 

(279.) The tdtimate colour of the transmitted beam will be 
evidently that of the light whose index of transmission is 
greatest; the power of that quantity, of, being the last tp 
become indefinitely small as the thickness is increased. 
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When the value of a decreases regularly from one point in 
the spectrum, the transmitted beam will exhibit all varieties of 
tint intermediate between absolute whiteness and the homo- 
geneous light of that colour to which the maximum value of a 
corresponds. Thus, in media of this kind whose ultimate tint 
is red, the value of a decreases regularly from the red to the 
violet extremity of the spectrum ; consequently the violet rays 
are the first absorbed, next the indigo and blue, and so on in 
order ; so that the colour of the transmitted light varies through 
all the shades of pale yellow, full yellow, orange, bright red, 
and deep red, as the thickness is increased ; and the last ray 
transmitted is the prismatic red. Of this kind are all red, 
orange, brown, and yellow glasses, port-wine, infusion of saf- 
fron, &c. In media of this kind, whose ultimate tint is bltie^ 
the value of the transmissive index decreases regularly from 
the most refracted to the least refracted extremity of the spec- 
trum. Such are the blue solutions of copper. In green media 
of this nature, the value of a decreases regularly from the * 
central rays of the spectrum to the two extremes, so that 
both red and violet rays are easily absorbed, the yellow and 
blue less so, &c. Such are green glasses, green solutions of 
copper, &c. 

(280.) When the value of a has tziK> mcuvirna, the light 
transmitted through a sufficient thickness of the medium will 
be found, when examined with a prism, to consist principally 
of the two species of rays to which these maxima correspond. 
Such media, therefore, may be termed dichromatic^ and the 
colour of the transmitted beam will be one compounded prin- 
cipally of the two colours above-mentioned, in proportions 
varying with the thickness, until finally it becomes that of the 
ray to which the greatest value of a belongs. 

The changes of colour exhibited by such media are often very 
remarkable. To understand them it may be observed that, if 
the maxima values of a be at all considerable with respect to 

the rest, all the other terms in the value of 2(Aa^) may be neg- 
lected in comparison of the two which involve these quantities, 
for any moderate thickness of the medium ; and accordingly 
if a and a' denote these maxima (the former being the greater), 
and A and a' the number of rays of the two species in the in- 
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tromitted beam, the intensity of the transmitted light will be 
represented by the formula 

Now, if a' be much greater than a, the second term will be, 
at first, much greater than the first, and therefore its colour the 
predominating one in the colour of the transmitted light; but 
<^ being less than a, a^ will become indefinitely smaller than 

of as the thickness increases. The proportion of the first 
term to the second, therefore, increases indefinitely, and the 
colour of the rays to which it belongs becomes the ultimate 
tint of the transmitted light. 

There are many green media of this nature, having two 
maxima values of a, of which the lesser belongs to the green 
rays, and the greater to the red. Such media, therefore, pass 
from a green through an intermediate livid hue to a red. All 
mixtures of red and green liquids possess this property: it 
belongs also to sea water, as is evident from what has been 
already mentioned (277.). All purple media are necessarily 
dichromatic, their colour being compounded principally of the 
extreme red and violet rays; and the ullimate tint of such 
media is either red or violet. 

There are other media, for which the index of transmis- 
sion has a greater number of maxima values, and in which, 
therefore, the variation of colour follows a law of greater com- 
plexity. Blue media are often of this kind ; and the common 
smalt-blue glass, of frequent use in the arts, is a remarkable 
instance of it. If the light transmitted through a piece of this 
glass of about -^^ of an inch in thickness be examined by a 
prism, it will be found to have four maxima of transmission, 
the first and greatest of which corresponds to the extreme red 
ray, the next to the red of mean refrangibility, the third to the 
mean yellow, and the last to the extreme violet. When the 
thickness of the glass is small, the compound colour of the 
transmitted beam is a pure blue : as that thickness is increased, 
however, none but the extreme red and violet rays are suf- 
fered to pass, and the blue colour is changed into a purple. 
As the thickness is still further increased, the violet rays are 
gradually extinguished, the purple assumes more and more 

s 
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of a reddish hue, until finally it becomes a deep red corre- 
sponding to the extreme red of the spectrum. 

(^1.) If several media be combined together, the light 
transmitted through all is that which is left after the action of 
each ; and it will be readily seen that it is the same in what- 
ever order these media are disposed. When two media are 
combined, therefore, whose transmitted lights contain no com- 
mon homogeneous ray, no ray whatever can be transmitted 
through both. Thus, if one medium transmits the homo- 
geneous red rays, and another the green or blue only, all the 
rest being extinguished^ no ray whatever can pass through 
both, and the compound is perfectly opaque ; although each 
of the substances, taken separately, was transparent. This 
phenomenon was observed by Hooke before any thing was 
known of the true nature of colours. 

By combining two or more media, we are enabled also to 
insulate a homogeneous ray in a state of purity scarcely at^ 
tainable by any other means. Thus, if a full red glass be em- 
ployed along with the smalt-blue glass already mentioned, the 
combination is impermeable to every ray except the extreme red 
ray of the spectrum. In this manner we are enabled to identify 
this ray under different circumstances, and to compare it with 
itself when acted on by different media; and are thus fur- 
nished with a definite standard of the utmost value iu optical 
researches. 

(282.) When a beam of solar light, after dispersion by a 
prism, is transmitted through a coloured medium of sufScient 
thickness having several maxima of transmission, the phe- 
nomena which present themselves are very remarkable. The 
regular gradation of colour, which the solar image would other- 
wise apparently exhibit, is altogether destroyed, and the spec- 
trum appears to consist of several detached portions of coloured 
light separated from one another by dark bands, or intervals, 
precisely analogous to Fraunhofer^s ,/2a:^c{ lines; the rays be^ 
longing to these points in the spectrum being completely ab- 
sorbed. Thus, when a thin piece of the smalt-blue glass, 
already mentioned, is employed *, the red light is separated 

* £ncyclopcedia Metropolitana, article Light. 
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into two well-defined portions, parted from one another by a 
broad and perfectly black baad, and wholly undistinguisbable 
in colour. Of these the lowest or least refrangible corresponds 
to the extreme red of the spectrum, and is a perfectly homo- 
geneous light; the other, which corresponds to the meanly 
refrangible red ray, is nearly homogeneous, and without the 
slightest shade of orange* The orange is altogether obli- 
terated, the next colour being a well-defined band of pure and 
full yellow, which is separated from the second red by a 
small well-defined black line, and from the green by a dark 
interval. The green is dull, but the colours increase in fulness 
and purity to the extremity of the spectrum^ the extreme violet 
suffering very little loss. 

From this experiment we learn that rays which afiect the 
sense with precisely the same sensation of colour, as the twq 
reds already mentioned, differ widely in refrangibility, being 
separated by a broad and black interval ; while, on the other 
hand, rays strongly contrasted in colour have at their ad- 
jacent extremities nearly the same degree of refrangibility; 
the second red and the yellow being separated by a very narrow 
line, and suffering no mixture whatever where they approach 
nearest. Does it not appear to follow from this that the con- 
nexion between the colour of a ray and its degree of refrangi- 
bility is not so complete as was supposed by Newton P and that 
the analysis of solar light by refraction is not the only analysis 
of which it is capable ? True it is that each ray in the solar 
spectrum has its particular shade of colour and peculiar 
degree of refrangibility, which cannot be altered by reflexions 
or refractions, however numerous; but may not each such 
ray be, nevertheless, compound, and consist of several tiays, 
different in colour, but having the same degree qf refran^ 
giblUtyf If such were the case, it is evident that no re- 
fractions could ever separate them, and we must have recourse 
to some other property, such as this difference in their trans- 
missibility through coloured media, as affording the means of 
disuniting them. 

(283.) These hypotheses seem to receive a strong con- 
firmation from the facts we have mentioned ; and Dr. Brewster 
accordingly supposed the solar light to be composed of three 

s3 
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primary colours, redj yellow^ and blue^ each of which has every 
degree of refrangibUity within the known limits ; so that the 
solar spectrum consists, according to this hypothesis, of three 
spectra of different colours overlapping one another, and having 
each its maximum of intensity at the point where the rays of 
that colour are most intense in the solar spectrum. Thus, 
according to this supposition, each ray of the solar spectrum is 
compounded of three others in varying proportions, the red 
predominating in the red rays of the spectrum, the red and 
yellow in the orange, the yellow in the rays of that colour, the 
yellow and blue in the green, the blue in the blue, and the 
red and blue in the violet. 

The hypothesis of three primary colours was first advo- 
cated by Mayer ; but seems to have had, at that time, no 
other jconfirmation than that derived from the facility with 
which the prismatic colours may be imitated by the combina- 
tion of the three already mentioned. Independently, however, 
of the absence of all proof, thus afforded, of the actual com- 
position of the colours of the spectrum, the distinction of pri- 
mary colours, thence arising, seems, in a great measure, arbi- 
trary, inasmuch as any particular colour may be compounded 
of diff'erent others in various ways. Accordingly we find that 
Dr. Young has assumed the red^ green^ and viciet as the 
primary colours, and shown that all others may be compounded 
of them in diff^erent proportions. And from an examination of 
the spectrum, which first exhibited the fixed lines. Dr. Wol- 
laston concluded that the primary colours -were Jour in number, 
namely, redy greeny blue, and violet; and that of 100 parts, 
into which the whole length of the spectrum was supposed to 
be divided, those occupied by these several colours were as the 
numbers 16, 23, 86, and S5, respectively. 
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OF THE EYE, AND OF UNAIDED VISION. 



(284.) The adjoining figure represents a horizontal section 
of the human eye ; the form of which is nearly spherical, the 
fore part, aba', however, being more convex than the rest 

The several humours of which 
the eye consists are all contained 
in a thick tough coat, the more 
convex part of which, aba', call- 
ed the cornea^ is transparent, 
and of a consistent horny cha- 
racter. The remainder of this 
exterior coat is called the sclero- 
tica: it is opaque and white, and 

forms what is in common language designated as the whke qf 
the eye. 

The interior of the sclerotica is lined by a second and thinner 
coat of a softer substance, called the choroid membrane^ which 
is firmly attached to the sclerotica by a circular band extending 
round the edge of the cornea, and called the ciiiary ligament. 

At the junction of the choroid with the sclerotica, and sup- 
posed to be a continuation of the former membrane, arises the 
uvea^ an opaque membrane or screen, having an aperture in 
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the centre, cujI, called ihepupUj through which the rays' of light 
incident on the eye are admitted. 

The uvea consists of muscular fibres, by the contraction or 
expansion of which the aperture of the pupil is contracted or 
enlarged. The use of this is to moderate the quantity of light 
incident upon the sensitive part of the eye. In very strong 
lights the pupil is contracted, in weak ones it is enlarged ; its 
aperture varying, in the eyes of adult persons, from about -^th 
to -^th of an inch. This contraction and dilatation of the pupil 
is involuntary, and arises on the excess or defect of the light 
itself. It is much greater in some of the lower animals than in 
man. The pupil in the eye of the cat, for instance, is almost 
closed in daylight. In the human eye the pupil is always 
circular: its form varies in the eyes of other animals. In the 
feline tribe, as the dog, the cat, &c. the vertical diameter is 
invariable, and the form of the pupil varies from a circle to a 
vertical right line. In ruminating animals, on the contrary, 
the greater and invariable diameter is the horizontal one. 

The anterior surface of the uvea is differently coloured in 
difix^rent persons, varying through all the shades of green, 
blue, brown, and gray. This part is sometimes called the iriSy 
and its colour determines that of the eye. The posterior sur- 
face of the uvea is covered with a black mucus, which is evi- 
dently intended to absorb any light which may happen to fall 
upon it, and thus to prevent internal reflexions which would 
disturb the vision. 

The interior of the choroid membrane is covered with a very 
black mucous substance, called the pigmentum nigrum* ^ in 
which is imbedded the retina, the third and innermost coat of 
the eye. This is a network of extremely fine nerves, branching 
firom the optic nerve, o, which proceeds directly from the brain, 
and enters obliquely at the back of the eye, and at the inner 
mde towards the nose. 

As the retina commufucates dioectjy with the brain itself, so 

— It! I ! ' I ' l»ll I lllll 

** The use of the pigmentum nigrum is^ like that of the mucus 
iif^ich clothes the interior of the urea^ to absorb the light which 
enters the eye when it has excited the retina, and thus to prevent 
internal reflexions. 
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the Other coats of the eye, the sclerotica and the choroid, are 
supposed by some to be continuations of the dura mater and 
the pia mater^ the outer and inner coats of the brain. This 
point, however, does not seem to be at all established. 

(S85.) Within the eye, and a little behind the uvea, is sus- 
pended a soft, transparent, jelly-like substance, cd^ called the 
crystaUme lens, of the form of a double-convex lens of un« 
equal radii, the anterior surface being less curved than the 
posterior. The structure of this substance is fibrous, being 
composed of laminas or layers successively superimposed^ as 
may be seen in the lens of a boiled fish's eye ; and each coat 
consists of a vast number of fibres diverging from two poles, 
the line joining which coincides with the axis of the eye. The 
crystalline is contained in a thin transparent capsule; and 
kept in its place by the ciliary processes, a projecting fold of 
the choroid membrane, which arises at the same place as the 
uvea, and is a little convex towards it. The anterior surface 
of this muscle, like the posterior surface of the uvea, is covered 
with a black mucus to absorb erratic rays. 

The space before the crystalline humour, and between it 
and the cornea, is filled with a transparent fluid resembling 
water, and thence denominated the aqtieous humour. The 
space behind the crystalline, and between it and the retina, 
is filled with another transparent fluid somewhat more viscous 
than the former, and called the vitreous hwmofukr. These two 
humours are, like the crystalline, contained in transparent 
membranous capsules of extreme delicacy and tenuity. 

The aqueous and vitreous humours do not difier sensibly 
from water in specific gravity. The aqueous humour, indeed, 
consists principally of pure water ; containing, besides, small 
quantities of albumen and gelatine, together with munate of 
soda. The latter ingredients, however, together do not exceed 
eight per cent. The vitreous humour is said not to differ 
sensibly from the aqueous in chemical composition. The 
crystalline is somewhat heavier than water; and contains a 
much larger portion of albumen and gelatine than the other 
two humours. 

In their refractive powers the aqueous and vitreous humours 
differ very little from that of water. The refractive index of the 
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aqueous humour is 1.337, and that of the vitreous humour 
1.339; that of water being 1.336. The refractive power of 
the crystalline is greater, its mean refractive index being 
1.384. The density of the crystalline, however, is not uni- 
form ; but increases gradually from the outside to the centre. 
According to Dr. Brewster and Dr. Gordon, the refractive in- 
dices of the outer coat, the middle, and the central parts, are 
1.3767, 1.3786, and 1.3999, respectively. This increase of 
density serves to correct the aberration, by increasing the con- 
vergence of the central rays more than that of the extreme parts 
of the pencil. 

(S86.) The observations of M. Petit respecting the dimen- 
sions of the parts of the human eye are the most detidled of 
any we possess at present*. From these, compared with the 
modern measurements of WoUaston, Young, Brewster, &c. 
we conclude that the axis of the human eye, measured from 
the outer .surface of the cornea to the retina, is about .95 of 
an inch ; and that the portions of it occupied by the cornea 
and the different humours are as follows: cornea .04 of an 
inch ; aqueous humour .11 ; crystalline .17 ; vitreous humour 
.63. Hence the portion occupied by the vitreous humour is 
about two-thirds of the whole length of the axis. 

These proportions are very different, however, in other ani- 
mals; in most of which the portion occupied by the crystalline 
humour bears ^ greater proportion to the whole than in man. 
In the eyes of fishes, in particular, the crystalline humour 
is by far the largest of the three, and in the herring^s eye 
M. Cuvier found that the portion of the axis occupied by the 
crystalline was five times that occupied by each of the other 
humours. 

The other dimensions of the eye, derived from the same 
sources, are as follows : 

Indies. 

Interior transverse diameter of the eye, . .90 
Chord of the cornea (vertical), . . .46 

Chord of the cornea (horizontal), . . ,4Q 



* These are contained in the Memoirs of the Royal Academy of 
Sciences of Paris for the Year 1730. 
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Inches. 
Chord of the crystalline, . . . .87 

Radius of external surface of cornea, . .83 

Radius of anterior surface of crystalline, .33 

Radius of posterior surface of crystalline, .24 

It appears from these results that the circumference of the 
cornea is not circular, its vertical and horizontal diameters being 
as 15 to 16 nearly. 

It will be also observed, in conformity with what has been 
already stated (285.), that the anterior surface of the crystal- 
line is less curved than the posterior, the radii of these surfaces 
being to one another in the ratio of 4 to 3 nearly. This ratio, 
however, is very different in different animals. In the eye of 
the ox, for instance, these radii are as 8^ to 1 ; and in seme 
animals the curvature of the anterior surface is gi-eater than 
that of the posterior. In the eyes of fishes the form of the 
crystalline is spherical, and the increase of density towards 
the centre very considerable. The reason of this appears to 
be that, as the other humours of the eye are nearly of the same 
refractive power as the medium in which they dwell, the de- 
struction of aberration, as well as the refraction itself, must be 
almost wholly the work of the crystalline. 

It must be observed, finally, with respect to the curvatures 
of the bounding surfaces, that the greatest diversity exists both 
in different individuals, and even in the same individual at 
different periods of life ; the surfaces becoming uniformly flatter 
with age. The preceding results exhibit their average values 
for persons in the middle time of life. 

(287.) The bounding surfaces of the refracting media, how- 
ever, are not spherical, as has been generally supposed, but sphe^ 
roidical. This remarkable fact was long since suspected by M. 
Petit, but of late has been placed in the clearest evidence by the 
accurate measurements of M. Chossat. This author has found 
that the cornea of the eye of the ox is an ellipsoid of revolution 
round the greater axis, this axis being inclined inwards 
about 10'\ The ratio of the major axis to the distance between 
the foci in the generating ellipse he found to be 1.3; and this 
agreeing very nearly with 1.337, the index of refraction of 
the aqueous humour, it follows that parallel rays will be re- 



266 TT8I0N. 

fracted to a focus, by the surface of this humour, with ma- 
thematical accuracy (207.). 

The same author found likewise that the two surfaces of the 
crystalline lens are ellipsoids of revolution round the lesser 
axis ; and it is somewhat remarkable that the axes of these 
surfaces do not coincide in direction either with each other, or 
with the axis of the cornea, these axes being both inclined 
outwards, and containing with each other, in the horizontal 
section in which they lie, an angle of about 5^ 

It is not to be supposed, however, that the curvatures of the 
surfaces of the eye are the same in degree, or even in kind, in 
other animals. The same author has found that the cornea in 
the eye of the elephant is an hyperboloid. For the details of 
his experiments we must refer to the original memoir*. 

(288.) Having thus far explained the structure of the eye, 
we shall, in the next place, proceed to consider it as the instru- 
ment of vision. 

The eye, we have seen, consists of three refracting media^ 
of which the two extremes have very nearly the same refractive 
power as water, the intermediate one a refractive power some- 
what greater. Accordingly the light incident from any object 
on the eye will undergo a refraction at each of the bounding 
surfaces of these media, and this refraction in each case tends 
to give convergence to the incident rays. Thus the first re- 
fraction takes place at the convex surface of the aqueous hu- 
mour, which, being a denser medium than the surrounding air, 
will give a convergence to the refracted pencil. The extreme 
rays of this pencil are then intercepted by the uvea ; and the 
central part of the pencil, being transmitted through the pupil, 
is incident upon the convex surface of the crystalline, which, 
being denser than the aqueous hunKHir, will increase tlie oc>n« 
vergence ; and, finally, it falls upon the concave surface of the 
vitreous humour, which, being rarer than the medium from 
which the pencil has emerged, also adds to the convergence, 
and thus completes the refraction. By means of these suc- 



* Sur la courbure des milieux re/ringens de Vail chez le hoeuf. — 
Axinales de Chimie, tom. x. 
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cessive refractions each pencil of incident rays is brought to a 
focus at or near the retina, and thus an image is formed there 
corresponding in form and colour with the object from which 
the rays flow. 

These images may be readily exhibited by taking ofl^ the 
outer coats from the back of the eye of a newly killed animal : 
miniature pictures of external objects will be seen depicted 
there as upon a screen of roughened glass. 

It is evident that the axes of the several pencils, which go to 
form the images, must intersect before they reach the retina. 
Hence the image on the retina will be inverted with respect to 
the object. The point in which these axes intersect is called 
the focal centre of the eye. Its position, it is obvious, will 
vary both with the distance of the object and its magnitude ; 
but it is never far distant from the posterior surface of the 
crystalline*. 

(289») The apparent magnitude of any object is measured 
by the angle contained by the axes of the extreme pencils ; 
that is, by the angle subtended by the object at the focal centre. 
It is therefore proportional to the linear magnitude of the object 
divided by its distance from the centre of the eye. 

There has been much discussion amongst writers on the eye 
with respect to the magnitude of the minimum vunbUe, or the 
apparent magnitude of the least visible object. It is usually 
stated that a single object upon a ground of an opposite colour, 
as a black circle upon a white ground, or a white circle upon a 
black ground, cannot be seen by the generality of eyes under 
a smaller angle than one minute. Most persons, however, can 
perceive as distinct two points subtending an angle of this 
magnitude ; and some are found who can distinguish two such 
points under an angle of 30' only. It is even stated that a 
single object, if sufficiently bright, and placed at the proper 



* Authors differ rnucli respecting the place of the focal centre of 
the eye ; some placing it in the centre of the pupil, others in the 
centre of the crystalline^ and others, lastly^ in the centre of the 
eye. The position assigned to it above seems to be that given by 
calculation. 
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distance for distinct vision, may be seen under an angle of two 
or three seconds. 

It appears to us that there is no limit whatever to the angle 
under which an object is visible, and that the power of exciting 
the sensation of vision will depend, not on the magnitude of the 
visual angle, but on the quantity of light proceeding from 
the object in relation to that proceeding from surrounding 
objects. 

This conclusion seems to be fully confirmed by the results 
of Harris's experiments. Of these the principal are as follows: 

1. That a detached object may be seen under a smaller angle 
than the parts of a compound object of the same magnitude. 

2. That the least angle under which any object may be seen 
will depend upon its brightness as compared with that of sur- 
rounding objects. Thus a white square upon a black field 
was seen under a smaller angle than a square of the same di- 
mensions upon a field shaded lightly with Indian ink. 3. That 
the least angle under which an object may be seen will depend 
upon its other dimensions. Thus if different lines, of the same 
breadth, be drawn upon the same ground, and viewed at dif- 
ferent distances, the longer lines will be visible at greater 
distances than the shorter, and their breadth subtend therefore 
a smaller angle. And, further, the same author concludes, 
from a comparison of the observations of objects of different 
forms, that the areas of the least visible objects are the same, 
all other circumstances being alike. 

These facts seem to leave little doubt as to the conclusion 
that the power which any object possesses of exciting the retina 
depends solely on its relative quantity of light; and if this be 
admitted, it follows that the angle subtended by the least visible 
object may be indefinitely diminished, if its brightness be pro- 
portionally increased. Accordingly we find that the fixed stars 
produce a distinct and vivid impression on the retina, although 
the angle they subtend at the eye is less than any we are able 
to estimate by the most accurate observations. 

This conclusion is perfectly compatible with the supposition 
that the image on the retina must have some definite magnitude 
in order to produce an impression. We have strong reasons 
for believing that the eye is not free from chromatic dispersion ; 
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and from this it follows, even when the light is collected to a focus 
exactly at the retina, that the image of a point will be diffused 
over a small circle there of a definite magnitude. And, as the 
density of the light in this circle diminishes from the centre 
to the circumference, the extent of it which is capable of im- 
pressing the retina will depend upon the whole quantity of 
light emanating from the luminous point. This will explain 
the reason why the brighter fixed stars appear larger than 
those which are fainter, although the angle subtended by none 
is of any definite magnitude. 

(5290). The greatest extent of field which the eye is capable 
of receiving at once will be measured by the angle which the 
diameter of the pupil subtends at the focal centre of the eye, 
the retina being supposed sensible to the impressions of light 
within these limits. This extent of field, however, is found to 
be different in different directions. Dr. Young found that, 
when the visual axis was fixed in a certain direction, the angle 
of vision of his own eye extended upwards 60<>, downwards 70*^, 
inwards 60^, and outwards 90<>. These internal limits of the 
field of view correspond nearly with the external limits formed 
by the projecting parts, of the face, when the eye is directed 
forwards and somewhat downwards, which is its natural posi- 
tion. This difference of the extent of the field in different di- 
rections may arise from a difference in the extent of the sensible 
portion of the retina : it seems, however, to be fully accounted 
for by the fact that the focal centre of the eye is not symmetri- 
cally situated with respect to the pupil. It was ascertained by 
Dr. Young, in the course of some observations made for the 
purpose of determining the position of the insensible spot on 
the retina, that the extremity of the visual axis of the eye, or 
the line joining the centre of the pupil with the focal centre, is 
distant the -^Vth of an inch from the point of the retina imme- 
diately opposite to the pupil. 

We have already noticed some of the adaptations of this 
wonderful piece of mechanism which are in strict accord- 
ance with the results of the most refined science : such is the 
elliptical figure of the cornea, and the connexion between that 
figure and the refractive index of the humour which it con- 
tains ; such too is the increase of density of the crystalline 
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towards the centre; both tending to correct the aberrations 
which would be otherwise produced by these media. We have 
another such subject of admiration in the poaUion of the uvea^ 
the use of which, we have seen, is to intercept the extreme rays, 
and thus also to correct the aberration. Had it been placed in 
front of the eye, or at any considerable distance from its present 
position, it must have greatly limited the field of view, which is 
measured by the angle which the aperture in the uvea, or pupil, 
subtends at the focal centre of the eye ; and if, to increase the 
field of view, this aperture had been enlarged, it would not 
have served its present purpose of intercepting the extreme 
rays. But, in its present position, which is not far distant from 
the focal centre, it not only intercepts the extreme rays of each 
pencil, but also admits pencils whose axes are very widely 
divergent from one another, and therefore opens a wide field 
of view to the eye. 

As the uvea itself suggested in all probability the use of the 
diaphragm^ or eye-stop, in telescopes, so this peculiar propriety 
of its position has been advantageously imitated by Dr. Wol- 
laston in the construction of his periscopic lenses. These oonnst 
of two plano-convex lenses, united together at their plane sides, 
between which is interposed a diaphragm, having an aperture 
in the centre. The field of view is obviously much greater than 
in lenses whose aperture is equal to that of the diaphragm. 

It must not be supposed, however, that the vision is di- 
stinct throughout the whole of the wide field of view which 
the eye possesses. Whether it arises from the want of perfect 
sensibility in the parts of the retina remote from the visual axis, 
or from the distortion of oblique pencils, or from both these 
causes conjointly, it is found that those objects alone are seen 
distinctly which are in the centre of the field ; the remaining 
parts of the field serving merely to convey notices to the mind 
of the presence of objects situated there. The field of perfect 
vision does not extend more than 5^ from the visual axis in 
every direction. Comparetti even supposes that distinct vision 
is confined to a single point of the retina at the extremity of 
the visual axis ; and he conceives that objects of sensible mag- 
nitude are discerned by a rapid and imperceptible motion of 
the optic axis over their several parts, the impression produced 
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by each remaining a certain length of time, so that they are all 
combined into a single sensation. 

This limitation of the field of distinct vision, however, is at- 
tended with no practical disadvantages of any moment : for, by 
the revolution of the eye in its orbit, the axis of the eye has a 
range of 55^ in every direction ; and by this means the field of 
perfect vision has an actual extent of IKP, independently of 
any motion of the head or of the rest of the body. 

(2910 It is a curious fact that there exists a small portion, 
within the limits of the field of view of the eye, which is in- 
visible ; or, in other words, there is a part of the back of the 
eye which is insensible to the impression of the rays of light, 
and which for that reason has been called the punctum cacumu 
It is that spot at which the optic nerve is introduced, and 
at which that nerve is not yet subdivided into those delicate 
and sensitive fibres of which the retina is composed. This may 
be observed by placing two patches of white paper upon a dark 
wall, the line joining them being horizontal, and about the 
height of the eye from the ground. If then one eye be closed, 
and the other directed to one of the patches (the one to the 
left hand if the right eye be used, and v. v,)^ the other, to 
which the eye is not directed, l>ecomes invisible on retiring 
from the wall to about four or five times the distance of the 
patches from one another, and, the distance being further in- 
creased, becomes again visible. The experiment is rendered 
more remarkable by placing a third patch beyond this in the 
same right line, which will continue visible when the middle 
one disappears. 

It is evident ■ that the quotients arising from the division of 
the interval between the patches by the distances of the eye 
from the wall when one of them first disappears, and reappears 
on retiring further, are the tangents of the angular distances 
of the farther and nearer edges of the spot, respectively, from 
the extremity of the optic axis. These angles being in this man- 
ner ascertained by observation, it is found that the angular di- 
stance of the centre of the insensible spot from the extremity c^ 
the optic axis is about 14^ ; and that the angle subtended by the 
diameter of this space at the centre of the eye is about 5^. These 
angles being known, the linear magnitude and position of this 
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space are determined. Dr. Young found that, in his o\vn 
eye, the distance of the centre of the optic nerve from the 
extremity of the optic axis was nearly 4th of an inch ; and 
that the diameter of the insensible part was about ^V^h of an 
inch. 

(^2.) The apparent brightness of any luminous object is 
proportional to the density of the light in its image on the re- 
tina, which is as the quantity of light directly, and inversely as 
the space over which it is diflFiised. Now, if the aperture of 
the pupil be supposed invariable, and no light be lost in its 
passage through the air, the quantity of light incident on the 
pupil, and therefore that which falls on the retina, varies in- 
versely as the square of the distance of the object (IS.) ; and 
it is evident (^9*) that the area of the image on the retina, 
or the space of diffusion, varies in the same ratio. Hence, on 
these suppositions, the brightness of the luminous object is in- 
variable at all distances from the eye. 

In actual experience, however, we find that the brightness 
of all luminous objects diminishes with the distance, and that 
at considerable distances they become altogether invisible. 
The reason of this is, that the air is not a perfectly transparent 
medium, but on the contrary stops a considerable portion of 
the light which is transmitted tlirough it. The law of this 
diminution has been already explained (23.). 

(298.) We have seen that the eye is endowed with peculiar 
adaptations, whose function seems to be to correct the errors 
arising from the form of the refracting surfaces ; and experience 
proves that the eye, if not perfectly aplanatic, is at least suf- 
ficiently so for all the purposes of perfect vision. 

It occurs then naturally to inquire whether there is any thing 
in the arrangements of this organ, or in the perceptions of vision 
themselves, which would lead us to conclude that the eye is also 
free from chromatic error. It seems now to be the received 
opinion amongst physiologists that the eye is not achromatic. 
If a lucid point be viewed through a prism its image will be a 
coloured spectrum, which, if the eye were achromatic, should 
appear extended into a line of light. This, however, is not the 
case: when the eye is directed to one extremity of the spectrum, 
the other extremity is dilated into a sensible breadth, and the 
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form of the coloured image becomes triangular; proving plainly 
that the different rays of the spectrum are not brought to a 
focus at the same distance within the eye. By a comparison 
of the dimensions of this triangular space, Dr. Wollaston sug- 
gested that the dispersive power of the eye might be determined; 
and Dr. Young concluded, from some experiments established 
on these principles, that the mean dispersive power of the eye 
is about one-third of that of crown-glass. 

Experience shows that the want of perfect achromatism in 
the eye forms no material impediment to the perfiection of vision. 
And it has been even contended by some that the image of 
each point of an object, formed on the retina, must have a cer- 
tain determinate magnitude in order to impress the nerves of 
that organ ; and therefore that the theoretical perfection of the 
eye, considered as an optical instrument, would be incompatible 
with its performance as a material organ. 

(294.) There is, however, a much more important limitation 
to the powers of the eye arising from another cause. If the 
form of the eye were invariable^ it is evident that it would 
collect such rays only to a focus on the retina which had a 
certain degree of divergence at their incidence on the eye ; that 
rays incident with a less degree of divergence, or proceeding 
from remoter objects, would be brought to a focus before they 
reached the retina ; while those which proceeded from a nearer 
distance would, after refraction by the humours of the eye, 
tend to a focus beyond it ; and that in either case the image 
on the retina itself would be confused, the rays proceeding from 
each point of the object being spread over a small circular 
space of sensible diameter. 

Now every hour's experience proves that the eye is capable 
of seeing distinctly objects whose distances vary within very 
wide limits. To every eye there is a certain distance at which 
it is able to see distinctly without any effort : this is called the 
distance of perfect indolent vision. Beyond this distance no 
internal effort whatever will enable the eye to see distinctly; 
but within that distance it is capable of discerning objects with 
perfect distinctness up to a certain limit, which is called the 
lea^t distance of distinct vision. The least distance of distinct 
vision varies in common eyes from about six to eight inches. 

T 
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The greatest distance, or the distance of perfect indolent vision, 
varies within much wider limits, and cannot be so readily ascer- 
tained. It is however so considerable, and the divergence of 
rays proceeding thence so small, that it is usually considered 
that most eyes are fitted to bring parallel rays to a focus on 
the retina. All optical instruments are accordingly adapted in 
such a manner that the rays shall be parallel at their incidence 
on the eye. 

(296.) The question then arises, by what changes of con- 
formation in the eye does it thus become adapted to near 
distances P Is it by a change in the position of the crystalline 
lens? or by a change of the curvature of its surfaces, or of 
that of the cornea? or, lastly, is it produced by a change in 
the configuration of the entire eye, and an elongation of its 
axis? Each of these different opinions has been advocated, 
and much discussion has arisen as to the true one. We shall 
briefly consider the arguments in favour of each. 

With respect to the first opinion — that, namely, which ascribes 
the effect to a change of place of the crystalline — little need be 
said. The eye being spherical and full of an incompressible 
fluid, such a motion, it is evident, could not be effected without 
a corresponding extension of the cornea ; an effect which the 
strength and thickness of that coat, compared with that of the 
muscles by which such a motion is to be effected, render in the 
highest degree improbable. 

The most plausible of these opinions is that which combines 
a change of curvature of the cornea with a change in the 
figure of the entire eye ; an opinion which has been advocated 
by Ramsden and Sir Evcrard Home. According to these 
authors, the recti or straight muscles, which move the eye in 
its orbit, by their simultaneous contraction produce a lateral 
pressure upon the eye, which both elongates it in the direction 
of its axis, and, through the medium of the fluids within, 
forces out the cornea and renders it more convex. To demon- 
strate the existence of the latter effect, Ramsden fixed the 
head of a spectator in such a manner that it could not move ; 
and, having placed a microscope so as to examine the eye in 
profile, he made the wire of the microscope coincide with the 
edge of the cornea while the eye of the spectator was directed to 
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a distant object. The eye of the spectator being then directed 
to some near object, the cornea appeared immediately to pro- 
ject beyond the wire *. 

This experiment, however, is not so decisive as it appears at 
first view ; as the slightest change in the direction of the axis 
of the eye would produce a change in the appearance of the 
cornea as viewed in profile, and make it seem to advance or 
retire. Indeed the experiment recorded by Dr. Young, in his 
valuable Essay on the Mechanism of the Eye •}•, seems to leave 
little doubt that the power of adaptation of the eye to different 
distances does not reside in the cornea. The socket of a small 
lens belonging to a microscope being nearly filled with water, 
the eye was immersed in it so as to be in contact with the 
water throughout the whole of the fore part of its surface, and 
the escape of the fluid prevented by covering the edge of the 
socket, where it was attached to the eye, with wax. The 
cornea being thus in contact with the water, and the fluids on 
either side of it of the same refractive power very nearly, it is 
evident that any change in the curvature of this coat could, 
under these circumstances, produce no change whatever in the 
refraction. Notwithstanding this, Dr. Yoiing found that his 
eye possessed a power of adaptation to different distances 
within the same limits as before. 

The same author concluded, from some observations made 
upon his own eye when confined in the direction of its axis, 
that the power of accommodation to different distances does 
not depend in any manner upon an elongation of the axis of 
the eye. 

According to Dr. Young, the accommodating power resides 
in the crystalline, which he supposes to be susceptible of a 
change of figure, becoming more convex when the eye is di- 



* In the first Memoir published by Sir Everard Home on this 
subject^ he and Mr. Ramsden attributed the entire effect to this 
supposed change of curvature of the cornea. Subsequent experi- 
ments, however, led them to modify this opinion, and to attribute 
only one-third of the effect to this cause, the rest of the adaptation 
being supposed to be effected by the elongation of the axis. 

t Philosophical Transactions for the year 1801. 
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rected to near objects, and again recovering its former shape when 
distant objects are viewed. The regular fibrous structure of 
the crystalline, already mentioned, seems to indicate a muscular 
structure, for which we can hardly suppose any office, if it be 
not employed in some adaptation of this nature. And the 
numerous experiments of Dr. Young upon persons who had 
been couched for the cataract seem to leave little doubt that 
the principal part, if not the whole, of the adaptation in ques- 
tion must be the work of the crystalline ; persons deprived of 
that lens being found, in a great degree, deficient in the power 
of seeing distinctly at different distances. 

Before we leave this subject, it may be observed, that a 
change in the aperture of the pupil tends, as far as it goes, to 
adapt the eye to different distances; the diminution of that 
aperture limiting the breadth of the cone of rays, which converge 
to a point beyond the retina, and therefore diminishing the 
space over which they are diffused there. This change in the 
aperture of the pupil, however, though it may conspire in pro- 
ducing the effect in question, is not sufficiently considerable to 
account for it altogether ; and besides, in these variations, the 
pupil seems to be more affected by the quantity of light than 
by the distance of the object from the eye. 

(296.) This adaptation of the eye to different distances is, 
however, obviously limited; and when the curvature of the 
surfaces, and therefore the power of the eye in its natural 
state, is too great or too small, it may be impossible to adapt it 
to different distances without artificial assistance. Thus, in 
short-sighted persons the curvature of the surfaces of the eye 
is too great, and all rays, except those proceeding from a near 
distance, are brought to a focus before they reach the retina. 
Such persons, therefore, can only see near objects distinctly .> 
The defect is remedied, and the person enabled to see remote 
objects, by the aid of a concave lens, the effect of which is to 
increase the divergence of the incident rays, and therefore fit 
them for being brought to a focus on the retina *. In long- 



• This subject ^vill be considered more fully in the 2d section of 
the following chapter. 
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sighted persons, on the contrary, the curvature of the surfaces 
of the eye is too small, and all pencils, excepting those which 
proceed from very distant objects, converge to a focus behind 
the retina. The vision of such persons is adapted to near 
objects by the use of a convex lens, which diminishes the di- 
vergence, or even gives a convergence to the incident rays, and 
thereby enables the eye to bring them to a focus on the 
retina. This defect of vision is common among aged persons^ 
the cornea becoming flatter with age, and therefore the power 
of the eye diminished. It is always found, too, in those per- 
sons who have undergone the operation of couching for the 
cataract. In this disorder the crystalline lens becomes opaque, 
and the only remedy known consists in removing it, and al- 
lowing its place to be supplied by the aqueous humour : and 
this being of a less refractive power than the crystalline, the 
power of the eye is diminished. 

These defects of vision are often brought on by habit. Thus, 
persons who are accustomed to look much at near objects, as 
engravers, are apt to become short-sighted ; and, on the other 
hand, those whose attention is generally fixed on distant objects, 
as savages who spend the most of their time in the pursuit of 
game, become long-sighted, and are unable to see near objects 
distinctly. This is easily explained. The eye and its attendant 
mechanism being frequently used in one particular state, be- 
come gradually fixed in it, and the power of alteration is lost 
by disuse. 

(297.) The eye, however, though the chief organ of vision, 
does not constitute the whole of the material apparatus by 
which it is performed. In this, as well as in the other senses, 
the nerves connecting the organ with the brain, and the brain 
itself, have each their parts to perform ; and any derangement 
of the nerves or brain is as fatal to the sensation as a mal- 
formation of the organ itself. 

In the case of the eye, the impression produced by the 
images on tl,e retina is communicated to the optic nerve, and 
by means of that to the brain, where, by the laws of our com- 
pound being, it becomes the condition on which the sensation 
of vision is produced in the mind* That these several steps of 
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the process are equally essential to vision is fully established 
by experience. Thus, if through want of transparency in the 
humours of the eye, or any other cause, the image on the retina 
is either imperfectly formed or wholly wanting, the vision will 
be in proportion defective. This is the case in the disease 
called the cataract^ in which the crystalline lens loses its trans- 
parency, and therefore stops either the whole or part of the 
light incident upon it : the image on the retina is thus either 
wholly effaced, or becomes extremely indistinct, and blindness, 
either total or partial, ensues. Again, the humours of the 
eye may perform their functions perfectly, and an accurate 
image be depicted on the retina; and yet, through the in- 
sensibility of the optic nerve or some other cause, the im- 
pression produced on the retina may not be communicated to 
the brain, and thus no vision produced. This is the case in 
a paralysis of the optic nerve, which produces, while it lasts, 
total blindness. 

Thus far, then, do we know with certainty of the material 
part of the process in vision. Attentive physiologists may be 
able to trace it farther ; but, whatever be their discoveries, there 
is one step of the process, in this as well as in every other case 
of perception, which will for ever elude the utmost efforts of 
human sagacity; that, namely, which connects the impression 
made upon the body with the consequent affection of mind. 
Negatively, indeed, we know that the former cannot be the 
cause of the latter, although in our present state it is the in- 
dispensable condition on which, by the appointment of the 
Author of our being, the phenomena of mind are developed. 

(^98.) What has been said will enable us to give an answer 
to the question on which much absurd discussion has been 
raised ; namely, why objects appear erect, though their images 
on the retina are inverted? The question, in fact, assumes 
that these images in themselves constitute vision ; whereas, all 
that we know about them in reference to vision is simply this^ 
that the rays diverging from the several points of the object 
are made to converge to corresponding points in the retina, and 
there excite impressions which are communicated, by means of 
the optic nerve, to the brain ; and that the perception thence 
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arising has a regular but inexplicable correspondence with the 
manner in which these rays converge on the retina, or, in other 
words, with the images formed there. 

But further : it is now well ascertained that these perceptions 
of vision do not, directly^ give us any idea of the position or 
even of the existence of external objects. It is true the several 
changes in the latter have corresponding perceptions annexed 
to them, by which we learn to judge of them ; but it is by ex^ 
perience only that we come to know this regular correspondence, 
and learn to conclude, that what affects our sight in such and 
such a manner shall also affect our touch in a corresponding 
manner. This association is formed at so early a period of 
life, that all traces of its formation are quite obliterated ; and 
we conclude that to be an original perception of sight, which is 
only an associated one of touch* From all this it manifestly 
follows that the only thing necessary to enable us to judge of 
the position of external objects by sight is, that there should be 
a steady correspondence between these positions and the im- 
pressions which the rays proceeding from them produce on the 
retina. 

(299.) On the same principles we may solve the question, 
why, as there is an image formed in each eye, we do not see 
two objects instead of one. The explanation of this is so 
clearly given by Mr. Herschel ♦, that we cannot do better than 
quote his words. 

** As we have two eyes, and a separate image of every ex- 
ternal object is formed in each, it may be asked, why do we not 
see double ? and to some the question has appeared to present 
much difficulty. To us it appears, that we might with equal 
reason ask, why — ^having two hands, and five fingers on each, 
all endowed with equal sensibility of touch and equal apUtude 
to discern objects by that sense — we do not feel decuple f The 
answer is the same in both cases : it is a matter of habit. Habit 
alone teaches us that the sensations of sight correspond to any 
thing external, and to what they correspond. An object (a 
small globe or wafer suppose) is before us on a table ; we direct 



* Encyclopaidia Mctropolitana, Part 19. 
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our eyes to it, i. r. we bring its images on both retinas to those 
parts which habit has ascertained to be the most sensible and 
best situated for seeing distinctly; and having always found 
that in such circumstances the object producing the sensation 
b one and the same, the idea of unity in the object becomes 
irresistibly associated with the impression. But while looking 
at the globe, squeeze the upper part of one eye downwards, by 
pressing on the eyelid with the finger, and thereby forcibly 
throw the image on another part of the retina of that eye, and 
double vision is immediately produced, two globes or two 
wafers being distinctly seen, which appear to recede from each 
other as the pressure is stronger, or approach, and 6nally blend 
into one, as it is relieved. The same effect may be produced 
without pressure, by directing the eyes to a point nearer to or 
farther from them than the wafer ; the optic axes in this case 
being both directed away from the object seen. When the 
eyes are in a state of perfect rest, their axes are usually parallel, 
or a little diverging. In this state all near objects are seen 
double ; but the slightest effect of attention causes their images 
to coalesce immediately. Those who have one eye distorted by 
a blow see double, till habit has taught them anew to see 
single, though the distortion of the optic axis subsists. 

" The case is exactly the same with the sense of touch. Lay 
hands on the globe, and handle it. It is one: nothing can be 
more irresistible than this conviction. Place it between the 
first and second fingers of the right hand in their natural 
position. The right side of the first and left of the second 
finger feel opposite convexities; but as habit has always taught 
us that two convexities so felt belong to one and the same 
spherical surface, we never hesitate or question the identity of 
the globe, or the unity of the sensation. Now cross the two 
fingers, bringing the second over the first, and place the globe 
on the table in the fork between them, so as to feel the left 
side of the globe with the right side of the second finger, and 
the right with the left of the first. In this state of things the 
impression is equally irresistible, that we have two globes in 
contact with the fingers ; especially if the eyes be shut, and the 
fingers placed on it by another person. A pea is a very proper 
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object for this experiment. The illusion is equally strong 
when the two forefingers of both hands are crossed, and the 
pea placed between them. 

" Such is, undoubtedly, a sufficient explanation of single 
vision with two eyes ; yet Dr. Wollaston has rendered it pro- 
bable that a physiological cause has also some share in pro- 
ducing the effect, and that a semi-decussation of the optic 
nerves takes place immediately on their quitting the brain, 
half of each nerve going to each eye, the right half of each 
retina consisting wholly of fibres of one nerve, and the left 
wholly of the other, so that all images of objects out of the 
optic axis are perceived by one and the same nerve in both 
eyes, and thus a powerful sympathy and perfect unison kept 
up between them, independent of the mere influence of habit. 
Immediately in the optic axis^ it is probable that the fibres of 
both nerves are commingled ; and this may account for the 
greater acuteness and certainty of vision in this part of the 
eye.'' 
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OF VISION THROUGH A SINGLE LENS. 



I. 

General Principles of Vision through a single Lens. 

(300.) It is required to determine the vistuxl angle under 
which an object is seen through a lens. 

Let m and nJ denote the linear magnitudes of the object 
and its image formed by the lens, a and ci their distances from 
the lens : then (195.) 

a' 
a 

But the distance of the image from the eye is equal to the 
sum of the distances of the image from the lens, and of the eye 
from the same, or = a^ + d, d denoting the distance of the eye 
from the lens. Wherefore, if 9 denote the visual angle, 



tan. 9 = 



tn! m 



a' + d 



»(-vy 



The eye is necessarily always at the side of the lens remote 

Jrom the incident light : when, therefore, the image is at the 

same side, or a' negative (which is always the case when there 

is a real image), there is no limit to the increase of the visual 

angle dependent upon the position of the eye ; for the value of 

m 
tan. 9, which in this case is — -r -rr-, may be increased in- 
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definitely by making d more and more nearly equal to a'. 
The nature of vision, however, imposes a limit, the eye not 
being capable of distinct visio7i when the rays diverge from a 
point nearer than a certain distance. If the eye be placed at 
this distance from the image, we have d — a^ = \ X denoting 
the leizst distance of distinct vision^ which is for most eyes 
about six inches ; and the tangent of the greatest visual angle 
will be 

- ma! 

tan. 9 = : . 

A a 

The object in this case will appear inverted, as is evident from 
the negative sign. 

When a' is positive, or the image at the side of the lens 
towards the incident light, the visual angle will be greatest 
when d = ; that is, when the eye is close to the lens. In this 
case the tangent of the visual angle becomes 

tan. 9 = — ; 
a 

from which it appears that the angle in this case is equal to 
that which the object subtends at the lens, as is otherwise evi- 
dent. Such is the greatest value of the visual angle dependent 
on the position of the eye; a value which may be increased inde- 
finitely by diminishing a, the distance of the object from the 
lens. For distinct vision, however, there is a limit to the dimi- 
nution of a, and therefore to the increase of the visual angle. 
For, since the eye is at the lens, a', the distance of the image 
from the lens, cannot be less than A the least distance of distinct 

vision. Accordingly the greatest value of — is — , and there- 

a A 

fore the greatest value of — ( = -7 — ttjis 7:. Hence 

the greatest visual angle under which the object can be seen 
distinctly, in this case, is determined by the equation 

tan. 9 = ml 7-1. 

\^ // 

In concave lenses, in which /is positive (167.), this is always 
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less than — , the tangent of the greatest angle under which the 

object can be seen distinctly by the naked eye; in convex 
lenses^y* being negative, it is always greater : and in either case 
the ratio of these tangents, or the magnifying power^ is 

A 

'-7- 

(301.) In order to see, generally, in what manner the visual 
angle varies with the varying position of the eye and of the 
object, let us substitute, in the general expression of tan. ^, for 

—r its value h -?-, and we find 

tan. = 



, ad' 



Hence, when the object coincides with the principal focus of 
rays proceeding in the opposite direction, a = — y, and there- 
fore tan. = TT, a constant quantity. Again : when the 

eye coincides with the principal focus of rays coming in the 
opposite direction, d = — ^ and therefore tan. d = -^ ; 

the same as before. Accordingly, the object being at the prin- 
cipal focus, the apparent magnitude does not vary with the 
position of the eye ; and the eye being at the principal focus, 
the apparent magnitude does not alter with the position of the 
object; the apparent magnitude in either case being equal to 
that under which the object would appear at a distance equal 
to the focal length of the lens. 

When the object coincides with the lens, a = 0, and 

m 
tan. = -T. And when the eye coincides with the lens, 

d = 0, and tan. = — . When, therefore, the object or the 
eye is brought up to the lens, the apparent magnitude is equal 
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to that under which the object would appear to the naked 
eye. 

(302.) But, whatever be the magnitude and position of the 
object, and whatever the power of the lens through which it is 
viewed, the extent of the greatest visual angle will be neces- 
sarily limited by the aperture of the lens, the tangent of that 
angle when greatest being equal to 

A 

A denoting the semi-aperture of the lens. The greatest linear 
extent of an object, visible through a lens in any position, may 
be called the Jield of view. Its magnitude is at once ascer- 
tained by equating the general value of the tangent of the 
visual angle to this its greatest value; by which means we 
obtain the greatest value of tn^ namely. 

The linear extent of the field of view, therefore, varies ccet.'par. 
as the aperture of the lens. 

When the object is in the principal focus of rays coming in 

/ 
the opposite direction, a = — yj and m = — ^ ^' When the 

eye is in the principal focus of rays proceeding in the opposite 
direction, d =—/, and m = a. In this latter case, therefore, 
the linear extent of the field is equal to the semi-aperture of 
the lens, whatever be the position of the object. 

When the object coincides with the lens, or a = 0, it is 
evident that the preceding value of the field is reduced to 
m =^ a; so that the linear extent of the field, in this case, is 
independent of the position of the eye. On the other hand, 
when the eye coincides with the lens, c? = 0, and the field is 
infinitely great, as is otherwise evident. 

(303.) The apparent brightness of an object, seen through a 
lens, is equal to that of the object seen by the naked eye, on the 
supposition that no light is lost in its passage through the lens. 

For the quantity of light incident upon the pupil of the eye, 
diverging from any point of the image, is to that incident upon 
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the same, diverging from the corresponding point of the object, 
in the inverse ratio of the squares of the distances of the image 
and object from the eye. The quantities of light, therefore, in- 
cident upon the pupil, diverging from the entire object and 
image, are as their areas directly, and inversely as the squares 
of their distances ; that is, as the squares of the angles which 
they subtend to the eye, their areas being as the squares of 
their linear magnitudes. But the spaces occupied by their 
images on the retina are in the same ratio ; and therefore, the 
quantities of light in their respective images on the retina being 
as the spaces over which it is diffused there, the density of the 
light in these images, or their apparent brightness, will be the 
same. 

There will always, however, be some light lost in its passage 
through the lens, which will occasion the brightness of the 
object seen through it to be somewhat less than that of the 
same object seen by the naked eye; and this loss of light will 
increase with the thickness of the lens, so as to produce a very 
sensible difference in the brightness of an object seen through 
a thick and through a thin lens. 

In the foregoing reasoning it has been assumed that the 
aperture of the lens is sufficiently large, that the cones or cy- 
linders of rays proceeding from each point of the image shall 
fill the pupil of the eye. When this is not the case, the quan- 
tity of light, and therefore the brightness, will be evidently 
diminished in the ratio of the area of the pupil to that of the 
section of the cone or cylinder. Now the linear section of the 
cone of rays diverging from any point of the image (at the 
place of the eye), is to the aperture of the lens, as the distance 
of the eye from the image to that of the lens from the same ; 
that is, in the ratio of rf + a' : a'. Wherefore, if a' denote the 
semi-diameter of this section, 



"=<'+F> 



When this quantity, therefore, is less than the semi-aperture of 
the pupil, the brightness of the object seen through the lens is 
less than that of the same object seen by the naked eye, in the 
duplicate ratio. 
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When the image is infinitely distant, or the emergent rays 
parallel, a' = a ; and the brightness of the object, seen through 
the lens, is less than that of the same object to the naked eye, 
in the duplicate ratio of the aperture of the lens to that of the 
pupil ; as long as the former is less than the latter. 



II. 

^ Of Spectacle-Glasses and Reading-Glasses, 

(304.) The distinctness of objects seen by the naked eye 
depends chiefly on the accurate convergence of the rays of each 
pencil to as many distinct points on the retina ; and the eye, 
we have seen (294. 5.), is furnished with an organization by 
means of which it can accommodate the refractions of its sur- 
faces to the distinct vision of objects whose distances vary 
within very wide limits. When, however, the refracting sur- 
faces of the eye are too much or too little curved, this power is 
limited on the one side or the other ; the refraction of the eye 
in the former case being too great for the distinct vision of 
distant objects, the divergence of the rays proceeding from 
which is very small ; and in the latter too small for the distinct 
vision of near objects, from which the divergence is considera- 
ble. These defects, it was soon seen, might be remedied by 
the use of a concave or convex lens, by which we are enabled 
to diminish or increase, as it were, the refracting power of the 
natural instrument ; and accordingly this application of lenses 
was made long previous to the invention of the more com- 
plicated dioptrical combinations*. 

The theory of spectacle-glasses is as simple as their con- 
struction. It is evident that the distance at which we desire 
to see distinctly by the aid of the lens, and that at which we 



* The invention of spectacle-glasses is referred to the year 1290; 
and they were long in use before the accidental combination of two 
of them led to the invention of the telescope. 
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acttudh/ see by the naked eye without effort, must be the con- 
jugate focal distances of the lens before and after refraction 
respectively. Hence, if these distances be denoted by a and a!, 
and the focal length of the lens by^*, we have 

f a' a ' 

by which the focal length of the lens required is known. 

For sTiort'Sighted persons who desire to see distinctly at a 

considerable distance, — =0, very nearly, and therefore 

The lens employed, therefore, must be a concave lens, whose 
focal length is equal to the distance at which such persons can 
see distinctly with the naked eye without effort. 

In the case of hng-sighted persons, on the contrary, the 
distance a\ at which they can see distinctly with the naked eye, 

is very great ; so that — ^ = 0, very nearly, and therefore 

%Jb 

That is, the lens must be convex^ and its focal length equal to 
the distance at which the person desires to see by its assistance. 

(305.) The focal length of the lens being determined, by 
reference to the distance at which objects may be seen distinctly 
by the naked eye without effort, the power of distinct vision 
which it confers is not limited to one particular distance. For, 
if d and I denote any conjugate focal distances, before and after 
refraction by the lens respectively, it is evident that the object 
will be seen distinctly through the lens at any distance, rf, 
whose conjugate focal distance, 3, lies within the limits oiF 
distinct vision to the naked eye ; and these limits of the values 
of 8 being tolerably wide, it is evident that the values of d will 
have a corresponding range determined by the relation which 
subsists between them. 

If the limiting values of h be denoted by 3' and h^y and the 
corresponding values of d by d' and rfp we have 

d^^ b^ r dr^'f 
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When a concave lens is employed to assist a short-sighted 
person,yis taken equal to d', the greatest distance of distinct 
vision to the naked eye; so -that the limiting values of d are 

The range of distinct vision with the lens, therefore, extends 

from an infinite distance to the distance / ' ; the lesser of 

•^ T ' 
these limits being greater than d^, the least distance of distinct 

vision to the naked eye, in the ratio o'i f\f— d^. 

In the case of a long-sighted person , d', the greatest distance 

of distinct vision to the naked eye, is infinite; wherefore, 

changing the sign of y in the preceding equations, since the 

lens employed is convex, we have 

The range of distinct vision extends therefore, in this case, 
from a distance equal to the focal length of the lens to the 

distance ^ \ ; which lesser limit is less than the least di- 

*^ t ; ' . . 

stance of distinct vision to the naked eye in the ratio of 
fxf + 5/ . The magnitude of the range is 

and increases withy; The higher, therefore, the power of 
the lens, or the less its focal length, the less also will be its 
range of distinct vision. 

(806.) When an object is in the principal focus of a convex 
lens, the rays emerge parallel, and are therefore adapted to the 
vision of a long-sighted person. But, the object being brought 
ever so little nearer to the lens, the refracted rays will diverge, 
and it is evident that this divergence may be increased to any 
desired magnitude by approaching the object to the lens. A 
convex lens, therefore, may be employed to assist a near-sighted 
person, as well as one who is far-sighted, in the vision of near 
objects ; and the assistance in this case is rendered by an in- 

u 
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crease of the visual angle, by which the object is exhibited 
enlarged or magnified. 

Such is the common reading-ghiss, which is a convex lens 
of considerable aperture, whose focal length depends upon the 
degree of magnifying power required, and varies, in general, 
between one and two feet. The eye being brought close to the 
lens, the visual angle under which the object is seen is equal 
to that which it subtends to the naked eye (301.) : the object, 
however, being within the limits of distinct vision,, will appear 
magnified as compared with itself when seen distinctly by the 
naked eye. When the image is brought to the least distance 
of distinct vision, in which case the visual angle is greatest, 
the relative magnitudes of the object as seen by the lens, 
and by the naked eye at the least distance of distinct vision, 
will be (800.). 

which therefore expresses the magnifying power. 

(307.) In looking through spectacles when the eye is directed 
to any part of the field remote from the centre, the rays which 
are incident upon the pupil after refraction through the lenses 
pass through the latter with very considerable obliquity ; and 
therefore the marginal parts of the field will be much distorted 
and confused. This obliquity, however, and the consequent 
confusion, will be in a great degree remedied by making the 
inner surfaces of the lenses concave ; and it is obvious that, the 
nearer the curvature of these surfaces approaches to that of 
the cornea, the less will be the obliquity of the marginal pencils. 
Such is the simple principle of Dr. Wollaston's periscopic 
spectacles^ the lenses of which are of the form of the meniscus 
or the concavo^onvex, with their concave surface turned towards 
the eye ; the former being intended for the long-sighted, and 
the latter for the short-sighted person. Where extent of field 
is required, as in the open air, this form is much to be pre- 
ferred to the common one. When, however, the eye is steadily 
directed to the centre of the field, as in reading, or in the exa- 
mination of any minute object, they are inferior to the common 
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forms, inasiTiuch as the aberration of the central pencils is con- 
siderably increased. 

As the eye requires a greater extent of field laterally than 
vertically, the shape of the lenses of spectacle-glasses is usually 
oval, instead of circular, the greater diameter being horizontal. 

(308.) When the eye is immersed in water, the first and 
most considerable of its refractions is altogether lost. For the 
aqueous humour is of the same refractive power as water, very 
nearly (285.) ; and consequently, the cornea being bounded 
by surfaces which are nearly parallel, the rays will pass from 
water into the aqueous humour without undergoing any re- 
fraction. Hence, the remaining surfaces of the eye being 
unable to complete the refraction, the spectator is immediately 
placed in the condition of a far-sighted person, and will require 
the aid of a powerful convex lens in order to see distinctly. 

The lenses employed by divers, if they be formed of crown- 
glass, and be equi-convex, must have the curvatures of both 
surfaces equal to that of the cornea. For, in order that the 
refraction of such a lens may be equal to that of the cornea, 
which it is intended to supply, the focal length of the lens^ in 
water, must be equal to that of the cornea in air* Now, if fi, 
denote the absolute refractive index of water, and fJ that of 
glass, the relative refractive index from water into glass will be 

— (118.) ; and the focal length of an equi-convex lens of glass^ 
placed in water, will be 



2(1 - ^) 



r' denoting the radius of either surface. But, if r denote the 
radius of the cornea, its focal length is 



A&r 



1-A^- 

And equating these values, according to the condition above 
mentioned, we obtain 



t' = 2- — ^r. 



v2 



992 VISION. 

Now if we substitute for /ft and /x' their values^ and i, the re- 
fractive indices of water and crown-glass respectively, we find 

f^ = r. 

The radius of each sur&ce of the lens, therefore, should be 
about the one-third of an inch ; that being, very nearly, the 
magnitude of the radius of the cornea (S86.). 



III. 

OftJie single Microscope. 

(309.) The great impediment to the vision of minute objects— 
namely, the smallness of the visual angle under which they are 
seen — might appear at first sight to be easily removeable, and to 
any desired extent, by simply diminishing their distance from 
the eye. To this diminution of distance, however, we have 
seen, the nature of vision imposes a limit, the eye being in- 
capable of brining rays to a focus on the retina whose di- 
vergence exceeds a certain magnitude. Accordingly the distance 
determined by this limit is denominated the least distance of 
distinct vision; and the angle, which any small object subtends 
to the eye at that distance, is the greatest angle under which it 
can be seen distinctly by the naked eye. 

If the object be placed, however, in the focus of a convex 
lens, the angle under which it will appear is equal to that which 
it would subtend to the naked eye at a distance equal to the 
focal length of the lens (301.) ; while the rays of the several 
pencils, proceeding from the several points of the object, emerg- 
ing parallel, will be brought to a focus on the retina without 
effort Consequently the object will appear at once distinct, 
and magnified to the same extent as if we were enabled to 
approach it to a distance equal to the focal length of the 
lens. A lens of high power, thus employed, is called a single 
microscope. 
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(310.) The tangent of the visual angle under which the 
object is seen by the aid of such a lens is 

m 

T'" 

m denoting the linear magnitude of the object, and y the focal 
length of the lens (301.). But the tangent of the angle which 
the object would subtend to the naked eye, at the least distance 
of distinct vision, is 

m 

«>— _^_ • 

and the ratio of these tangents, which, the angles being small, 
is nearly equal to that of the angles themselves, and is there- 
fore the measure of the magnifying power, is 

T 

Accordingly the magnifying power is increased by dimi. 
nishing the focal length of the lens, or increasing its power. 
The focal lengths of lenses, fitted up as single microscopes, 
are usually 14^ inch, 1 inch, ^9 79 *rW> 75* ^^ ^^ m<A\. In ex- 
amining minerals or flowers a high power is not required, and 
accordingly the focal lengths of the lenses which are employed 
in the botanical or mineralogical microscope are seldom less 
than ^th of an inch. For various other purposes, however, it 
is desirable to obtain as high a power as possible ; but, when 
a higher power is sought than that furnished by a lens of 
-^Vth of an inch focal distance, it is usual to employ, instead 
of lenses, small spherules of glass ; the construction of the latter 
being easier than that of the former, when the curvature is 
considerable. 

(311.) The substitution of small glass spherules for lenses 
was first suggested by Dr. Hooke, who describes the method 
of their construction in his Micographia^ published in the year 
1665. They are attended with this disadvantage — that their 
distance from the object examined is necessarily much less than 
in a lens of equivalent power. For the distance of the prindpal 
focus of a glass sphere from its surface is equal to half the ra- 
dius (165.), and is therefore one-third of its focal length mea^^ 
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sured from the centre ; wherefore, neglecting the thickness of 
the lens, the distance of an object in its principal focus from its 
surface is three times as great as the corresponding distance in 
the sphere of equivalent power. On account of the smallness 
of this distance, the object is liable to be touched, and therefore 
in many cases to be destroyed, in adjusting the spherule to 
distinct vision ; while, in the examination of moist objects, 
which require a thin plate of glass or talc to be interposed 
between them and the lens, in order to prevent the evapora- 
tion from interfering with the vision, the spherule becomes 
utterly useless when of high power. 

The most powerful spherules ever made were those sent to 
the Royal Society by Di Torre, of Naples. One of these is 
said to be the xir^rth of an inch in diameter; and its focal length, 
therefore, is equal to the -^It ^^ *^ inch. The available power 
of the single microscope, however, seems to be limited by the 
constitution of the eye. It was observed by Huyghens, and 
since fully confirmed by the observations of others, that the vision 
will be imperfect if the diameter of the cylindrule of rays, which 
are incident upon the eye emerging from a lens of any kind, falls 
below a certain limit, which he has fixed at the -7^ of an inch. 
But the diameter of this cylindrule of rays is equal to the aper- 
ture of the lens or spherule : this aperture then must not be 
less than the -^ of an inch, even supposing the whole of it to 
be effective ; and therefore the focal length of a glass spherule, 
which is equal to three-fourths of its diameter, cannot be less 
than the -g^th, or, in round numbers, the T^^r^h of an inch. 

Another disadvantage, attendant on the employment of 
lenses or spherules of small aperture and high power, is the 
want of sufficient brightness. 

When an object is placed in the focus of a lens or spherule, 
the breadth of the cylinder of rays, proceeding from each point 
of the image, is equal to the aperture of the lens; and, when 
that aperture is less than that of the pupil of the eye, the ap- 
parent brightness of the object, seen through the lens, is less 
than tliat of the same object seen by the naked eye, in the du- 
plicate ratio of that aperture to that of the pupil (303.). The 
apparent brightness, therefore, decreases as the square of the 
aperture; and, when the aperture is very small, becomes so 



SINGLE MICKOSCOFE. S95 

inconsiderable as to require the object to be strongly illumi- 
nated. 

As the aperture increases, the brightness increases in the 
duplicate ratio, up to a certain limit, at which it arrives when 
the aperture of the lens becomes equal to that of* the pupil. 
The apparent brightness then becomes equal to that of the 
object seen by the naked eye, and cannot be increased by any 
further increase of aperture. 

(312.) The confusion of vision, arising from spherical aber- 
ration, is measured by the area of the circle of aberration in 
the image on the retina. Now the diameter of this circle is 
proportional to the angle which the diameter of the least circle 
of aberration, in the image formed by the lens, subtends to the 
eye, or at the lens q. p. ; and, if this angle be denoted by «, 
we have (190.) 

in which a denotes the semi-aperture of the lens, and k the 
coefficient of the square of that quantity in the expression of 
dot! (173.). But, ccet par,^ k is proportional to the cube of the 
power of the lens : for, if the ratio of the curvatures of the 
surfaces of the lens be denoted by m, that is, if ^ = tn/, we 
have (156.) 

?= (^- IXm-lV = (/* -l)(l - -1)^; 

and these values of ^ and ^ being substituted in the expression 
for da' (173.), it is evident that the result will be of the form 
da' = Lp^A*5 L being a function of /£» and »i, whose magni- 
tude depends accordingly on the particular form and material 
of the lens. We have therefore 

K=L^^=-^, and f = ^L^y-j. 

Hence the diameter of the circle of aberration on the retina, 
which is measured by g, is proportional, cast par.^ to the cube 
of the quotient of the aperture divided by the focal length of 
the lens. And therefore, in order that lenses similar in form. 
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aiid of the same material, may exhibit objects with equal 
distinctness, their apertures must be as their focal lengths. 

When the aperture and focal length of the lens are given, 
the confusion arising from spherical aberration will depend 
upon the magnitude of the coefficient l, which we have seen 
depends upon the material of which tlie lens is composed and 
upon its form. Thus it appears from (17^. 173.), that when 
the lens is a plano-convex of crown-glass, having its plane 
side turned towards the object, the value of l is ^. In a 
plano-convex of the same material, but turned in the opposite 
direction, it is equal to |. And in the equi-convex lens of the 
same substance it 4s -f-. Of the three forms, therefore, the best 
is the plano-convex having its plane side turned towards the 
object'; the aberration of the lens in this position being less 
than when turned the opposite way in the ratio of 7 to S^. 

The best form, however, or that in which the aberration is 
a minimum, is the crossed lens with its less curved surface 
turned towards the object (175.). When this lens is formed 
of crown-glass, we have seen the radii of its surfaces are in the 
ratio of 1 to 6 ; and the value of l becomes equal to 4^9 which 
is less than that of the plano-convex in its best position in the 
ratio of 45 to 49* The aberration of the latter, accordingly, 
exceeds that of the lens of best form by the -jVth part of the 
whole only ; and, as it is much easier of construction, it is the 
usual form of lenses fitted up for the single microscope, unless 
where high power is required, in which case the equi-convex 
is that generally employed. 

(313.) The aberration of the central pencil may be further 
diminished, or even altogether destroyed, by combining two or 
more lenses together of suitable forms. Thus : if two plano- 
convex lenses of equal focal lengths be placed in contact, with 
their plane sides outwards, the aberration will be ^-ths of the 
single equivalent plano-convex lens, and |.ths of the aberration 
of the equivalent lens of best form ; as will readily appear on 
making the proper substitutions in the formulae of (171), (183.). 
Two lenses in contact, however, may be rendered completely 
aplanatic, as far as the central pencil is concerned, by a proper 
adjustment of the curvatures of their surfaces. The deter- 
mination of the forms of two lenses, which form an aplanatic 
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combination when placed in contact, is given in the equations 
of (185.) ; in which we have only to introduce the condition of 
the parallelism of the emergent pencil. The general equations 
are simplified when the lenses are of the same material, as 
is generally the case in combinations of this kind, the constants 
depending upon the refractive index being the same for both 
lenses. We leave the development of these equations to the 
reader; and shall merely observe that the form of one of 
the lenses is altogether arbitrary, there being two arbitrary 
quantities in the equation of condition. If the lens next the 
eye be assumed of the bestjbrm^ as in the combinations pro- 
posed by Mr. Herschel, the other will be found to be a deep 
meniscus with its concave surface next the object. Such a 
combination has been found to perform exceedingly well when 
employed as the object-glass of the compound microscope. 

(314.) The errors of form are of a more various and com- 
plicated nature in their effect on those pencils which pass 
through the lens excentrically : such as, in fact, are all the 
pencils which reach the eye proceeding from any part of the 
field but its centre. There will be a distortion of the mar- 
ginal parts of the field, arising from a difierence in the inclina- 
tion of the emergent pencils to the axis. There will be an tn- 
distinctness either at the margin or at the centre of the field, 
resulting from the impossibility of adjusting both to such a 
distance from the lens, as will ensure the parallelism of the 
emergent pencils for all parts of the field. And, finally, from 
this difierence in the vergency of the pencils proceeding from 
the centre and from the edges of the field, the field of view will 
appear to be convex instead of flat ; the pencils proceeding 
from the central parts emerging divergent, when those which 
proceed from the margin of the field emerge parallel. 

In lenses of very small aperture these errors are inconsider- 
able and may be disregarded. When the objects to be exa- 
mined, however, are at all large, larger apertures are required, 
and the errors of which we have been speaking become of such 
magnitude as to demand our attention. They may be cor- 
rected, severally, by combining two or more lenses of proper 
forms; but as the combination, which diminishes one source 
of error, frequently enlarges another, it will be simpler and 
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more effective in practice to correct all by diminishing the 
aperture of the lens, provided such a diminution can be ren- 
dered compatible with a sufficient extent of field. Now this 
object is attained in the periscopic lenses invented by Dr. 
WoUaston, which have been already noticed (290.). They 
are composed of two plano-convex lenses united together at 
their plane sides^ between which a thin plate of brass is inter- 
posed, having a small circular aperture in its centre. In this 
construction it is evident a considerable field of view is pre- 
served, while at the same time all the advantages of diminished 
aperture, in correcting the aberration both of the central and 
excentrical pencils, are obtained. The diameter of the aperture 
which Dr. WoUaston found to be most convenient was one-fifth 
of the focal length of the compound lens. 

In order to remedy the loss of light which is produced by 
doubling the number of surfaces, Dr. Brewster proposed to fill 
the aperture with some fluid, such as oil of turpentine or Ca- 
nada balsam, which is nearly of the same refractive power as 
the glass. The same effect, as this author has observed, 
may be more perfectly attained by cutting a groove in a sphere 
or thick double-convex lens of glass, so as to leave in the centre 
a circular portion equal to the proposed aperture. When a 
sphere is employed, either in this form or constructed of two 
hemispheres with an interposed diaphragm, it has this further 
advantage — that the rays of all the pencils, as well from the 
marginal parts of the field as from its centre, pass through the 
refracting surfaces perpendicularly, or nearly so, so that the 
errors of oblique incidence are almost entirely corrected. 

(315.) It remains to say a few words on the employment of 
other transparent substances in the construction of the lenses of 
single microscopes. 

It is evident that if a lens could be formed of any perfectly 
transparent substance, which combined a high refractive power 
with a moderate dispersive power, it would possess a great ad- 
vantage over those in common use. For, the greater the 
refractive power of the substance, the less will be the curva- 
tures necessary to produce a given refraction ; and the less, 
accordingly, will be the errors of figure as well in the excen- 
trical as in the central pencils. Now the property above men- 
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tioned is possessed in a high degree by the diamond and by most 
of the precious stones; and therefore these substances, if 
formed into lenses, might be expected to perform with an ac- 
curacy far superior to the common lenses of glass. A few years 
since, accordingly, Mr. Pritchard undertook, at the suggestion 
of Dr. Goring, who has bestowed much attention on the im- 
provement of microscopes, to construct a lens of diamond. 
The difficulties which he had to overcome in working this hard 
substance were very considerable : he at length, however, suc- 
ceeded, and the first diamond microscope was finished in the 
year 1826. The focal length of this lens, which was double 
convex, was about the ^^th of an inch. 

It will be easy to estimate the extent of the advantage thus 
gained. When an object is placed in the focus of a plano- 
convex lens, having its plane surface naxt the object, the value 
of L, the coefficient of the angle of aberration, is (172, 173.) 

_ p>^ - 2|xg 4- 2 
^^ 2^(^-1)^- 

Now when the lens is of crcywn-glasSj in which At = 4 nearly, 
the value of l is ^ ; while in a diamond lens, in which the 
index of refraction /* = 1 nearly, l = +1. = |i nearly ♦. So 
that the aberration in the latter case is less than in the former 
in the ratio of 8 to 21 ; and the confusion of vision thence 
arising, which is proportional to the area of the circle of aber- 
ration on the retina or to the square of the angle of aberration, 
will be less in the ratio of 1 to 7 nearly. 

The same artist has constructed lenses of the other precious 
stones; but none of them seemed to be so well fitted for this 
purpose as the diamond and the sapphire, many of the others 
producing a second image by their property of double re- 
fraction. The refractive index of sapphire is about 1.8 ; and 
substituting this value for ju. in the value of l, it is found to be 



* The aberration may be further reduced to nearly one-half of 
this quantity, by making the lens o£ best form; which in this case 
is a meniscus having its concave surface next the object, the radii of 
its surfaces being in the ratio of 2 to 5 (175.). 
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equal to 4|^, or equal to ^ nearly. Hence the aberration of 
a plano-convex lens of this substance is one-half of that of the 
equivalent lens of crown-glass. This mineral possesses the 
further advantage of having a very low dispersive power, its 
dispersive index being == ,026 only ; which is but half that of 
the more dispersive kinds of flint-glass. The chromatic aber- 
ration, therefore, is proportionally reduced. The facility of 
working this substance also, as compared with the diamond, 
renders its construction far less expensive. 

(316.) A convenient microscope for temporary purposes may 
be readily constructed by perforating a thin plate of brass, and 
inserting a drop of water in the aperture. The edges of this 
aperture are to be made as thin as possible, in order that the 
fluid may assume the requisite form, which will be that of a 
double convex lens. Aj[i instrument of still simpler construction 
is suggested by Dr. Brewster : it consists merely of a drop of 
some transparent fluid, such as Canada balsam or turpentine 
varnish, upon a thin plate of glass whose surfaces are exactly 
parallel. A plano-convex lens will thus be formed whose 
curvature, and therefore its focal length, will vary with the 
position of the drop with respect to the plate; the curvature 
being greatest when the drop is vertically beneath the plate. 
The former of these substances will soon harden, and, if pre- 
served from dust, continue perfect for a considerable ttme. 
Dr. Brewster has formed lenses in this manner, which he has 
employed with advantage both as the object-lenses and eye- 
lenses of a compound microscope. 
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CHAPTER III. 



OF VISION THROUGH ANY COMBINATION OF LENSES. 



I. 

General Principles of Vision through any Combination of 

Lenses. 

(317.) In tracing the progress of light through any system 
of lenses, two things are to be attended to. Ist^ The course of 
a pencil of rays diverging from any one point of the object. 
The several foci of this pencil determine the places of the several 
images of the object. Sdly, The course of the ctxes of these several 
pencils. These axes, all passing through the centre of the 
object-glass, or first lens of the system, may be considered as 
constituting a pencil of rays flowing from that centre ; and, 
consequently, an image of the object-glass will be formed at its 
several foci. The extreme rays of this pencil of axes deter- 
mine the field of view, the effective apertures of the several 
lenses after the first, and the visual angle ; and, finally, the 
last focus of this pencil is the point at which the eye must 
be placed so as to receive the entire extent of the field. 

(318.) It is required to determine the foci of a pencil of rays 
proceeding from any one point of the objecti or the places of 
the several images. 

Let^ y, f"^ &c.y <*»^, denote the focal lengths of the several 
lenses composing the system, and e, ^, ^', &c. e^*^^\ the suc- 
cessive intervals between them ; also, let a and b denote the 
conjugate focal distances of the first lens, d and V those of the 
second, &c., and a^**) and b^^^ those of the last, or (n + l)tfa 
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lens. Then from (168.) we learn that these quantities are con- 
nected by the equations 

b " a'^ f b " d "^/'' 6(«)~ «<«)+/(»)» 

a^ z^b + e, a" = V + e', &c. «•'»> = 6<'^'> + e^«-'L 

By elimination among these equations we shall obtidn suc- 
cessively 6, ff, &c. U"^ ; and therefore the places of the several 
images, real or virtual. 

In order that the object may be seen distinctly through the 
combination, the emergent rays must fall upon the eye 
with such a degree of divergence as is best suited to distinct 
vision. Hence, as the eyes of most persons are adapted 
to bring parallel rays to a focus on the retina without effort, 
it is usual to adjust all combinations of lenses, intended 
for optical instruments, in such a manner that the rays of each 
pencil may emerge parallel, or, in other words, that the last 

: ... 1 

image may be infinitely distant. Hence jr^ = 0, and the last 

equation of the first series is reduced to 

And if we eliminate ft, a', y, &c. «<">, from the preceding equa^ 
tions, the resulting equation will express the condition which 
must be fulfilled by the distance of the object, the focal lengths 
and intervals of the lenses, so that the combination may be 
adapted to distinct vision. 

When the combination is intended for the examination of 

very distant objects, — = ; and the first equation of the 
first series is reduced to 

(319*) In order to determine the visiujU angle under which 
an object is seen through the system, let denote the angle 
which the axis of the extreme pencil makes with the common 
axis of the system at its first intersection, namely, at the centre 
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of the object-glass ; and e', 0'', &c. 0^*'\ the angles which it 
makes with the same after refraction by the second, third, &c. 
{n + l)th lenses, respectively. Also, let d and d' denote the 
distances (measured from the second lens) of the intersections 
of this axis with the common axis of the system, before and 
after refraction by the second lens ; d' and d", d" and d!"y &c. 
d^^ and d^^^ the analogous quantities for the third, fourth^ &c. 
(n + l)th lenses respectively ; then we have 

tan. 6^ _ d tan. 6" _ d^ tan. e<»^ _ e<"> 

ten. 6 "■ "J' tan. ^ " W ten. 0(«-i) "" </<")' 

And multiplying these equations together, and denoting the 

It is evident from what has been said (317.) that d and (f, 
c/' and d", &c. c'"^ and d^*^\ are conjugate focal distences to the 
several lenses, after the first or object-lens ; and therefore that 
the relations amongst them will be given by the equations 

d^e, c" = d' + d, &c. ct") = d[<«-i) + d'^^K 

d d' 
And if, by means of these equations, we eliminate -^, -^j, &c. 

from the value off, we shall have the ratio of the tengenls 
of the visual angles expressed in terms of the focal lengths of 
the lenses and of the intervals between them. 

The value of ^ , thus obtained, is independent of any relation 
whatever amongst the focal lengths and intervals of the lenses. 
When, therefore, the combination is intended for optical pur- 
poses, it is necessary to introduce in the value of ^ the relation 
amongst these quantities involved in the condition of distinct 
vision (318.). 

The object seen through the combination will appear erect 
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or inverted, according as d and 0<^), the angles which the axis 
of the extreme pendi makes with the axis of the system before 
and after refraction respectively, are of the same or of opposite 
signs ; these angles being measured from the portion of the axis 
extending towards the incident light* Accordingly the po- 
sition of the object, as seen through the instrument, will be 
determined by the sign of ^, being erect when § is positive^ 
inverted when negative. 

(3S0.) In instruments intended for the vision of very distant 
objects, the magnifying power is estimated by the ratio which 
the visual angle, under which the object is seen by the md 
of the instrument, bears to that which it subtends to the naked 

eye at its actiial distance ; that is, by — ; since 0, the angle 

which the object subtends at the centre of the object-glass, is 
q, p. equal to that which it subtends to the naked eye. Where- 
fore, if we substitute the ratio of the tangents of these angles 
for that of the angles themselves (these ratios being q.p. equal 
when the angles are small), and denote the magnifying power 
by M, we have 

M = p. 

In estimating the magnifying power of instruments intended 
for the examination of near objects, it is usual to compare the 
visual angle, under which the object is seen by the aid of the 
instrument, with that under which it appears to the naked eye 
at the lea^t distance of distinct vision. Now the tangent of 
this latter angle is equal to 

— tan. 6, 

A 

a being the distance of the object from the object-glass, and 
the least distance of distinct vision ; and the ratio of the 

A tan. 0^**^ A 
tangents of the angles compared is — . - — — = — f . And, 

substituting this ratio of the tangents of the angles for that of 
tlie angles themselves, we have 

A 

M = — P. 

a 
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(321.) In order to determine the magnifying power of a 
given telescope in practice, by means of the preceding equa- 
tions, it becomes necessary to measure with accuracy the in- 
tervals between the several lenses and their focal lengths; and, 
this being attended with much diiBculty, it is usual in practice 
to have recourse to some independent method of determining it 
by observation. The method usually employed for this pur- 
pose is as follows : a circular aperture, about an inch in dia* 
meter, is cut in a blackened card, and in another card a rect- 
angular aperture is made whose breadth is exactly equal to the 
diameter of the former. The circular aperture then, being 
placed between the eye and the sky at the distance of one or 
two hundred yards, is viewed with one eye through the telescope; 
while with the other the rectangular aperture is viewed di- 
rectly : this latter is then moved until them agnified image of 
the circle appears exactly to fill the breadth of the rectangle ; 
and, the distances of the two cards being then measured, the 
quotient of the former by the latter will evidently be the mag- 
nifying power of the instrument, 

A very simple and elegant method of obtaining the mag- 
nifying power of a telescope in practice is suggested by the 
value of p given above. For it is evident, on comparing that 
value with the result of (19Q.), that g is equal to the ratio 
which the linear magnitude of the object-glass bears to that of 
its last image, which is formed beyond the eye-glass at the in- 
tersection of the axis of the extreme pencil with the common 
axis of the lenses. Observing, therefore, the diameter of this 
image, and dividing by it the diameter of the object-glass 
already known, we shall have at once the magnifying power. 

The diameter of this image may be measured by means of 
a thin plate of horn or mother-pearl, on which a fine scale of 
equal parts is drawn. This scale being brought to coincide 
with the image will give at once its diameter. When greater 
accuracy is sought, the diameter of the image may be mea- 
sured by means of a double image micrometer. Such is the 
instrument invented by Ramsden, and which, from its ap- 
plication, has been called a dynameter. It is obvious that 
it cannot be applied to Galileo's telescope, or to any instru- 

X 
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mcnt in which the axes of the extreme pencils dkverge at 
emergence. 

(922.) We now proceed to compare the quantity of light 
and the brightness of the image of an object, seen through any 
combination of lenses, with tliose of the image of the same 
object seen directly. 

The quantity of light incident from any distant object upon 
the object-glass is to that which falls from the same object upon 
the pupil of the eye in the ratio of the areas of the surfaces, 
that is, as A* to a^ ; A and a denoting the diameters of the 
objectrglass and of the pupil respectively. Hence the quantity 

of light iiKudent upon the object-glass is equal to f — j , that 

which falls upon the pupil being unity; and, iftn denote the 
ratio which the transmitted bears to the incident light, afler 
passing through the combination, the quantity of light in the 
image of the object, seen through the system, will be 



m 



(0- 



the quantity of light in the image on the retina of the naked 
eye being unity. 

On the magnitude of this ratio depends what Sir William 
Herschel has called the telescopic power of penetrating space. 
In different telescopes, therefore, this power varies cat. par. as 
the areas of the object-glasses. 

When the combination is employed for the vision of near 
objects, the quantity of light received through it is to be com- 
pared with that received by the naked eye at the least distance 
of distinct vision. We must substitute, therefore, for the areas 
of the object-glass and pupil in the preceding investigation, 
these areas divided by the squares of their distances from the 

object, or f — j and ("T") > ^ ^^^ ^ denoting as before 

(320.). The ratio, therefore, which the quantity of light in 
the image of a near object, seen through any combination of 
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lenses, bears to that of the image on the retina of the naked 
eye is 

ml — J . 

The ratio above given can never exceed a certain limit de- 
pendent upon the magnifying power of the instrument. This 
limit is attained when 

A 
A 

that is, when — = a, or the last image of the object-glass, 

which is the smallest space into which the emergent rays are 
collected, is equal to the aperture of the pupil. For, when 

— > ^, the smallest space into which the emergent rays are 

collected is greater than the aperture of the pupil ; and all 
the rays which fall without the pupil being lost, in order 
to obtain the effective quantity of light, we must diminish 
the value above given in the ratio of the area of this smallest 
space to that of the aperture of the pupil, that is, in the 

ratio I — J to f. Accordingly, the maximum quantity of 

light in the image of a distant object = mf ; and that in the 

image of a near object :=: ml § — J , that of the image on the 

retina of the naked eye being unity. Or, since m = ^ in the 

former case, and m = ^ — in the latter, the maximum quantity 

Cv 

of light in the image of an object seen through any instrument 
is, generally, 

(3S3.) The apparent brightness is measured by the quan- 
tity of light in the image on the retina divided by the space 
over which it is diffused. Now it is evident that the area of 
the image on the retina, when the object is seen through the 
instrument, is equal to m^, the area of the image on the retina 
of the naked eye being unity. Hence, if we divide the ex« 

x2 



m 
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prcssion of the quantity of the light, in the case of a distant 
object, by ^\ and in the case of a near object by T g — J , the 
quotient in both cases is 

which accordingly expresses the brightness of an object seen 
through any combination of lenses* the brightness of the object 
seen with the naked eye being unity. 

It is evident, from what has been said above, that this value 
can never exceed a certain limit, to which it attains when 
Azz a^; and therefore that the greatest brightness of an object, 
seen through any combination of lenses, is equal to 

that of the object seen by the naked eye being unity. Hence, 
m being less than unity, the brightness of an object seen through 
any combination of lenses is always less than that which it ex- 
hibits to the naked eye ; the former, when greatest, being to 
the latter in the ratio of the transmitted to the incident light. 
In most cases, however, the brightness does not reach this 
limiting value ; since it seldom happens that a is so great as a^, 
except in instruments of small magnifying power. 

(3^) We now proceed to determine the apertures of the 
several lenses, corresponding to a given magnitude of the Jield 
of view. 

a', a", &c. a^**^ denoting the apertures of the several lenses, 
after the first or object lens, it is evident that they are connected 
by the relations 

a' "" d" U^ d"' A<»-*> ^d^'^' • 

And multiplying we have 

a' "" d'' a! " d'd'' "IT "" d-d\ . d<«-*>-' 

Now, if denote the original inclination of the axes by which 
these several apertures are limited, or the given field of view, 
a' = ^0 ; and we have 



1 1 1 


1 1 


1 


1 


/'"d' c" 


/" ~ d>> 


c"' 


/'" 
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a' = a'0, a" = a"©, a'" = a"'©, &C. A^") = a<'»>0; 

in which the coefficients a', a'', a'", &c. are determined by the 
equations 

By these equations the apertures of the several lenses cor- 
responding to a given magnitude of the field of view are deter- 
mined. These may be called the effective apertures. 

From the preceding equations we obtain a remarkable reladon 
connecting the magnifying power, the field of view, and the 
apertures and powers of the several lenses. For, if we multi- 
ply them by the equations, 

-i- JL X. 

each by each, and substitute for e its value c', they become 
/' "dJ ' f' ■" d' \d'' "■ / /'" ■" d'd\d'" "" / 

&C. 

And adding them together, substituting for ' .ii„'* »(^) its 
value ^, and multiplying the result by 0, we obtain 

a' a" a'" a^''^ 

"TT + yvT + yir + 8ic. + J^^ = (f - l)e. 

From this it appears in what manner the field of view is in- 
creased by adding to the number of lenses. It appears also 
that the field is diminished by increa^ng the magnifying power; 
since, ccet, par.^ varies inversely as ^ — I. 

(325.) If the values of the coefficients of the apertures^ 

a', a", a'", &C., obtained in the preceding article, be developed 

. . . d^ d^ 
by eliminating -^, -^, &c. by means of the equations (319.) 

we obtain 
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cl = e, 

Ji = e + ef + -p-, 

&c. 8ic. ; 

by which the apertures of all the lenses, after the first, are de- 
termined in terms of their focal lengths, and of the intervals 
between them. 

If any of the apertures be diminished in any ratio, it is evi- 
dent that the field of view will be proportionally diminished; 
since the coefficients a', a", a!", &c., depending solely on the 
focal lengths and positions of the lenses, will be constant when 
these are given. Hence, when the apertures of the lenses are 
given independently, the field of view, corresponding to each, 
will still be given by the preceding equations ; and it is evident 
that the actual Jield^ visible through the entire system, will be 
the least of the values of thus obtained. Accordingly there 
will be either a loss of field, or a useless extent of aperture, 
when the actual apertures of the several lenses do not agree 
with the effective ; that is, when the actual apertures do not 
fulfil the conditions involved in the preceding equations. 

The field of view of a telescope is easily ascertained prac- 
tically. We have only to direct the instrument to a star at or 
near the equator, and observe the time of its passage across 
the field. The number of seconds in this time, multiplied by 
15, will give the number of seconds in the field of view; since 
a star in the equator has an angular motion of 15" in a second 
of time. 

{8i6.) In order that the eye may receive the entire extent 
of the field, it must be placed at the point in which the axes 
of the extreme pencils intersect the common axis of the lenses 
after emergence ; that is, at the point whose distance from the 
last lens = d^**^ , the value of which is to be obtained by elimi- 
nation among the equations (319.). When the aperture of the 
last lens, however, the magnifying power and the field of view, 
are already known, the value of d^"^ is immediately obtained ; 
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for, G^'*^ being the angle made by the extreme axes at emer- 
gence, we have 

a(») = d(«) 0<«) = d<«) o 0, .-. rf<«) = . 

The eye, it is evident, must always lie at the negative side 
of the eye-glass. Wherefore, when the value of d *^ is posi- 
tive, the eye cannot be placed so as to admit the whole extent 
of the field ; and, to give it its most advantageous position, we 
must place it as close as possible to the eye-glass. In this case 
the effective aperture of the eye-glass is reduced to that of 
the pupil of the eye ; and we must substitute the latter for 
the former in the equations involving the field of view. 



II. 

Of the Astronomical Telescope. 

(327.) If a convex lens be placed so as to receive the rays 
proceeding from a distant object, an image of that object will 
be formed at its principal focus, which may be viewed directly 
by an eye placed beyond it at a distance not less than the least 
distance of distinct vision. 

Let m denote the linear magnitude of this image, and x the 

least distance of distinct vision : the angle which the image will 

PI 
subtend to the eye placed at that distance will be — • But the 

angle which the object subtends at the centre of the lens (or at 
the eye, ?.jp.) is equal to that which its image subtends at the 

same place, with the opposite sign, or to — ^; — ,y denoting the 

focal length of the lens. And the former angle is to the latter 
in the ratio off to X ; or, in other words, the magnifying power 
of the instrument is expressed by the fraction 



312 

Fran wliicli it is evident that diere will be an increase of the 
fisul angle, vbenerer the focal length of the lens is greater 
than the least ditfanrr of datind Tisioo. This may be oon- 
fldered as a t elesco p e in its smpiest fiscm. 

But if, inrtead erf* viewing tins image diiectly, it be viewed 
by means of a seeond convex lens^ placed ata distance from 
that image equal to its own find length, ^9 it will be seen 

tmder an angle equal to ^ (SOI.}, whatever be the position <£ 



the eye; and the ratio of this angle to that whidi the object 
subtends to the unassisted eye, or the magnifying power of the 
combination, is 

Accordingly, when the focal length of the second lens is less 
than the least distance of distinct vision, the magnifying power 
is increased by the addition; and, ance the rays emerge 
parallel, they will be brought to a focus on the retina without 
effort ♦. 

(328.) Such is the common as^onomical telescope^ the con- 
struction of which was first explained by the famous Kepler. 



* If the second lens be brought somewhat nearer to the image 
formed by the first, so that the rays may emerge from it diverging 
from a second image^ whose distance from the lens is equal to X, 
the least distance of distinct vision^ that image will be viewed 
by the eye, placed dose to the lens, under an angle equal to 

m [-— + -jyj (300.) ; and the magnifying power of the combination 

becomes 

In this case, however, the rays are incident upon the eye diverging 
Arom the least distance admitting distinct vision. 
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It consists, accordingly, of two convex lenses, as bc and be in 
the adjoining figure, fixed at the extremities of a tube, at a 




distance equal to the sum of their focal lengths. The lens BO, 
which is turned towards the object, is called the object-glass, 
and has a large aperture and considerable focal length ; that 
turned towards the eye, bcy is called the eye-glass^ and is of 
small aperture and short focal distance. An inverted image of 
the object, ^9, is formed at the common focus of the two lenses. 
By, Ay, and cy, are three rays of a pencil which diverge from 
any one point of the object, and by the refraction of the object- 
glass are made to converge to g, the corresponding point of the 
image. These rays, crossing at this point, are incident upon 
the eye-glass diverging, and by its refraction are made to 
emerge parallel. The ray Aa g, which passes through the centre 
of the object-glass, is the axis of this pencil ; and the ratio of 
the angles, aAa, aga, which it makes with the axis of the lenses 
before and after refraction by the eye-glass respectively, de- 
termines the magnifying power of the telescope. 

Since Aag, the axis of the pencil proceeding from the upper 
part of the object, crosses the axis of vision again at s, and 
therefore proceeds to the upper part of the eye, the image on 
the retina will be erect with respect to the object ; and, con- 
sequently, the object will appear in the opposite position to 
that which it has to the naked eye (288.), or inverted. This 
inversion of the object, as seen through the astronomical tele- 
scope, is also indicated by the negative sign of the magnifying 
power (319.)« 

From what has been said, it is evident in what manner this 
instrument assists the eye in the vision of distant objects. The 
object-glass, being much broader than the pupil, receives a 
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much larger portion of the light flowing from the object than 
the unassisted eye can do, and thus aids the vision by increasing 
the quantity of light. These rays, diverging from the several 
points of the object, are made to converge to the principal 
focus of the object-glass, and form an image there; and the 
eye-glass enables us to view this image under the same visual 
angle as if we approached it to the distance of the focal length 
of that glass, and with all the circumstances necessary for 
distinct vision. 

(329.) If this instrument be employed for the vision of 
nearer objects, the angle which the object subtends at the 

centre of the object-glass = — — =^^-7? \ a and b de- 
noting the distances of the object and image, respectively, from 
the object-glass. Therefore the magnifying power in this case 
will be 



M 



~ f~f\a-f)- 



So that the magnifying power of the telescope is increased by 
accommodating it to nearer objects in the rado of a to a — yi 
The adaptation is performed by increasing the distance of the 
eye-glass from the object-glass, that distance being equal to 
b -f /'. 

For very near objects the focal length of the object-glass 
must be greatly diminished ; for, in order that there should be 
a real image formed by that lens, it is necessary that the 
distance of the object from the object-glass should be greater 
than its focal length. We have thus the construction of the 
compound microscope^ which differs therefore from the astro- 
nomical telescope merely in the use of an object-glass of high 
power. 

(330.) It is evident that the magnifying power of the common 
astronomical telescope is to be increased, either by increasing 
the focal length of the object-glass, or by diminishing that of 
the eye-glass. The latter of these methods, however — namely, 
that of diminishing the focal length or increasing the power of 
the eye-glass — was soon found to be incompatible with the 
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perfection of the instrument, when adopted to any considerable 
extent. For the image in the focus of the object-glass being 
confused by the aberration of that lens, when it is viewed 
through an eye-glass of high power, the confusion will be in- 
creased so much as to render the vision very indistinct. 

To consider this more fully, it is to be observed, that the 
confiLsion or indistinctness of vision will depend upon the mag- 
nitude of the circle of aberration on the retina; the diameter of 
which is proportional to the angle which the diameter of the 
least circle of aberration in the last image subtends to the eye, or 
to the eye-glass, q,p. Now, to determine this angle, let a and J, 
a' and V^ denote the conjugate focal distances to any two lenses, 
A the semi-aperture of the first, and f the radius of the least 
circle of spherical aberration in the image formed by the second; 
then (189.) we have 

a! 2p a' 

S=i-^ kVa\ and .-. -^ = |. y KA^ 

-~- being the angle subtended by the diameter of the least 
circle of aberration at the centre of the second lens. But 



- ^ = (^-J" + (t/"' 



in which x and y! are the coefficients of the square of the aper- 
ture in the values of da! for each of the lenses (181.). Where- 
fore, substituting, the angle of aberration is equal to 

But when the two lenses form a telescope, we have 

b=-f, a'=f>. 
Again : it is evident from the reasoning employed (312.), that 

L , l' 
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in which the quantities L and l' depend upon the form and 
material of the lenses. Wherefore, making these substitutions 
in the preceding expression^ it is reduced to 



(7 



fJ^f' 



or, if we neglect the second term within the brackets in com- 
parison with the first on account of the magnitude of/ com- 
pared with that ofy^, the angle of aberration becomes 



A» 



«/•/> 



ST 



A» 



very nearly. It varies therefore, c(bL par.^ as -T^-ff ; and the 

confusion or indistinctness of vision, which is measured by the 
area of the circle of aberration on the retina^ will be as the 
square of this quantity. 

(331.) But the chief source of indistinctness in the first re- 
fracting telescopes was the chromatic aberration of the lenses, 
that arising from their spherical figure being incon^derable ia 
comparison. Now the diameter of the least circle of chro- 
matic aberration in the image formed by the second lens is 

equal to a'-tt (^58.) ; a' being the semi-aperture of that lens, 

and AV the chromatic variation of the distance of the image 
from it. Wherefore the angle subtended by the diameter of 
this circle at the centre of the second lens is equal to 






But from (262.) we have, in the case of two lenses, 



/ 1 \ /by If irf 



ir and ^ denoting the dispersive powers of the substances of 



ore 
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which the lenses are composed. Also a' = f -7- ) a ; wherefi 
the angle of dispersion is equal to 

-^1(v)7+(t):^(- 

When J =— y, and d =f\ as in the case of the common 
astronomical telescope, this expression becomes 

or, if we neglect the second term in comparison with the first, 
on account of the magnitude ofy compared with that oif\ the 
angle of dispersion will be equal to 



^•"^j 



a 

T 

very nearly. Hence the diameter of the circle of aberration 

. . a 

on the retina, which is proportional to this angle, varies as -^^ 

cast, par, ; and the confusion of vision, which is measured by 
the area of that circle^ will be as the square of this quantity. 

To attain a high magnifying power, therefore, and at the 
same time to preserve sufficient distinctness in the performance 
of the instrument, it became necessary to increase considerably 
the focal length of the object-glass, and therefore also the length 
of the instrument. The difficulty of managing instruments of 
considerable length, and their liability to bend, suggested the 
idea of separating the object-glass from the eye-glass, and 
attaching it to the top of a high pole with an apparatus an- 
nexed for the purpose of varying its position. Such instru- 
ments were called aerial telescopes, and were those employed 
by Huyghens in his astronomical observations. His great 
telescope was 123 feet in length ; that employed by the astro- 
nomer Cassini extended to the prodigious length of 150 feet. 

(33S.) But in whatever way we increase the magnifying 
power of this instrument, unless the aperture of the object- 
glass be proportionally increased, we diminish at the same time 
the apparent brightness, which is equal to 
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-(^)"- 



tbe farigfatness of the object seen by the naked qre bong unity. 
Andy bj increasiog tbe aperture of tbe object-glass, we increase 
the confusion, which Taries^ att. par^ as the area of that lens. 
Hence the improvement of the instrument, in one respect, 
injures its performance in another ; and it becomes, therefore, 
of importance to determine to what extent these incompatible 
qualities of brightness and distinctness are to be carried so as 
to give, on the whole, the best performance to the instrument. 
Now, this can onlj be ascertained bj experience and trial ; and 
all that theory can do is to determine the dimensions of the 
several parts of a telescope, which shall perform with the same 
degree of brightness and distinctness as the instrument in which 
these qualities are found, by trial, to be combined in the best 
manner. 

The brightntss, we have seen, varies in the duplicate ratio 
of the aperture of the object-glass divided by the magnifying 
power; and the indistinctness arising firom chromatic aberra- 
tion varies in the duplicate ratio of the same aperture divided 
by the focal length of the eye-glass. Wherefore if, for the 
present, f and y denote the focal lengths of the object-glass and 
eye-glass, and a the aperture of the former, in the telescope 
whose dimensions are sought ; f', f\ and a', the corresponding 
quantities in the standard telescope with which it is compared ; 
in order that the brightness and distinctness should be the same 
in the two instruments, we must have 



and, if we multiply these equations together, we have 



F = "P-. or A 



-^'Ji- 



and, combining this result with the two preceding, 
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From which it appears that, in order that the brightness and 
distinctness should be the same in two telescopes, the apertures 
of the object-glasses, the focal lengths of the eye-glasses, and 
also the magnifying powers, must be in the sub-duplicate ratio 
of the focal lengths of the object-glasses, or of the lengths of 
the telescopes, q. p. 

In the standard telescope of Huyghens, the focal length of 
the object-glass was 30 feet, its aperture three inches, and the 
focal length of the eye-glass three inches and three-tenths. 
Hence making f' = 30, a' = 3, and /' = 3.3, in the preceding 
results, we find 

a = V.^F, y = 1.1a. 

Wherefore, if the focal length of the object-glass, or the length 
(in feet) of the telescope whose other dimensions are required, 
be multiplied by the decimal .3, the square root of the product 
will be the aperture of the object-glass, in inches. And, if this 
aperture be increased by its tenth part, the result will be the 
focal length of the eye-glass of the telescope required. Such 
is, in other words, the Huyghenian rule. 

(333.) The dimensions here given are those of a telescope 
intended for ordinary astronomical observations : but as the use 
of the instrument is varied, so also the proportions will vary 
from those here assigned. Thus in day observations, in which 
the light of the stars is obscured by that of the atmosphere, a 
greater degree of brightness is required ; and this will be at- 
tained, at the expense of magnifying power, by increasing the 
focal length of the eye-glass. By this means, it is evident, the 
confusion arising from chromatic aberration is also diminished ; 
so that it might be supposed that we could increase the aper- 
ture of the object-glass in the same proportion, and thus in- 
crease the brightness in a higher proportion, the indistinctness 
remaining the same as before. This, however, is found not to 
be the case; for, though the coloured fringes arising from 
chromatic aberration preserve the same dimensions as before, 
by a proportionate increase of the aperture of the object-glass, 
and of the focal length of the eye-glass, yet they become much 
more sensible on account of the increase of light. The aperture 
of the object-glass, therefore, is not to be increased beyond the 
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dimensions assigned above, unless in the examination of objects 
of very faint light, such as the smaller fixed stars and the 
secondary planets. 

On the other hand, in fitting up a telescope for the examina- 
tion of a very bright object, such as the moon, or Venus, we 
may increase the magnifying power, at the expense of the 
brightness, by diminishing the aperture of the object-glass and 
the focal length of the eye-glass in the same proportion ; for 
by this means the confusion remains the same, while the magni- 
fying power is increased. This, however, cannot be done beyond 
certain limits ; for it is found by experience that the vision is 
confused if the cylinder of rays, which emerge from any point 
of the image through the eye-glass, be less in breadth than the 
■f^ of an inch. Now the breadth of these cylinders is to the 
aperture of the object-glass as the focal length of the eye-glass 

is to that of the object-glass : it is therefore equal to a — , and 

varies in the sub-duplicate ratio of the brightness. This breadth, 
accordingly, remains unaltered by Huyghens' rule. 

(334.) We have now seen that in order to attain a high mag- 
nifying power, consistently with a moderate degree of distinct- 
ness in the performance of the instrument, it became necessary 
to increase considerably the focal length of the object-glass, 
and therefore that of the instrument itself. The great incon- 
venience, however, attending the management of instruments, 
such as have been just described, was obvious; but it was 
equally evident that, as long as the telescope consisted but of a 
single object-glass and a single eye-glass, there was no remedy. 
In this manner the perfection of the telescope seemed to be 
limited by the efiect of chromatic aberration. 

It occurred to Newton, however, that the aberration of the 
object-lens might possibly be counteracted, or at least dimi- 
nished, by the opposite aberration of a concave lens of a dif- 
ferent refracting material, which, with a different total refrac- 
tion, should have the same dispersion. To examine this point 
he instituted the fallacious experiment of the two prisms, al- 
ready mentioned (248.), which led him to decide this question 
in the negative, and accordingly made him despair of any 
further improvement in refracting telescopes. The sup|:K)sed 
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achromatism of the eye led Euler afterwards to conceive the 
possibility of destroying the dispersion by the union of lenses 
of different substances ; and having assumed a particular law 
of dispersion, he calculated the curvatures of the surfaces of a 
compound lens, consisting of water enclosed within t\\o lenses 
of glass, so that the dispersion of the whole might be nothing. 

The truth of these results of Euler, together with that of 
the law of dispersion on which they were founded, was warmly 
disputed by Dollond, who opposed to them the authority and 
the experiments of Newton : and it was not until some years 
afterwards, on the occasion of a paper which he received from 
M. Kliengstierna, professor of mathematics at Upsal, disputing 
the truth of the Newtonian law, that he so far doubted the 
accuracy of that great man's experiment as to repeat it himself. 
The result of this experiment, the reverse of that of Newton 
(248.), immediately convinced him of the practicability of cor- 
recting the dispersion in a compound object-glass composed of 
lenses of different materials; and he hastened to apply the 
principle, as Euler had before endeavoured to do, in the con- 
struction of an achromatic lens composed of water enclosed 
between two lenses of glass. The small difference which existed 
between the dispersive powers of water and the glass which he 
employed, however, required that the component lenses should 
have considerable powers, and therefore that the curvatures 
of their surfaces should be so great as to entail a very large 
spherical aberration. Despairing, therefore, of forming a per- 
fect compound lens of this construction, he was obliged to turn 
his attention to other refracting substances, and it happily oc- 
curred to him that the difference in the performance of the 
different kinds of glass, with which he was already familiar, 
arose from a difference in their dispersive powers, such as it 
was now the object to obtain. This conjecture was verified on 
trial, and he finally succeeded in constructing an achromatic 
compound lens, consisting of a convex lerts of crown glass and 
a concave of Jlint glass ^ similar in all respects to those at pre- 
sent in use. 

We have already shown (185.-6.) (264.) in what manner 
a compound lens may be constructed which shall be free, or 
nearly so, from all errors, whether arising from the sphericity 

Y 
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of the surfaces or from the unequal refrangibility of light; 
and such a lens being employed as the object-glass of a tele- 
scope, the perfection of the image produced by it enables us to. 
employ an eye-glass of high power, and thus to increase the 
power of the instrument without an undue increase of length. 
In this manner the perfection of the instrument is limited only, 
by the errors arising from the eye-glass, which are compara- 
tively small. In all good instruments, however, instead of a 
single eye-glass, a compound eye-piece composed of several 
lenses is employed, in which the errors of dispersion and form, 
are in a great degree removed *. 

(336.) The field of view^ or the angular extent of any object 
visible through the telescope, is defined by the axes of the ex- 
treme pencils which are transmitted by the eye-glass ; being 
equal to the angle contained by these axes^ or to the angle 
which the aperture of the eye-glass subtends at the centre of 
the object-glass. Wherefore, if a' denote the semi-aperture of 
the eye-glass, and half the field of view, 



= 



a' 



/ + /'• 



In order to take in the whole extent of this field, the eye. 
must be placed at the point in which the axes of the extreme 
pencils, diverging from the centre of the object-glass, intersect 
the common axis of the lenses after refraction by the eye-glass. 
The place of the eye, therefore, is the focus conjugate to the 
centre of the object-glass, or the point in which an image of 
the object-glass will be formed by the refraction of the eye-glass 
(317.)- But if d and W denote the distances of the object-glass 
and its image, respectively, from the eye-glass, we have 

1 1^ J_ 

whence, substituting for d its value y-|-j^, we obtain 

d' = - Y^f+ry 



* See the 4th section of this chapter. 
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That \sy the distance of the eye from the eye-glass must be a 
fourth proportional to the focal length of the object-glass, the 
focal length of the eye-glass, and the sum of these focal 
lengths. 

The place of the eye is always attended to in the construc- 
tion of the telescope. The tube containing the eye-glass is 
prolonged to the required distance, and there furnished with 
an eye-stop, by which means the eye is in its proper position 
when applied close to the extremity of the instrument. 

(336.) The field of view, as above determined, is the angular 
extent of the field, the cuves of the pencils flowing from the ex- 
treme points of which are transmitted by the eye-glass ; and 
thus understood, we have seen, the field is altogether inde- 
pendent of the magnitude of the object-glass. This, however, 
is not the entire extent of the visible field, and to determine 
the magnitude of the field from which any rays whatever are 
transmitted by the two glasses, we have only to join the cor- 
responding extremities of the two lenses by the line b6 ; /?r, 
the intercepted portion of the perpendicular erected at the 
common focus of the two lenses, will be the semi-diameter of 




the entire visible extent of the image, and the angle which it 
svibtends at the centre of the object-glass measures the entire 
visible Jield. To determine this angle in terms of the apertures 
and focal lengths of the two lenses, let the line mnb be drawn 
through the extremity of the eye-glass parallel to the axis of 
the telescope ; then, by similar triangles, we have 

B771 m A — a' m' — a' 

y2 
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A and a' denoting the semi-apertures of the two lenses, and m' 
half the linear magnitude of the image. Hence 

But rrl =y*0', ©' denoting the angle pAr, or half the visible 
field; wherefore we have 



©» = 



.' + -^A 



(337.) Towards the edges of this field the light will be very 
faint : for it is evident that the extreme point, r, of the image, 
as seen through the eye-glass, is illuminated but by a single 
ray of the pencil flowing from the extreme point of the object, 
and incident upon the object-glass ; since any other ray of that 
pencil will cross the extreme ray b6 in r, and therefore never 
meet the eye-glass. And as the extreme points of the image 
are illuminated by but a single ray, so the neighbouring points, 
as they recede from the edge, receive more and more of the 
pencils flowing from the corresponding points of the object ; 
and thus the image becomes gradually brighter up to a certain 
point, beyond which the points of the image are illuminated by 
the wJiole of the pencils proceeding from the corresponding 
points of the object. The portion of the image included within 
these points determines the bright paH of the field of view, 
and is evidently of uniform brightness. Its magnitude is de- 
termined by connecting the opposite extremities of the two 
lenses by the line cb (see figure in preceding page) : the in- 
cluded portion of the image, ps^ is evidently illuminated by 
the whole of each incident pencil. To determine its mag- 
nitude we have in the similar triangles cmA, sribf 

cm _ sn A f a' a'— rrP 

rrP denoting the semi-diameter of the bright part of the image. 
Wherefore 

f+f • 
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But m" =y8", e'' denoting the angular magnitude of the bright 
part of the field ; wherefore we have 

a'- ^a 
0"= •^ 



/ + /' 

When — = -^j that is, when the apertures of the lenses 

are as their focal lengths, e'' vanishes ; and in this case, ac- 
cordingly, the brightness of the field decreases from the centre 

to the circumference. When — < ^^, the value of 6'' be- 

^ ^ \ 
comes negative, and no part of the field will be illuminated by 

the whole of the pencil proceeding from the corresponding 

point of the object. 

If the values of O' and 8" be added together, we find 

0' + 0" = = 28. 

From which we learn that the field, which has been estimated 
by the inclination of the extreme axes, is an arithmetical mean 
between the extreme field and the bright part of the field. 



III. 

Of the Galilean Telescope. 

(338.) This telescope, called after its inventor Galileo, was 
the first whose construction was explained on theoretical prin- 
ciples. It differs from the common astronomical telescope 
merely in the form and position of the eye-glass. This, in- 
stead of being convex, is concave ; and is placed between the 
object-glass and its principal focus, at a distance from the latter 
equal to its own focal length. In this position, accordingly, 
the rays of each pencil converge to the principal focus of rays 
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proceeding in an opposite direction, and consequently, emerging 
parallel, are in a state suited to distinct vision. 

It is represented in the annexed figure, in which bc repre- 



sents the object-glass, and bc the eye-glass, pq is an inverted 
image of the object formed in the common focus of the two 
lenses. Bg, Ag, and eg, are three rays of a pencil which proceed 
from any one point of the object, and by the refraction of the 
object-glass are made to converge to q, the corresponding point 
of the image ; these rays, being incident upon the eye-glass 
converging to the principal focus of rays proceeding in the con- 
trary direction, are by its refraction made to emerge parallel ; 
and therefore will be brought to a focus on the retina without 
effort. 

(339.) The image of the object, which is formed at the prin- 
cipal focus of the object-glass, being also in the principal focus 
of the eye-glass, the angle under which it is seen is equal to 

■7;^, whatever be the position of the eye (301.) ; m being the 

linear magnitude of that image, andy^ the focal length of the 
eye-glass. But the angle which the object subtends at the 
centre of the object-glass (which is equal to that which it 
subtends to the naked eye, q. p.) is equal to the angle sub- 
tended by its image at the same place, or equal to -^ ,y being 

the focal length of the object-glass. Wherefore the ratio of 
these angles, or the magnifying power of the telescope, is 

as in the common astronomical telescope. 



GALILEAN TELESCOPE. 327 

Hence, if the two lenses be of the same power in the com- 
mon astronomical and Galilean telescopes, the magnifying 
powers of the two instruments will be the same. The latter, 
however, will have the advantage of being shorter than the 
other, its length being equal to the difference of the focal 
lengths of the two lenses ; whereas in the astronomical telescope 
it is their sum. 

Another and more important advantage which this instru- 
ment possesses is, that objects seen through it appear erect^ 
instead of being inverted, as in the common astronomical tele- 
scope. This will easily appear if we consider that the axes of 
the extreme pencils, being incident diverging upon the eye- 
glass, will diverge more after refraction by it. Consequently 
the pencil which flows from the uppermost part of the object 
proceeds to the lowermost part of the retina, and mce versa; 
and therefore the object is seen in the same position as it would 
appear to the naked eye. This advantage, combined with its 
shortness, renders it a very convenient instrument. Accord- 
ingly we find that most telescopes of small power, such as the 
common (ypera-glass^ &c. are made of this construction. 

(340.) l^he field of view in this instrument is very limited. 
For the axes of the pencils which flow from the several points of 
the object, diverging from the centre of the object-glass, will 
diverge more after refraction by the concave eye-glass, and 
will, therefore, for the greater part, fall without the pupil of 
the eye, and thus be lost. In order that the eye may receive 
as wide an extent of field as possible, it must be placed as near 
as possible to the point from which these axes diverge, and 
therefore as close as possible to the eye-glass. In this position 
of the eye the efifective aperture of the eye-glass is reduced to 
that of the pupil; and therefore the field of view, which is 
measured by the inclination of the axes of the extreme pencils 
which enter the eye, is equal to the angle which the aperture 
of the pupil subtends at the centre of the object-glass, or at a 
distance equal to the length of the telescope. 

(341.) The preceding results are readily deduced from the 
general theory. For c' and d' denoting the distances of the in- 
tersections of the axes of the several pencils from the eye-glass, 
before and after refraction by that glass respectively, we have 
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I I J_ 

d - c' +/'• 
Hence the magnifying power is 

^- d> - f -/' 

since d =: e =f —J^, And this value of the magnifying 
power being positive, it follows that the object will appear 

erect (319.). 

Again, the distance of the eye from the eye-glass, so as to 

receive the entire field, must be 

But this value being positive^ the eye cannot be placed in the 
required position ; and, that it may receive as wide an extent 
of field as possible, it must be placed close to the eye-glass 
(326.). Thus the effective aperture of the eye-glass is reduced 
to that of the pupil of the eye ; and, denoting this by a, as be- 
fore, we have 

a = ^0 = (/-/')e. 

(342.) Such is the value of the field of view, limited by the 
extreme axes which enter the eye diverging from the centre of 
the object-glass. The extent of the field, however, from 
which any rays whatever reach the eye, is greater than this. 
It is determined by connecting the opposite extremities of the 
objectrglass and the pupil, bc and j8y ; the line Cj8r, produced 
to meet the perpendicular raised at p^ the common focus of the 
object-glass and eye-glass, will determine the portion of the 



* This and the preceding result might have been at once ob- 
tained from the analogous results in the case of the common astro- 
nomical telescope (327. 335.), by simply changing the sign ofy", the 
focal length of the eye-glass. 
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image, pr, corresponding to the extent of the object from which 




any rays whatever reach the eye. Now if the line ml3n be 
drawn through the extremity of the pupil, parallel to the axis 
of the telescope, in the similar triangles cmj8, rwjS, we have 



cm 



rn 



A + a 



m — a 



or 



f-f f 



A denoting the semi-aperture of the object-glass, a that of the 
pupil, and ni the linear magnitude of the image ^r. Hence we 
have 



m 



_ A/' + af 



but if 0' denote the magnitude of the field corresponding to wi', 
rrl = ye', and therefore 

In like manner the bright part of the field is determined by 
connecting the adjacent extremities of the object-glass and the 
pupil by the line b/55; the angle which the intercepted portion 
of the image, ps, subtends at the centre of the object-glass is 
the bright part of the field. Denoting it by 0", and the cor- 
responding portion of the image, jps^ by w!\ in the similar tri- 
angles B7W/3, sw/3, we have 

sn A — a a ^ 7»" 






or 



f-f f 



from which we obtain 
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From this result we learn that Qf^ = 0, when a = -^ a. 

That is, when the aperture of the object-glass is equal to that 
of the pupil multiplied by the magnifying power, the bright 
part of the field is reduced to a point at the centre, and the 
brightness decreases gradually from the centre to the circum- 

ference. If a > ~^a, no part of the field is illuminated by 

»/ 

the whole of the pencil proceeding from the corresponding 
point of the object. 

If the values of 0' and 9" be added together, we find 

That is, the field determined by the extreme axes, is an arith- 
metical mean between the extreme Jield and the bright part of 
the field. 

(343.) The angle which the diameter of the circle of aber- 
ration from sphericity subtends to the eye, in this telescope, is 

as will appear by changing the sign of/' in the expression 
obtained (330.). From this it appears that the aberration 
of the concave eye-glass tends to correct that produced by 
the object-glass, the two terms of this expression being of 
opposite signs. 

If tho (curvatures of the surfaces be equal in the lenses 
of tho ammon (Mtronomiad and OaiUean telescopes, it is 
cvid«»nt IVtini the equations of (172. 3.) that the values of l 
and \! will Im the same in the two instruments; consequently 
tlu* nttff 1(1 of aberration in the Galilean telescope is less than 
that in \\w nmnnon astronomical^ for the same aperture^ in the 
rmio nf \,( — i//*' to l/' + \If^ ; and the confusion arising from 
spin rical abcrmliun will be less in the duplicate ratio. 



(7 
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(344.) Again, if we change the sign of/' in the expression 
obtained (331.), we find that the angle which the diameter of 
the circle of chromatic aberration subtends to the eye, in this 
instrument, is equal to 



^ * \ 



/if 
\7' 



f rr 

Tt and tt' being the dispersive powers of the two lenses. Hence 
it appears that, as in the former case, the concave eye-glass 
tends to correct the aberration produced by the object-glass. 
And comparing the common astronomical and Galilean tele- 
scopes^ in which the two lenses are of the same material and of 
equal power, we find that the angle of aberration in the latter 
is less than in the forlner in the ratio of ^ — */' to icf + nffK 
And the confusion arising from chromatic aberration will be 
less in the duplicate of that ratio. 

The chromatic aberration will be reduced to nothing when 

that is, when the focal lengths of the object-glass and eye-glass 
are to one another inversely as the dispersive powers of the 
substances of which they are - composed. When the lenses 
fulfil this condition, the instrument becomes perfectly achro- 
matic^ as far as the central pencil is concerned, without the aid 
of an additional lens. 

This theorem, though known to D'Alembert, was long 
barren of any practical consequence. For the magnifying 
power of the telescope thus constructed, it is evident, is equal to 
the ratio of the dispersive powers of the substances employed ; 
and in crown-^^ass and Jlint-glass, the only substances whose 
dispersive powere engaged the attention of the earlier opticians, 
this ratio, at the highest, does not exceed I4. A magnifying 
power so limited could be of no value. But the great dis- 
parity in the dispersive powers of some of the substances 
which have formed the subjects of later experiments, suggested 
to Dr. Brewster the possibility of employing this construction 
in opera-glasses and other instruments in which a small power 
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required. Thus, if a telescope be constructed whose 
object-glass is of rock-crystal^ and eye-glass a fluid lens of M 
jqf cassia, the instrument will be achromatic if the focal lengths 
of the lenses be in the ratio of .139 to .0S6, the dispersive 
powers of oil of cassia and rock-crystal respectively ; and the 
magnifying power of the instrument will be about 5y, which is 
higher than what is required in an opera-glass. The ratio of 
the dispersive powers of oil of cassia and crcnon-glass, and 
therefore the magnifying power of the telescope constructed of 
them on this principle, is about 4. In flint-glass and rocJc^ 
crystal it is equal to 2 very nearly. It is evident that the 
eye-glass must be of the substance whose dispersive power is 
the greater. 



IV. 

Of Telescopes with Compound Eye-Pieces, 

(345.) It has been shown that the errors of the object-glass, 
both of form and colour, may be removed by combining two 
or three lenses together of proper form and material; and, 
the image produced by such a compound object-glass being 
free from all error, the perfection of the telescope will be 
limited only by the errors of the eye-glass. Now these errors, 
it will be easily understood from what has been said of the 
single microscope, cannot be removed to any extent in the 
single eye-glass without such a diminution either in aperture 
pr power as would render it useless. In all good telescopes, 
consequently, it is usual to employ, instead of the single eye- 
glass, a compound eye-piece consisting of two or more lenses 
disposed at suitable intervals: and as the nature and per- 
fection of the instrument will depend upon the adjustment of 
these lenses, as to power, position, and form, it will be 
necessary to lay down a few of the general principles of 
such arrangements, and to notice some of the ordinary com- 
binations. 
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(346.) To begin with the simplest case : let it be proposed 
examine the construction and theory of a telescope com-t 
of three ^ lenses disposed in any manner along the same 
JMxis. 

■1/ The relation which must subsist among the focal lengths 
■^^and the positions of any three lenses, in order that a distant 
^object may be seen distinctly through them, is contained in the 
K J equations 



•.' 



the lenses being supposed to be, as they usually are, convex^ 
and therefore J\ f\ and y', negative in the equations (318.). 
Now, from the first and third of these equations combined 
with the fourth and fifth, we obtain a! ^ e — f^ V —f^ -- ^ \ 
and, these values being substituted in the second, we have 
finally 



1 1 1 



;.+ 



7 » 



the equation of condition required. 

If we take away the denominators from this equation, and 
addy^ to both sides, it will assume the form 

C/'+/'-e)(/'+/''-^')=/'*- 

(347.) The ratio of the visual angles, or the magnifying 
power ^ is 

in which the quantities c', rf', c", d", are determined by means 
of the equations (319.). Performing the elimination by means 



* Here the object-lens, if compound, is considered as a single 
lens. 
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of these equations, in which we must observe to take J", J"', and 
. f negative, 



e'er" 



d'V f") d'V f" ) d-V P) 



V f)\ ~/0 /"' 



and multiplying hy f^f^^^ we have finally 

To introduce in this result the condition of distinct vision, 
we must eliminate e' — y" by means of the equation of con- 
dition obtained above^ and thus the preceding value of p 
becomes 

__/ /' 

^~ f"'f+f'-e' 
Or, eliminatingy+y — ^ by means of the same equation, 

f = -/p (/' +/" - o- 

From the former of these values it appears that the mag- 
nifying power is increased or diminished by the interposition 
of the additional lens, according as e is greater or less thanjT; 
that is, according as the distance of the second lens from the 
first is greater or less than the focal length of the latter. 

The object will be inverted in this combination, as in the 
common astronomical telescope, unless when e >f+f^\ that 
is, unless the distance between the first and second lenses be 
greater than the sum of their focal lengths. 

If the magnifying power be given, as well as the focal 
lengths of the three lenses, the intervals between them are de- 
termined ; for, from the preceding values of f , we have 

(348.) The apertures of the two lenses, corresponding to a 
given extent of Jield qfviezv, are (324, 5.) 
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a' = eQ, a" = (e -\- cr' ~ -pjjO. 

From this it will be easily understood in what manner the in- 
termediate lens may be employed to increase the field. When 
used for this purpose it is called ajield-glass, and is generally 
a lens of small power with an aperture somewhat large ; and 
is placed between the object-glass and its principal focus. 

(349.) But the compound eye-glass serves other more im- 
portant purposes than that of simply increasing the field : it 
tends to correct the errors of form and colour. 

We have already shown in what manner a compound object- 
glass may be constructed so as to produce an image free from 
all such errors : and at first sight it might appear that the 
errors of the eye-glass might be corrected upon the same prin- 
ciples; or, more simply still, that we might dispense with 
such separate corrections, and merely adjust the object-glass 
and eye-glass in such a manner as to correct each other. This, 
however, is impossible; for the errors of the latter, though 
arising from the same causes, assume a very different form, 
and demand a different mode of correction. To under- 
stand this diversity, it is merely necessary to observe that 
the axes of the several pencils incident upon the object-glass all 
pass through its centre, and generally at very small obliquity ; 
while all, but those proceeding from the very middle of the 
field, intersect the eye-glass excentrically^ and with considera- 
ble obliquity. Thus the errors of the eye-glass are much more 
complicated than those of the object-glass, and their correction 
attended with more difficulty. 

The first effect of spherical aberration in the eye-glasses of 
telescopes is a distortion of the object. The axes of the ex- 
treme pencils proceeding from the centre of the object-glass 
will, by the aberration of the eye-glass, meet the axis of the 
telescope at a nearer point than those of the central pencils. 
The ratio of the visual angles, therefore, will be greater in the 
extreme parts of the field than at its central parts ; these parts, 
accordingly, will be unduly enlarged, and the object will appear 
distorted. 

A second effect of obliquity is indistinctness. The image 
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of a distant object formed in the focus of the object-glass is, we 
have seen, nearly a spherical surface having the centre of the 
object-glass as its centre. It is therefore convex towards the 
eye-glass ; instead of being concave towards it, as it should be 
in order that all its parts may be at the proper distance for 
distinct vision. Hence, when the middle of the image is at 
the proper distance from the eye-glass, the extreme parts will 
be too distant. If, therefore, the centre of the field be seen 
distinctly, the margin will be indistinct; and if, in order to 
have a distinct view of the latter, the eye-glass be pushed in 
nearer to the image, the centre of the field is rendered in- 
distinct. This defect is very considerable where the field of 
view is large. 

But further : the rays of a small pencil diverging from a 
point, and incident upon a lens excentrically^ are not brought 
by refraction anywhere to a point ; the rays in the plane, passing 
through the axis of the pencil and the axis of the lens, con- 
verging, in general, more rapidly than those in the plane passing 
through the axis of the pencil and perpendicular to the former. 
Hence, it will be seen, all the rays of the pencil converge 
to two right lines ; one of which is in the plane passing through 
the axis of the pencil and the axis of the lens, and the other in 
the plane passing through the axis of the pencil and perpen- 
dicular to the former. And accordingly the image of a point, 
formed by such a pencil on the retina, is in general an ellipse; 
becoming however sometimes a circle, and sometimes a rig/it 
line. 

(350.) Such are the defects of eye-glasses dependent on 
their form. Without entering into details connected with this 
subject, it will be easily understood, in general, that the errors 
of distortion and indistinctness will be diminished by diminishing 
the aberration of the extreme pencils; and that the forms of the 
lenses being given, this effect will be produced by increasing 
their number, and thus dividing the refraction. The resulting 
aberration will be least, ccet. par.^ when the whole refraction, 
or bending of the ray, is equally divided among the lenses* 
The condition of equal refraction is easily obtained ; for being 
the angle made by the axis of the pencil with the axis of the 
telescope at the centre of the object-glass, 0'^ 0", 0'", &c. O^**^ 
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the angles which it makes with the same after refraction by the 
several eye-glasses, the condition of equal refraction is 

Hence, if 0, the original inclination of the ray to the axis, be 
neglected as small in comparison to the rest, we have 

ef = M, a^ = SO', &c. e'-5 = ner. 

Whence, dividing each equation by the preceding, there is 
And, finally, substituting for --^, —j^, &c. their values^ 

c" = -/", c" = - if\ &c. r«> = - -^^Z^^. 

These results, it is true, are but rough approximations, inas- 
much as we have substituted the ratio of the angles themselves 
for that of their tangents; but they are sufficiently near the 
truth for our present purposes. 

In the case of two eye-glasses, which we have been consi- 
dering above. 

But 6} = — /', nearly, since c ( = ^) is very great in comparison 
with y^, the focal length of the first eye-glass ; we have there- 
fore 

«» =/' _/". 

That is, the interval between the two eye-glasses must be equal 
to the difference of their focal lengths. Such is the construc- 
tion of the Huyghenian eye-piece. 

(351.) The conditions just mentioned relate only to the 
powers and positions of the lenses, and are independent of 
their particular^/^m^. It is evident, however, that the aberra* 

z 
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tion will depend greatly on the form ; and we have already in- 
vestigated (174.) the form of a lens, whose conjugate focal 
distances are determined by the office which it has to perform, 
in which the aberration is a mmimum. But the different 
effects of spherical aberration mentioned above require in 
general different, and sometimes opposite forms, for their cor- 
rection ; so that the removal or diminution of one defect fre- 
quently increases another. Thus the forms which are best for 
the correction of distortion may tend to increase the indistinct^ 
ness of the marginal parts of the field, and vice versa ; and the 
artist is compelled to sacrifice the perfection of the instrument 
in one respect, in order to improve it in another which may be 
of more importance in the particular use to which it is to be ap- 
plied. This is a subject, however, troublesome in theory, and 
little attended to in practice. The lenses generally employed 
are the plano-convex and the equi-convex lenses; and the 
general rule among artists is to dispose them in such a manner 
that the incident and emergent rays may be, as nearly as pos- 
sible, equally inclined to the 1st and Sd surfaces*. 

(352.) It remains still to consider the most important source 
of error of the eye-glasses, namely, that arising from chromatic 
aberration. 

It has been already shown that the effect of the chromatic 
dispersion of a single eye-glass, upon a central pencil, may be 
disregarded as inconsiderable compared with that produced by 
a single object-glass (331.). It is not so, however, when the 
pencil is incident upon this lens excentricallj/. In this case, it 
is evident, the edge of the lens will act as a prism, and any 
single white ray of the pencil will be dispersed into its coloured 
elements. These different species of simple li^it, accordingly^ 
intersecting the axis of the lens at different angles, the edges 
of the object from which they proceed will appear bordered 
with coloured fringes. This confusion will increase with the 



* The reader who wishes to enter fiirther into this subject will 
find abundant information in professor Airy's paper On the Spherical 
Aberration of the Eye-pieces of Telescopes, published in the Tran»« 
aotioils of the Cambridge Philosophical Society. 
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Visual angle, and towards the margin of a wide field is of such 
magnitude as altogether to mar the appearance of the object. 

This error will be corrected, if all the simple rays of the 
emergent pencil be render^ parallel, and therefore fit to be 
brought to a focus on the retina. But the rays of each homo- 
genetms pencil being parallel by the construction of the instru- 
ment, or nearly so, we have only to make the directions of the 
several component pencils, or their axes, parallel, and the thing 
is done. Hence, Q^^^ being the angle made by the axis of the 
emergent pencil with the common axis of the lenses, 0^"^ or 
tan.O^**) must be the same for each of the different species of 
simple light; and therefore its variation with respect to the 
ref raciive index must be nothing. But 

tan, 0<''> = ^ tan. Q ; 

in which 0, the angle contained by the axis of the pencil with 
the axis of the lenses at the centre of the object-glass, is con- 
stant; and f is a function of the focal lengths and intervals of 
the lenses, whose value has been already assigned (319.)* 
Hence the condition of achromatism is 

A£ = 0; 

Ag denoting the chromatic difference of ^, or the variation 
that quantity taken relatively to the refractive index. 
(353.) In the case of two eye-glasses, we have (347.) 

e e + e^ e^ 

f = 1 - 7r""-7Yr- + 



Making the difference therefore equal to nothing, and observing 
that ^{ "7") = 7=" i^^^'i * denoting the dispersive power, we 



have 






Or, multiplying by"^-^^. 



z2 
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Prom which we have the interv/il between two eye-glasses, 
whose focal lengths are given^ when the compound is achro- 
matic. 

When the distance between the object-glass and the first 
eye-glass is very large (as it generally is) in comparison with 

the other intervals, the term — may be neglected as inconsider- 

able, and we have 

And, finally, when the two lenses are of the same material, 
*'=«"; and the value of e' becomes 

^ = iif +/")• 

That Is, the interval between the two lenses is an arithmetic^ 
mean T)etween their focal lengths. 

(354.) If we combine this condition with that of equal rC' 
Jraction given above, namely, e* = f^ '"/"i we find 

/' = 3/", ^ = 2/". 

That is, the focal length of the Jield-glass must be triple that of 
the ej/e-glasSf and the interval between them double of the 
same. The position of the field-glass wilh respect to the 
object-glass is determined by the equation of condition (346.) : 
for, since ef —f" =y = if '9 ^^ we substitute in that equation, 
we find 

e-f=-if'- 

That is, the field-glass must be placed between the object-glass 
and its principal focus, at a distance equal to half its own 
focal length from the latter. 

Such is the construction of the Huyghenian eye-piece. It is 
represented in the annexed figure, in which a and b are the 
field-glass and the eye-glass respectively, both of them bein^ 
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flano^onvex lenses with their plane sides next the eye. Thie 
rays, which by the re- 
fraction of the object- ._ -v:^-^^? 

glass converge to the _.__.— -^^i^^^^"?. 

image j/^ in its focus, 

are by the refraction of 

the field-glass made to 

converge to the image 

pq^ which is in the focus 

of the eye-glass. It will 

be easily seen from the preceding formula that Ap = tAB, 

and hjpl = ^AB. 

(QBB.) This construction cannot be employed in Xe\eacapeB 
connected with graduated instruments; for there will be a 
distortion of the second image produced by the field-glass, and 
therefore equal divisions of the micrometer will not correspond 
to equal angles. In the telescopes of all graduated instruments, 
therefore, the field -glass must be placed beyond the principal 
focus of the object-glass; in which arrangement, though the 
image there is distorted by the field-glass, yet, the micrometer 
wires being equally distorted, no error will result in the mea- 
surement. 

In the common (astronomical eye-piece the two lenses are of 
equal focal lengths, and therefore the condition of achromatism 
requires that the interval between them should be equal to the 
focal length of either. But in this arrangement, the field-glass 
being exactly in the focus of the eye-glass, any dust which might 
happen to lie upon it, or any flaw in the glass itself, would be 
magnified by the eye-glass and confuse the vinon. The in- 
terval of the lenses therefore is made a little less than the focal 
length of either ; and thus, though the condition of achro- 
matism is not satisfied, yet the departure from it will not be 
considerable. 

In the common construction of this eye-piece, which was 
invented by Ramsden, the lenses are plano-convex of equal 
curvatures, with their convexities turned towards each other ; 
and the interval between them is two-thirds of the focal length 
of either. That is 

/» ^f, ^ = I/'. 
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And, if we substitute these values in the equaUon of oonditiob 
(346.), we find 

That is, the field-glass is placed beyond the focus of the object- 
glass at a distance equal to one-fourth of its own focal length. 
This eye-piece is represented in the annexed figure, in which 



A and B represent the field-glass and eye-glass respectively, 
pq and p^^ the images from which the rays diverge before and 
after refraction by the former. It is evident from the preced- 
ing results that Ap and hp\ the distances of these images from 
the field-glass, are equal to one-fourth and one-third of the 
focal length of that lens, respectively. The indistinctness 
arising from spherical aberration in this eye-piece is much less 
than in any of the other ordinary constructions. 

(356.) The inversion of the object, which takes place in the 
difierent modifications of the astronomical telescope, is there of 
little consequence. In telescopes intended for terrestrial ob* 
servations, however, it is absolutely necessary that the objects 
should be represented in their natural position ; and we shall 
accordingly proceed, in the next place, to the consideration of 
eye-glasses by which this end is attained. 

The erection of the object, it has been already shown, may 
be efiected by means of the double eye-glass which we have 
been last considering ; and it is only necessary for this purpose 
that the distance of the field-glass from the object-glass should 
be greater than the sum of their focal lengths. In this case» 
it is evident from the equation of condition (346.), the distance 
between the field-glass and eye-glass must likewise exceed the 
sum of their focal lengths ; and accordingly the combination 
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errs widely of the condition of achromatism (353.). This ar- 
rangement therefore is never employed. 

The common terrestHal telescope, invented by F. Rheita, 
consists of three eye-glasses, the interval between the first of 
which and the object-glass is equal to the sum of their focal 
lengths, and the interval between the second and third also 
equal to the sum of their focal lengths ; or, in other words, it 
is a common astronomical telescope, with two additional glasses 
placed at an interval equal to the sum of their focal lengths. 
It is obvious that, in this arrangement, the rays of each pencil 
are parallel between the first and second eye-glass ; and that 
two images are formed, one at the common focus of the objects 
glass and first eye-glass, and another at the common focus of 
the second and third eye-glasses. 

As this eye-piece is usually constructed, the apertures and 
focal lengths of the three lenses composing it are equal. It is 
represented in the adjoining figure, in which A, B, and c are 




the three eye-glasses, qabcd a pencil of rays proceeding from 
any point of the object, and refracted by the object-glass. 
This pencil is brought to a focus at q and «, where two images 
of the object pq and rs are formed, the former in the common 
focus of the object-glass and the lens a, and the latter in the 
common focus of the lenses b and c. The rays of this pencil 
are parallel after refraction by the lenses a and c respectively. 

(367.) Without entering further at present into the exami- 
nation of this particular form, let us inquire generally the con- 
struction of the three-glass eye-piece, the lenses composing it 
being all supposed to be convex. 

The condition of distinct vision (318.) is contained in the 
equations 

_l^_J_ J^ \_ 1 1^ „,_.^^ 
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a' = b + e. cP^V Ar^, a"' = ^ + e^. 

Now, from the extremes of the first series of equations com- 
bined with the extremes of the second, we have 

and, these values being substituted in the second and third of 
the first series, the preceding equations are reduced to the 
three following, 

And, finally, if we eliminate by substituting in the third of 
these equations the values of dP and V derived from the other 
two, 

/+/'-^ /"+/"' -^' ~ 

When e=f +y^, it is evident that ^ =y +/'"> whatever 
be the value of ^ the 2d interval ; as in the common day tele- 
scope which has been just described. 

(358.) The ratio of the visual angles in this combination is 

fJii c" d 
If we eliminate -^^ -7^, -77-, from this expression, by 

means of the equations (319.)» ^s we have already done (347.) 
in the case of two lenses, we find 

ft 



"[f'+fn f»f«)'- 



or, multiplying by /'/"/", 

If we eliminate e from this expression, by means of the equa- 
tion of the preceding article, the result will express the ratio 
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of the visual angles when the eombiDation fulfils the condition 
of distinct vision, or the magnifying power of the telescope. 
Performing this operation we find 

t-rrr = 

When e" =f^ + /"', as in the common day telescope, the 
second member of this equation is reduced to ff^^S and the 
magnifying power of the instrument therefore is 

. __ fr 

Whence it appears that the magnifying power of the common 
astronomical telescope is altered by the two additional eye- 
glasses, in this construction, in the ratio of the focal lengths 
of these glasses ; and that when the focal lengths of the three 
eye-glasses are equal, as is commonly the case, the magnifying 
power is unaltered. 

(859.) The apertures of the eye-glasses are determined by 
the equations 



a' 



a"' 



= 60, a" = (^ + e'-yyj©, 









Since e is very considerable, with respect to d or ^'', we may 
without much error neglect all the terms in which it is not 
involved ; and the preceding expressions thus become 



a' 



In the common day-telescope, in which the three eye-glasses 
are of equal focal lengths, /" =/', and ^' = 2/*', and the 
expression of the aperture of the third lens becomes 



a'" 



The magnitude of the apertures of the second and third lenses, 
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aooordingly, wiD depend apoQ the rdatioii which the second in- 
tenral bean to the commoo fbcml length. When ^ ^ 9f\ 
we have 

fiom which it appears that the apertures crf'the three lenses 
are equal, when the interval between the second and third 
lenses is double the common focal length. Such we find, ac- 
cordingly, is the usual construction. 

(360.) We now proceed to inquire the condition of achro- 
maUsm in the triple eye-pieoe. 

The interval between the object-glass and the first eye-glass 
being, in general, very conaderable in relation to the focal 
lengdi of the latter, we may, without mudi error, neglecty in 
comparison with e in the general expression of f (358.) ; and, 
dividing that equation hjf^f^f^j we find 

Now taking the chromatic difference of this quantity, and 
confining our consideration to the case in which the lenses are 
all of the same material, we find 

w denoting the dispersive power of the substance of which the 
lenses are composed. And finally, equating this to nothing, 
and multiplying the resulting equation hyff^^f^^\ we have 

Stfe-' - 9{/(f> +f^ + f V+Z'O] +/'/" +//" +/"/"' = ; 

the condition of achromatism of the triple eye-piece, the lenses 
composing it being all of the same material. 



* The negative sign here denotes that the axis of the extreme 
pencil meets the apertures of the second and third lenses at the side 
of the common axis opposite to that at which it meets the first. 
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In the Rhcita eye-piece, ef^ =f" +/"^9 and, substituiingy 
the interval between the first and second eye-glass, when the 
compound is achromatic, will be 

fin 
^ ^f +/ + f" +f'"' 

And when the focal lengths of the three lenses are equal, or 

e' = 4/'. 

Accordingly the common construction of this eye-piece, in 
which ^ = ^', is not achromatic ; and if it be rendered so, 
by increasing this inter\'al to the magnitude here required, 
a loss of field will ensue, unless the apertures of the lenses 
be adjusted to the new distances, and therefore cease to be 
equal. 

(361.) A more important objection to the construction last 
mentioned is, that the bending of the ray cannot be equally 
divided among the three refractions, when the condition of 
achromatism is fulfilled. In order that the bending may be 
equal at the first and second eye-glass, the axis of the extreme 
pencil must emerge from the latter parallel to the axis of the 
lenses ; since^ neglecting the small original inclination of this 
axis to the axis of the lenses, it may be supposed parallel at its 
incidence on the first eye-glass. Hence this axis must intersect 
the axis of the lenses at the common focus of the first and 
second eye-glasses, and therefore the interval between them 
must be equal to the sum of their focal lengths, or 

which is necessarily less than the value of the interval which 
will render the Rheita eye-piece achromatic. Substituting 
this value of ef in the general condition of achromatism given 
in the preceding article, we find 

That is, the interval between the second and third lenses must 
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exceed the sum of their focal lengths by a quantity which is a 
third proportional to the interval between the first and second 
lenses and the focal length of the latter. Such is the deter- 
mination of Boscovich, the first writer who has given any satis- 
factory information on the subject of the achromatism of eye- 
pieces. Boscovich recommends that the focal lengths of the 
first and second eye-glasses of the triple eye-piece should be 
equal, and double that of the third, or that 

In which case 

e' = e" = 2/''; 
and substituting these values in the equation (357.)) 

e-f=y''' 

We learn accordingly that the common day-telescope may be 
rendered achromatic, the intervals between the eye-glasses re- 
maining unaltered, by substituting for the third eye-glass one 
of half the focal length, and pushing in the eye-piece until the 
distance of the first eye-glass from the image formed by the 
object-glass is equal to one-half its focal length. The field is 
necessarily diminished in this construction, because the third 
eye-glass, having double its former power, will not sustain so 
great an aperture as before. We may, however, restore this 
aperture, and therefore the field of view, to its former dimen- 
sions, by substituting for the single eye-glass of double power 
two lenses in contact, the focal lengths of each being equal to 
that of the first or second eye-glass. 

(362.) In this construction, however, the bending of the 
extreme pencil is not the same at the second and third lenses. 
This pencil being parallel to the axis between these lenses, it is 
evident that their focal lengths must be equal in order that the 
axis of the pencil may be equally refracted by them. If, 
therefore, we take 

in the values of d and c" given in the preceding article, we find 
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^ = 2/', €" = !/'. 

And substituting these values in the equation (357.)> the first 
interval will be 

Finally, if these values of ^, f!\ and/", be substituted in the 
equations (tS5909 ^^ ^^^ 

a''= A'" = -^e=- a'. 

The apertures and focal lengths of the three lenses, therefore, 
are equal in this construction ; which differs accordingly from 
the common day-telescope only in the intervals between the 
lenses. It appears then that the most advantageous method 
of rendering the common day-telescope achromatic is to in- 
crease the distance between the second and third lenses by 
one-half their common focal length, and to diminish the distance 
of the first lens from the object-glass by the same quantity. 
The latter adjustment is effected by simply pushing in the 
eye-tube in which the eye-glasses are fixed. The magnifying 
power will be the same as before, that is, the same as if one 
eye-glass only had been employed ; as will appear by substi- 
tuting the preceding values in the general value of ^ (358.). 

(863.) In the three-glass eye-piece, the refraction at each 
lens is considerable, since the extreme pencil is made to in- 
tersect the axis twice. It will be advantageously modified 
therefore by adding to the number of lenses, and thus dimi- 
nishing the refraction of each. It occurred to Dollond to 
substitute the Huyghenian double eye-glass for the first and 
third lenses of the triple eye-piece. In this manner an eye- 
piece of jive glasses is produced, in which the field is in- 
creased, and the bending at each lens considerably diminished. 
It is represented in the adjoining figure, in which a, b, c, 
D, E represent the several lenses taken in their order ; abcdef 
the course of the extreme pencil, intersecting the axis of the 
telescope between the second and third lenses, b and c, and a 
second time after refraction by the last lens £. The rays of 
this pencil are brought to a focus at g and 5, and thus two 
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images, pq and rs^ are formed, the first of which is between 
the first and second lenses, and the second between the 
fourth and fifth. An image of the object-glass is formed at 
each of the points in which the axis of the extreme pencil in- 
tersects the axis of the lenses; and the whole of the light 
passes through a small circle there. It is usual to place at 
each of these points a plate perforated with an aperture equal 
to the magnitude of the image formed there, in order to stop 
erratic light. 

This eye-piece was afterwards laid aside by DoUond for one 
with^ttr glasses, which is now the most approved form of the 
eye-piece for terrestrial telescopes. Its construction will be 
understood from the preceding figure by simply supposing the 
first lens a to be removed. Thus the first image is formed 
before the first eye-glass, and the second between the third and 
fourth ; and the axis of the extreme pencil crosses the axis of 
the lenses between the first and second. The confusion arising 
from spherical aberration is considerably less in this than in the 
triple eye-piece ; and it is rendered achromatic by fulfilling a 
condition similar to that which we have already investigated in 
the cases of the double and the triple eye-piece. 



V. 



Of the Compound Microscope. 

(364.) It has been already stated that the compound micro- 
scope is, essentially, nothing but a common astronomical tele- 
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scope adapted to near objects ; and that this adaptation requires 
that the object-glass should be of very short focal length, and 
therefore of very small aperture. The microscopic object being 
placed at a distance from this lens a little greater than its focal 
length, an inverted and magnified image will be formed at the 
other side of the lens, and at a distance which is conaderable 
as compared with that of the object. This image is viewed, as 
in the common astronomical telescope, through an eye-glass 
placed at a distance from it equal to its own focal length, and 
thus a second amplification will take place with all the circum- 
stances necessary to distinct vision. 

The condition of distinct vision, or of the parallelism of the 
emergent rays, is contained in the equations 

fl, 6, «', e,f^ 9LVkdif\ denoting as before (318.). Or, elimi- 
nating h and a', 

1 = 1 1 



Such is the relation which must subsist among the distance 
of the object, the interval of the lenses, and their focal lengths^ 
in order Uiat the emergent rays may be suited to distinct vision. 
The interval of the lenses is usually fixed in this instrument, 
and the adjustment to distinct vision is effected by varying a, 
the distance of the object from the object-glass ; and for this 
purpose the object is placed on a stage, whose distance from 
the object-glass is altered by means of a rack and pinion. 
Sometimes the stage is fixed and the body of the instrument 
moveable; but the principle of the adjustment is the same in 
the two cases. 

For nearsighted persons, whose eyes require divergine. 
rays the value of a must be less than that assigned by the 

JTl w/'*'™'"^ *^ '^'^'y'^S power of this W 



c* e 
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c' and d' denoting as before (319.)* But, if m denote the mag* 
nifying power, and X the least distance of distinct vision, 



and, substituting for — , and for ^, their values obtained above, 
we find 



M 



~\f f ff')' 



Such is the value of the magnifying power of the compound 
microscope, when adapted to eyes which require parallel rays. 
If the instrument be adjusted to the vision of a near-sighted 
person, it is evident from the preceding article that the magni- 
fying power will be greater than that here assigned; while, 
on the other hand, it will be less when the instrument is ad- 
justed to the vision of one who is far-sighted. 

The magnifying power of the compound microscope is readily 
ascertained in practice. It is only necessary for this purpose 
to measure the distance of the object from the object-glass, 
^vhen seen distinctly, and the diameter of the image of the 
object-glass, which is formed beyond the eye-glass at the in- 
tersection of the axes of the extreme pencils with the common 
axis of the lenses. The ratio of the diameter of the object- 
glass to that of this image will give the value of ^(3^1.) ; and 
this ratio, multiplied by the ratio of the least distance of distinct 
vision to the distance of the object from the object-glass, is 
equal to the magnifying power. 

(366.) The quantity of light in the image of an object, seen 
through the compound microscope, is equal to ( — ) , that of 

\fbct y 

the image of the same object seen by the naked eye, at the 
least distance of distinct vision, being unity. The penetrate 
ing power of the instrument is proportional to the absolute 
quantity of light in the image of an object seen through it, 

and therefore varies as T — j , or in the duplicate ratio of the 
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angle which the diamet^ of the object-glass subtends at the 
object. 

The brightness of the irafige of an object seen through the 

compound microscope is equal to I J , that of the same 

object seen by the naked eye being unity. Hence the bright- 
ness in this instrument, as in the telescope, varies in the dupli- 
cate ratio of the aperture of the object-glass divided by the 
magnifying power. 

(367). The confuaon arising from the spherical aberratiaii 
of the lenses varies in the duplicate ratio of the an^ of aberra- 
tion, which is equal to 






m^^i^y^h-. 



as appears by substituting/ ' for a' in the result of (880)* Or, 

L l' 

if we make x = -^fj-, x' = -Try^, the preceding value becomes 



^ i ff* b" S 



iff 

The values of l and l' in this formula are given by the equation 
of (173.) ; the latter accurately, and the former very nearly, 
fflnce the object is nearly in the focus of the object-glass. If 
the second term of the quantity within the brackets be neg- 
lected, on account of the magnitude of 6, compared with that 
of/ory*'; and if for b its value y^ — ebe substituted^ the 
expression of the angle of aberration is reduced to 



T^ 



(r - 0(7) • 



The magnitude of the coefficient l depends upon the material 
of which the object lens is composed, and upon its form. It is 
evident from what has been said (315.) that the higher the 
refracUve power of the substance of which this lens is com- 
posed, the less, ccet, par.., will be the value of l, sod, conse- 
quently, the less the confuuon. The form of the lens for which 
tlie value of L is a minimum is determined by the equations of 

A A 
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(174.); and it is evident from what has been said that, if thd 
lens be of glass, the aberration of the lens of best form will not 
differ much from that of a plano-convex y having its plane 
surface turned towards the object. Such, accordingly, is the 
usual form of the object-glasses of the compound microscope. 

(368.) The confusion arising from chromatic aberration 
varies in the duplicate ratio of the angle which the diameter of 
the circle of chromatic aberration in the last image subtends 
at the eye, or at the eye-glass qp. If we make a' ^=f in 
the general result of (331.), the value of this angle is found 
to be 

If we neglect the second term of the quantity within the 
brackets in comparison with the first, on account of the mag^ 
nitude of 6 compared with that of y or f\ and substitute in 
the result for b its value f^ — e, the approximate value of the 
angle of dispersion is 



"(f " 0/ • 



This angle varies therefore, ccet. par,, as the aperture of the 
object-glass divided by its focal length; and the confusion 
arising from chromatic dispersion varies as the square of that 
quantity. 

(369.) On a comparison of the two preceding results, it ap- 
pears that the confusion of vision in the compound microscope, 
whether arising from the chromatic dispersion of the object- 
glass, or from its spherical form, will depend, ccet par,, on the 
ratio which the aperture of that lens bears to its focal length, 
and upon the ratio which the interval between it and the eye- 
glass bears to the focal length of the latter. 

The errors both of form and colour, however, may be re- 
moved, as in the achromatic telescope, by employing a com- 
pound object-gla^ss consisting of two or more lenses in contact 
of different refractive and dispersive powers. The condition 
of achromatism in such a lens will evidently be the same as in 
the compound object-glass of the achromatic telescope; sinbej 
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for any system of lenses in contact, the condition of achro- 
matism is altogether independent of the distance of the ra- 
diant point. Hence, if the object-glass of the compound 
microscope consists of two lenses in contact, their focal lengths 
must be in the ratio of the dispersive powers of the substances 
of which they are composed. 

The determination of the forms of two lenses, which constitute 
an aplanatic combination when placed in contact, is given by 
the equations of (185-6.), the development of which we shall 
leave to the reader. The calculation is more difficult than in 
the case of the object-glass of a telescope, inasmuch as the 
equations necessarily involve the distance of the radiant point, 
which in the latter case is infinite. 

The first application of the achromatic object-glass to the 
compound microscope was made a few years since by Mr. 
Tully, at the suggestion of Dr. Goring. The object-glasses 
made by this artist are triple, and are composed of a concave 
lens of Jlint-glass between two convex lenses, one of which is 
of croimi-glass and the other of Dutch plate. These object- 
glasses sustain an aperture equal to half their focal lengths, 
which are from 0.2 to 1 .0 inch ; whereas the aperture of the 
single object-glass cannot be much greater than the one-eighth 
of its focal distance. By this increase of aperture the quantity 
of light, and therefore the penetrating power of the instrument, 
is much augmented. 

(370.) One of the chief advantages of the compound mi- 
croscope, as compared with the single microscope of equivalent 
power, consists in its extent of field. If m denote the linear 
magnitude of the field of view in this instrument, and a' the 
aperture of the eye-glass, it is evident from similar triangles 
that 

a 

m ■=■ — a'; 
e 

in which the value of a is given by the condition of distinct 
vision. Such is the extent of the field as limited by the ex- 
treme axes transmitted by the eye-glass. The entire visible 
field is somewhat greater, and the bright part of the field some- 
what lessy than this quantity ; and it is evident that their mag- 

A aS 
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fiitudes will be ascertained by a method precisely umilar to that 
employed io the case of the astronomical telescope (336-7.). 
On account of the smallness of the aperture of the object- 
^ass, however, and the magnitude of the interval between the 
lenses as cotepared with the focal length of either, these will 
difier little from the mean field above determined. 

In ordet" to increase the field, an additional lens is generally 
introduced, which is therefore called the field-gUus. The 
theory of thd instrument in this form will be sufiSciently under- 
stood frdm what has been said^ in the preceding section of Uus 
chapter, on the subject of the double eye-pieces of telescopes. 



hesschkl'^s texescope. S87 



CHAPTER IV- 



OF VISION BT HIBBOBS AND LEV8E8 COMBINED. 



I. 

Of Sir WiUiam HerschePs and of the Newtonian Telescope. 

(371.) If, instead of a convex lens, a conpave reflecting 
speculum be employed to receive the rays proceeding from a 
distant object^ an image will be formed at its focus, which, if the 
aperture of the speculum be sufficiently large, may be viewed 
directly through an ^ye-glass placed at the distance cvf its own 
focal length from the image, as in the common astronomical or 
Galilean telescopes. 

Such is the principle of the reflecting telescope in its simplest 
form, and was that adopted by Sir William Herschel in the 
construction of his celebrated instruments. In order that the 
head of the spectator may intercept as little light as possible, 
the axis of the speculum is slightly inclined to the direction 
of the incident rays, and thus the image thrown near the edge 
of the tube, where it is viewed through the eye-glass by the 
spectator having his back towards the otgect This method of 
observation is called by Sir William Herschel the Jront view. 

It is evident that the obliquity of the incident pencil in this 
construction mus.t produce a slight distortion of the image ; 
but the errors thence arising are scarcely appreciable in the 
very large.instruments» to wbicth alone this construction can be 
applied. 
,(372.) The angle under which the obj^t is seen with this 

instrument is equal to -^, m denoting the linear magnitude 
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of the image formed by the concave speculum, and y* the focal 
length of the eye-glass. But the angle which the object sub- 
tends to the naked eye, or at the centre of the speculum q.p»y 
is equal to that subtended by its image at the same place, with 

— m 
the opposite sign ; or equal to ^ f denoting the focal length 

F 

of the object-speculum. Wherefore the ratio of these angles, 
or the magni/yinff poweVf is, as in the common astronomical 
telescope, 

F 

" = -/• 

It is evident that an object seen through this instrument 
will appear inverted. 

(373.) The field of view in this telescope, determined by the 
axes of the extreme pencils, is equal to the angle which the 
aperture of the eye-glass subtends at the centre of the conn 
cave speculum, or at a distance equal to the difference of the 
focal lengths of the speculum and eye-glass. That is, if a 
denote the semi-aperture of the eye-glass, and 6 half the field 
of view. 



e = 



^-/' 



tvhich, since the focal length of the eye-glass in these instru- 
ments is very small in comparison with that of the object- 
speculum, is very nearly equal to the angle which the aperture 
of the eye-glass subtends at the vertex of the speculum. 

The entire visible Jleld, from which any rays whatever reach 
the eye, is found by joining the corresponding extremities of the 
apertures of the eye-glass and object speculum ; the intercepted 
portion of the perpendicular erected at their common focus 
will be the linear magnitude of the image which is illuminated 
by any rays whatever proceeding from the object, and the 
angle which it subtends at the centre of the object-speculum 
will be the extreme field. It is evident that the determination 
is precisely the same as in the case of the common astronomical 
telescope, so that, adopting the result of (336.), we have 
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/ 

0' = ^ 

A denoting the semi-aperture of the object-speculum, and e' 
half the extreme field. Or, neglecting^' in comparison with f, 

and substituting m for -tt, 



F \M / 



a value which, in instruments of high magnifying power, will 
differ little from that of the mean field given above. 

On account of the small extent of field in these instru- 
ments, and the consequent difficulty of discovering the object^ 
it is usual to attach, at the side of the tube, a small refracting 
telescope of low power and considerable field, whose axis is 
exactly parallel to that of the telescope to which it is joined. 
The object being found by means of this telescope, it is evident 
that the larger instrument will be in the desired position. Such 
an accessory is called ajinder. 

(374.) The celebrated instrument, erected at Slough by Sir 
W. Herschel, was the largest reflecting telescope ever made. 
The tube of this telescope is thirty-nine feet four inches in 
length, and four feet ten inches in diameter. It is made of 
rolled or sheet iron, and is put together without rivets by a 
kind of seaming used in the iron funnels of stoves. Great 
mechanical contrivance is displayed in the apparatus destined 
for the management and support of this vast instrument. The 
lower extremity of the tube rests upon a moveable point of 
support, and the upper or open end is attached by means of 
puUies to a great cross beam which crowns the framework of 
the whole apparatus, and by which the telescope may be set to 
any desired altitude. The whole instrument, framework and 
all, has also an azimuth motion by the manner of its support. 
The foundation on which it rests consists of two concentric 
brick walls, carefully capped with stone, the outermost of 
which is 42 feet in diameter and the innermost ^1 feet. The 
framework rests upon these walls by means of twenty con« 



860 tisioK. 

centric rollers, moving on a pivot in the centre, and thus has an 
easy horizontal motion. 

The diameter of the metallic speculum is 49|- inches, and 
that of its polished surface 48 inches. The thickness, which is 
uniform throughout, is S^ inches; and its weight, when it 
came from the furnace, was SI 18 pounds. The focus of the 
speculum is made, by a slight inclination of its axis, to fall 
within four inches of the lower part of the mouth of the tube> 
and projects into the air ; by which arrangement the head of 
the spectator intercepts little of the incident light, the diameter 
of the tube exceeding the effective aperture of the speculum by 
about ten inches. 

A slider, carrying a brass tube for the reception of the eye- 
glasses, is fixed at the mouth of the telescope, and is directed to 
the vertex of the speculum. The eye-glasses employed by 
Sir W. Herschel were small double-convex lenses, some of 
which are said not to exceed otie-fiftieth of an inch in focial 
length. With eye-glasses, however, such as are more cotn- 
monly employed for sidereal observations, the magnifying poWer 
of the telescope exceeds 6000. 

A speaking-pipe descends from the mouth of the telescope 
to the bottom of the tube, and there divides into two branches ; 
one of which communicates with the work-room, in which a 
person is placed to give the required movements to the in- 
strument, and the other with the observatory, where an 
assistant takes down the observations. In this latter roam 
there is a sidereal time-piece, and close beside it a polar- 
distance piece, which may be made to show polaf -distance or 
declination, zenith-distance or altitude, by setting it differently. 
The speaking-pipe rises between the time-piece and polar- 
distance piece, and the assistant sits in front of them at a table, 
and there writes down the observations ♦. 

This noble instrument was completed on the 28th of August, 
17899 and on the same day the sixth satellite of Saturn was 



* A full account of this telescope, and of the mechanical lurraiige- 
ments connected with it, is given in the Transactions of the Royal 
Society for the year 1795. 
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discovered. The framework having much decayed, this tele- 
scope has been taken down, and another of the same con- 
struction, of 20 feet focal length and 18 inches diameter, 
erected in its place by Mr. J. F. Herschel. The largest 
telescope of this construction, now in this country, is that 
erected by Mr. Ramage at the Royal Observatory at Green*^ 
wich, in the year 1820. Its focal length is ^ feet, and the 
aperture of the object-speculum 15 inches. The mechanical 
arrangements of this instrument are such that its move- 
ments can be effected by the observer himself without an 
assistant. 

(375.) The principle of the front view, as described in the 
preceding constructions, can only be employed, it is evident, 
when the aperture of the object-speculum is very considerable: 
to instruments of moderate dimensions it is wholly inapplicable. 
In the telescope propd^ed and constructed by Sir Isaac 
Newton, the rays reflected by the object-speculum are Teeriv^ 
upon a small plane speculum placed between the object-Grpe* 
culum and its principal focus, the plane of which is inclined ttt 
an angle of A&^ to the axis of the telescope. By this the Y«f^ 
which tend to form an image at the principal focus of the 
bbject-specul^m, are reflected kteifally; and libusan image iii 
formed near the side of the tube, equal slnd similar to Cb4 
former, and similarly posited with respect to the plane r^ 
flector. This im^age, whase plane is parallel to the a)(is of the 
telescope, is view^ through an eye-glass placed at the^de<rf 
the instrument, at a distance from the image «qual to its owft 
focal length. 

Instead of a plane speculum, Newton made use of a rect- 
aaigular isosceles prism, through the sides of which the rayft 
enter and emerge perpendicularly, and are deflected at the 
hypothenuse. The reflexion there being totals the loss ^if 
light will be much less than in the case of a metallic speculum. 

The construction of the Newtonian telescope is represented 
in the adjoining figure, in which ab represents the object*- 
Itpeculum, a'b' the plane specultim, and izd the eye-gifts^ 
H^^gbe reppfesettts pan of a pencil of^rdys prdcecding from dfl^ 
'|k>intdf a distant object. These 'r6ysi whidh by'*the'i»^fl0^Ki»ll 
df the object-s^ulUni H^e maide to 'cbnvek"^ .towards G,th^ 
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corresponding point of the image, fg, which would be formed 
at its principal focus, are intercepted by the plane mirror, a'b', 
and made to converge to^, where an image, ^g, will be formed 
equal to fg, and similarly situated with respect to a'b'. The 
rays then crossing at g are incident diverging upon the eye- 
glass, aft, placed at a distance, af, from the image equal to its 
own focal length ; and finally, emerging parallel, are received 
by the eye at ^, the intersection of the axis of the pencil with 
the axis of the lens. 

(376.) If F and f denote the focal lengths of the object- 
speculum and eye-glass, respectively, e and d their distances 
from the plane reflector, aa' and A^a, we have 



a'f = F — e^ 



^f=e'-fi 



the first image being in the principal focus of the object- 
speculum, and the second in that of the eye-glass. Wherefore, 
since a'f = a^, there is 

Such is the condition of distinct vision of a distant object, the 
(Bye requiring parallel rays. The position of the eye-glass 
with respect to the plane speculum is usually fixed, or the 
distance el invariable; and the adjustment to distinct vision is 
effected by varying e, the distance of the plane mirror from 
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the object-speculum. The motion of the plane mirror, and of 
the eye-glass which is attached to it, is effected by means of a 
fine screw. 

The magnifying power of the Newtonian telescope is evi- 
dently determined on the same principles as that of Sir W. 

F 

Herschel ; and is equal to -p- the ratio of the focal lengths of 

the object-speculum and eye-glass. 

(377.) In order that the brightness of the central part of th^ 
field may be as great as possible, the plane mirror must be of 
such form and dimensions as exactly to receive the whole of 
the principal pencil, or the cone of rays converging to the 
principal focus of the object-speculum. The mirror, accord- 
ingly, must be a section of that cone, formed by a plane in- 
clined at an angle of 45^ to its axis ; and must therefore be an 
ellipse. 

In order to determine the dimensions of this ellipse, let 
lines be conceived drawn from the focus f, in the preceding 
figure, to the extremities of the aperture of the object-spe- 
culum ; and let the section of the lesser speculum, a'b', be 
produced to meet them. Then, this section being made by a 
plane passing through the axis of the telescope and perpen- 
dicular to the plane of the speculum, it is evident that the in- 
tercepted portion of the section will be the greater axis of the 
ellipse. Let x and of denote the portions of that line, as it is 
divided in the point a' by the axis of the telescope ; also, let 
a'f, the distance of the focus from the lesser speculum, be 
denoted by d ; and the semiangle of the cone by 6, the tangent 

of which is equal to — . Then we have 

_ rf.sin.6 rfy^.tan.Q _ Arf^/g 

^ " sin. (45 — B) " 1 — tan. 6 "" f - a' 

^ d.sin.e ^d^/^Aan.d ^Adx/^ 
"^ sin. (45 +1) "■ 1 + tan.6 "" F + a* 

Wherefore, a denoting the semiaxis major of the ellipse, we 
have 
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Again : if b denote the semiaxk minora and y the perpen- 
dicular to the greater axis erected at the point V^ hj the pro* 
perty of the ellipse, there is 

— =i^. 
a* xaf' 

But y is evidently the radius of the circle, formed by a plane 
perpendicular to the axis of the cone at the pcunt a' : wherefore 

j^ = iitan.i>=-, and— = -^^, 
And subimtubng feu* a its value already obtained. 



5 = 



V'F^ -^ A« 



If A* be neglected in comparison with f«, on account of the 
smallness of the aperture of the object-speculum as compared 
with its focal length, the approximate values of the semiaxes 
will be 

a = y J= — 5 

F F 

which are in the ratio of V^ to 1. This latter determination is 
sufficiently near the truth for all practical purposes. 

The quantity of light reflected by a plane mirror increases 
with the incidence. Consequently, if the plane speculum be 
inclined to the axis of the telescope at a greater angle than 45% 
the quantity of light and brightness of the image will be aug- 
mented. In tliis modification of the ^fewtonian telescope, 
which was proposed by Dr. Brewster, the rays emerge 
through the side of the tube obliquely. The form of the 
elliptical mirror also, depending on its inclination to the axis of 
the cone, will differ from that assigned above ; and it is evident 
that its greater axis will be divided more unequally by the 
axis of the telescope, the greater the inclination. 
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(37&) The extreme fidd of view in the Newtoman teleseope 
is detertnined by connecting the adjacent extremities of the 
eye-glass and plane ^culum by the line B!b (see figure, page 
362); the intercepted portion of the perpendicularly^, raised 
at the pointy) will be the whole extent of the image illuminated 
by any rays whatever proceeding from the object, and the angle 
which its equal fg subtends at the centre of the speculum will 
be the extreme field. 

Let m denote the linear magnitude of this image, a the semi- 
aperture of the eye-glass, abj and a' the perpendicular let fall 
from the adjacent extremity of the plane speculum, b', upon 
the line a'a ; then it is evident that we have, on account of 
nmilar triangles, 

a — m m — a' 



t » 



d denoting as before the distance a'f or a*/. Neglecting a' in 
comparison with d in this result, we obtain 

ad + a'/ 

And this quantity divided by f will measure half the visible 

field. 

d 
From the preceding article it appears that a' = a — , very 

nearly. Wherefore, if we substitute this value in the result 
last obtained, and neglect y* in comparison with d in the de- 
nominator, it is reduced to 

A 

m ^=i a 4- — • 

M 

Whence, e denoting half the visible field, there is 



^^H^^-^y 



as in Herschel's telescope. 

(379.) If a real object be supposed to occupy the place of 
the image^ (see figure, page 862), it is evident tiiat the rays 
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of each pencil, after reflexion by the plane speculum, a'b', 
ii^ill fall upon the concave speculum diverging from the image 
FO in its principal focus; the reflected rays, consequently, 
emerging parallel, will be suited to the distinct vision of an 
eye placed any where in the axis of the instrument. But if 
the object be removed ever so little farther from the plane 
speculum, it is evident that the rays, after reflexion by the two 
specula, will converge to an image in the axis of the concave ; 
-and this image may be viewed through an eye-glass placed at 
a distance from it equal to its focal length. 

Such is the principle of the reflecting microscope^ invented 
by Professor Amici. In order to avoid the errors of figure, 
the concave mirror is an ellipsoid of revolution round the 
greater axis, whose foci are the*places of the conjugate images. 
The microscopic object is placed a little without the tube, on 
a small shelf projecting from the stand of the instrument ; and 
is illuminated by two concave mirrors, one of which is directly 
above the object, and has an aperture in the centre to admit 
the rays into the tube, and the other directly beneath it. 

This instrument admits of a very high magnifying power, 
and, owing to its horizontal position, is very convenient in use. 
Its construction has been considerably improved by Mr. Cuth- 
l)ert, principally by altering the relative dimensions of the two 
specula ; and il is now much in use. 



IL 

Of the Gregorian and Cassegraifiian Telescopes. 

m 

(380.) The invention of the reflecting telescope is generally 
ascribed to James Gregory, who described the instrument now 
called by his name iti his Optica promota^ published in the 
year 1663. The Gregorian telescope consists of two concave 
specula disposed along the same axis, with their concave sur- 
faces facing each others and at an interval a* little greater^ than 
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the sum of their focal lengths. In the vertex of the larger, or 
object-speculum, is a circular aperture, to which is attached a 
tube containing the eye-glass. Now, when the axis of the 
telescope is turned towards any distant object, an image is 
formed at the principal focus of the object-speculum. The 
rays diverging from this image are then received by the lesser 
speculum, which is at a distance from it a little greater than 
its own focal length ; and by its reflexion a second image 
is formed near the vertex of the object-speculum^ which is 
viewed through the eye-glass placed there, at a distance from it 
equal to its own focal length. 

The construction of this instrument is represented in the 
adjoining figure; in which ab represents the object-speculum, 




a'b' the lesser speculum, and ab the eye-glass, bgb'^6^ repre- 
sents part of a pencil of rays proceeding from any point of a 
distant object. These rays are, by the reflexion of the object- 
speculum, made to converge to g, the corresponding point of 
the image, fg, formed at its principal focus F. The distance 
of this image from the lesser speculum, a'f, being a little 
greater than its focal length a'f', the rays diverging from g, 
and incident upon the lesser speculum, will be reflected to g ; 
where a second image, ^, will be formed at a distance Ay*con- 
jugate to a'f. This second image being in the principal focus 
of the eye-glass, oft, the rays diverging from g, and incident 
upon the eye-glass through the aperture in the object-speculum, 
are by its refraction made to emerge parallel ; and are received 
by the eye at e, the intersection of the axis of the pencil with 
the axis of the instrument. 
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In the ori^nal construction of this telescope, as proposed 
by its inventor, th^figure of the object-speculum was a parom 
iokdd, and that of the lesser speculum an ellipsoid of re* 
volution round the ^ater axis, whose foci are f and j^ the 
places of the two images. In such an arrangement, it is evi- 
dent, there will be no aberration of the rays proceeding from 
the centre of the field; and for such rays the instrument will 
be theoretically perfect. On account of the difficulty, however, 
attending the construction of mirrors of these forms, which 
were at first considered as essential to the instrument, this in- 
vention was for some time abandoned as practically hopeless; 
so that, although the Gregorian telescope was invented some 
years before that of Newton, the latter was the first reflecting 
telescope actually constructed. 

For common purposes the Gregorian telescope is generally 
preferred to the Newtonian. Its superiority seems to arise 
from this, that the two specula may be so matched that the 
necessary irregularities in their figure shall compensate one 
another in their efiects upon the images ; whereas in the New- 
tonian there is nothing to counteract any defect of form of the 
object-speculum, and experience proves that such specula can 
seldom be obtained truly spherical. 

(381 .) Let F, f', andj^ denote the focal lengths of the object- 
speculum, the lesser speculum, and the eye-glass respectively ; 
€ and ef the distances of the object-speculum and eye-glass from 
the lesser speculum, and d and d' the distunoes of the two 
images from the same : then, since the first image is in the 
principal focus pf the object-speculqm, and the second in that 
of the eye-glass, it is evident that 

But d and d', being conjugate focal distances to the lesser spe- 

l 1 I 

culum, are connected by the equation "J + "37 = "T» ^^^ 

substituting in this the values of d ^md ^', just given, there is 

1 1 1 



e^Y^ e-f f'' 
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Such is the equation of condition of distinct vision in the Gre- 
gorian telescope, an equation analogous to that already obtained 
(346.) in the case of the refracting telescope with three lenses. 

The eye-glass is usually fixed in this telescope, as in the 
Newtonian, and the adjustment to distinct vision is effected by 
altering the position of the lesser speculum by means of a fine 
screw. 

(382.) The angle under which any object is seen in the 

Gregorian telescope is equal to —r-^w'denoting the linear mag- 

nitude of the second image (301.). But the angle which the 
object subtends at the centre of the object-speculum (or to the 
naked eye^ q.'p^ is equal to that subtended by the first image 

at the same place, or equal to — ; m denoting the linear mag- 

nitude of the first image. And the ratio of these angles, or the 

magnifying 'power of the telescope, is — . —7-. Or, since 

_ p d' 

If we substitute in this expression for d and dl their values, 
^ — F and ^ — yi and eliminate these quantities successively 
by means of the equation of the preceding article, we obtain 
the following expressions of the magnifying power : 

__ ff' __ F(e' — f' — y) 

The values of e and ^, obtained from these expressions, are 

. , ff' , , - f'/m 

values precisely analogous to those obtained (347.)> and which 
determine the several intervals when the focal lengths and 
magnifying power are given. 

The second of the preceding values of m furnishes a simple 
approximate value of the magnifying power. For, since the 

B B 
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first image is nearly at the principal focus of the lesser spe- 
culum, and the second nearly at the vertex of the greater, 
^' — f' — y = f, g.p. ; and this being substituted in the ex- 
pression of M, there is 

F« 

The second image being inverted with respect to the first, 
and the first with respect to the object, it is' evident that an 
object seen through this telescope will appear erect, 

(383.) The quantity of light received by the object-spe- 
culum in the Gregorian telescope is to that received by the 
naked eye from the same object in the ratio of the difference 
of the areas of the two specula to that of the pupil of the eye ; 
or in the ratio of a^ — a'* to a«, a and a' denoting the linear 
apertures of the two specula, and a that of the pupil. Where- 
fore, if m denote the ratio of the emergent to the incident light, 
after reflexion by the two specula and transmission through 
the eye-glass, the gtuintity of light received by the eye through 
the telescope will be 

A« — a'» 



m 



a^ ' 



that received by the naked eye being unity. On this quantity 
depends the penetrating power of the instrument. It appears 
from what has been said (322.) that it cannot be increased in- 
definitely, but has a limit dependent upon the magnifying 
power. 

The apparent brightness of an object seen through the 
telescope varies as the quantity of light in the image on the 
retina divided by the space over which it is diffused there. 
Now the area of the image on the retina is equal to m% that of 
the image on the retina of the naked eye being unity ; where- 
fore the brightness of an object seen through the telescope is 

a* — a'« 



m 



a^M^ 



the brightness of the same object to the naked eye being 
unity. 
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(384.) In order that the brightness of the centre of the 
field should be as great as possible, the lesser speculum must 
be of such dimensions as exactly to receive the whole cone of 
rays converging to the principal focus of the object-speculum. 
If it be less, it will not reflect the whole of the pencil reflected 
by the object-speculum : if it be greater, it will intercept more 
than is necessary of the parallel pencil incident upon the same. 
The aperture of the lesser speculum, therefore, is determined 
by the equation 



-^'-'(t-)- 



The lesser speculum being of the magnitude here assigned, 
it is evident that the brightness of the field will diminish gra- 
dually from the centre. In order that the brightness may be 
uniform over the whole extent of the field, the magnitude of 
the lesser speculum must be somewhat greater than that above 
given, and its determination will offer no difficulty to the 
reader. But it is evident, from what has been said, that the 
brightness of the centre of the field will be thus diminished, 
and the loss of light on the whole will more than compensate 
the advantage gained. 

The hole in the vertex of the object-speculum must not 
exceed the aperture of the lesser speculum ; and it is evident 
that, as far as the principal pencil is concerned, no advantage 
will be gained by making it less. It is usual to make them 
equal, in order that the aperture of the eye-glass (which is 
limited by it), and therefore the field of view, may be as great 
as possible. 

(385.) The extreme Jield of view in the Gregorian telescope 
is found by connecting the corresponding extremities of the 
lesser speculum and eye-glass by the line b'6 (see figure, 
page 367) : the intercepted portion of the image, y^, will de- 
termine the field. It will easily appear from similar triangles 

ft — ^fjf ffi' _ jj 
that — 7; — = — -Vf — ; in which a' denotes the semi-aperture 

of the lesser speculum, a that of the eye-glass, and m! half the 
linear magnitude of the second image. From this we have 
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hole is to be taken equal to the linear magnitude of the image 
of the object-speculum, which will be formed at that point. 

(387.) Some years after the invention of the Gregorian and 
Newtonian telescopes, and probably without any knowledge of 
what had been done in Britain, a Frenchman named Casse- 
grain published a description of the reflecting telescope which 
goes by his name. Cassegraiifs telescope differs from the 
Gregorian merely in the form and position of the lesser spe- 
culum; this reflector being convex and placed between the 
object-speculum and its principal focus, at a distance from the 
latter a little less than its own focal length. In this con- 
struction, since the rays of each pencil are incident upon the 
lesser speculum converging to the points of an image be- 
hind it, and within the principal focus, they will, after re- 
flexion, converge to the points of an image in front of the spe- 
culum. This image, being thrown near the vertex of the 
object-speculum, is viewed through an eye-glass placed at 
a distance from it equal to its own focal length ; the object- 
speculum being perforated in the centre, as in the Gregorian 
telescope. 

After what has been said of the Gregorian telescope, it will 
be needless to enter into detail on the theory of this construction. 
The results, as might easily have been anticipated, will differ 
from those obtained in the preceding articles merely in the sign 
of f', the focal length of the lesser speculum. 

Objects seen through this instrument appear inverted: for 
the second image is erect with respect to the first, and therefore 
inverted with respect to the object. For this reason it is un- 
suitable to terrestrial purposes, unless with an erector eye-piece, 
an addition seldom made to the reflecting telescope. 

The Cassegrainian construction has been little used. It 
appears, notwithstanding, to possess some very important ad- 
vantages. It is shorter than a Gregorian of the same power 
by about double the focal length of the lesser speculum. 
Again, what is of still more importance, the spherical aberra- 
tions of the two specula lie in opposite directions, and therefore 
partially correct each other ; whereas, in the Gregorian tele- 
scope, the aberration produced by the object-speculum is in- 
creased by that of the small reflector. It appc*ars also from 
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some experiments made by Captain Kater, that the Casse- 
grainian telescope surpasses the Gregorian of the same power 
and aperture in brightness as well as distinctness; a result 
which he attributes to the circumstance of the rays not having 
crossed one another at the focus. However this be, it has been 
ascertained by trial that a reflector of this form will sustain a 
higher magnifying power than a Gregorian with an object- 
metal cf the same dimensions. 

(t588.) Doctor Smith's reflecting microscope is merely a 
Cassegrainian telescope adapted to near objects. It is evident 
that, if an object be brought very close to an instrument of 
this or of the Gregorian construction, the rays proceeding from 
it will be altogether intercepted by the second reflector before 
they reach the object-speculum. To obviate this, the aperture 
of the second speculum is increased, and the rays are admitted 
to the object-speculum through a circular hole in the centre^ 
These rays are then reflected by the object^speculum, and con- 
verging to form an image a little within the focus of the convex 
speculum, they are a second time reflected, as in Cassegrain's 
telescope, and are made to converge to an image near the vertex 
of the object-speculum. Finally, the rays diverging from this 
second image pass through the aperture in the object-speculum, 
and are received by the eye-glass placed at a distance from it 
equal to its own focal length. 

A small screen is placed between the apertures in the two 
reflectors, to intercept the rays which proceed directly from the 
object to the eye-glass. 
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I. 



OF THE EEFllACTION OF THE ATMOSPHERE. 

(389.) We have seen (116.) that when a ray of light passes 
through any number of refracting media, bounded by parallel 
planes, its course will be a broken line, consisting of as many 
right lines as there are media inclined to the surfaces at dif- 
ferent angles ; and that the direction of the ray in the last 
medium y and therefore the total deviation, will be the same as 
if the light had been incident directly upon it out of the first. 
Now if the change of refractive power be continuotiSy the in- 
tervals of the successive parallel surfaces will be indefinitely 
small, and their number indefinitely great ; consequently the 
polygonal line becomes a continuous curve, the direction of 
which, in any part of the varying medium, will be the same as 
if the ray had been incident directly upon it out of the original 
medium. 

The atmosphere which surrounds the earth is a medium of 
this kind. For, since the density of the air decreases con- 
tinually with the distance from the surface, the refractive 
power which is proportional to it must likewise decrease con- 
tinually ; and though the strata of equal density, and there- 
fore of equal refractive power, are in fact spherical surfaces 
concentric with the earth, yet, on account of the small height 
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of the sensible atmosphere compared with the radius of the 
earth, the deviation from parallelism throughout any space 
traversed by a ray of light (unless where the ray proceeds from 
a star near the horizon) must be inconsiderable. Hence, if 
we neglect the curvature of the atmospheric strata as incon- 
siderable throughout the space traversed by the ray, the 
direction of the ray in the last stratum, where it meets the earth, 
will be altogether independent of the law of variation of the 
density, and the same as if the light had been incident directly 
upon a homogeneous atmosphere of a density equal to that of 
the air at the surface. 

(890.) The direction of the ray before its incidence upon the 
atmosphere marks the real position of the object ; the direction 
of the ray when it meets the eye the apparent position ; and 
the angle contained by these directions, or the total deviation 
of the ray, is the refraction. The law of its variation is rea- 
dily determined on the principles above mentioned. For, 
if we suppose the ray to undergo refraction at the surface of a 
homogeneous atmosphere of the same density as that at the 
surface of the earth, the angle of refraction will be equal to the 
apparent zenith distance of the object, the surface of the at- 
mosphere and that of the earth being parallel. Wherefore, if 
the apparent zenith distance be denoted by z, and the re- 
fraction or deviation by b, the angle of incidence will be 
z + R, and we have 

sin. (z + b) = wi sin. z ; 

m denoting the ratio of the sines of incidence and refraction from 
a vacuum into air of the same density as that at the earth's 
surface. Or, expanding the first member of this equation, 
and making cos.r = 1, sin. R = Rsin.l", on account of the 
smallness of the angle r, 

sin. z + R sin. 1" cos. z = m sin. z ; 

^ m —1 
• • B ^^ . , ., tan. z. 

sm. 1" 

The refraction varies therefore as the tangent of the apparent 
zenith distance. 
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The ray being bent towards the perpendicular to the surface, 
on entering a denser medium, it is evident that the apparent 
zenith distance is less than the true^ or that the object appears 
elevated by the effect of refraction. 

(391.) The refractive index of atmospheric air has been 
determined with great accuracy by the experiments of Biot 
and Arago. These authors found that, at the tempera- 
ture of melting ice, and under a pressure measured by a 
column of mercury whose height was 76 centimetres (that is, at 
29.93 inches barom. and 39P Fahrenheit), the value of m — 1 
was .0002943. And dividing by sin. 1", the coefficient of re- 
fraction was found to be 187.24 French seconds, or 60.66 
English ; so that 

^!^r^ = 60".6a 

sm. l" 

The value of /« — 1 , however, varies with the density of 
the air, to which it is proportional ; and consequently changes 
with the temperafure and pressure. It appears from the ex- 
periments of Dalton and Gay-Lussac, that a column of air de- 
noted by unity at the freezing point becomes 1.375 at the tem- 
perature of boiling water, the height of the barometer being 
the same ; or that any volume of air increases by the fractional 
part .375, under an increase of temperature from 32^ to 212**. 
Hence the increase of volume for each degree of temperature 
is .002083, the volume at the temperature 32® being unity. 
Wherefore, if or® denote the number of degrees of Fahrenheit 
above the freezing point, the volume at that temperature 
will be 

1 + .002083^0. 

And, the density being inversely as the volume, we must divide 
the coefficient of refraction above given by this quantity, in 
order to correct for temperature. 

Again, the temperature being ^ven, the density of the air 
varies as the pressure, which is measured by the height of the 
mercury in the barometer. Consequently, the refraction being 
proportional to the density, the refraction at any pressure will 
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be obtidned by multiplying the refraction at a given pressure 
by the ratio of the heights of the mercury in the barometer. 
To correct for pressure, therefore, we must multiply the co- 
efficient of refraction above given by the fraction 

h 



29.93' 

h denoting the height of the barometer in inches. 

Applying, now, the corrections for temperature and pressure, 
the coefficient of refraction will be 

m- 1 h 60^66 

sin. 1" ""29.93 ^ 1 + .002083a«»' 

Where extreme accuracy is required, a correction for tem- 
perature is also applied to h^ the height of the mercury in the 
barometer ; the mercury expanding with the increase of heat. 
The correction, however, is extrcffnely small. 

It is a remarkable circumstance that the variations in the 
humidity of the atmosphere, which are considerable, have no 
sensible effect upon the refraction. The reason of this is that 
the density of aqueous vapour in a state of suspension is less 
than that of air, very nearly in the same proportion that its 
refractive power is greater. Consequently the effective re- 
fractive power of aqueous vapour is very nearly the same as 
that of atmospheric air ; and therefore its admixture with the 
latter in varying proportions will not sensibly affect the 
quantity of refraction. In the corrections of refraction, there- 
fore, it is unnecessary to attend to the indications of the hy- 
grometer. 

(392.) When the barometer stands at 29.6 inches, and 
Fahrenheit thermometer at 50°, the coefficient of refraction 
given in the preceding article becomes 

29^0 60^66 _ 
29.93^1.0376 -°'-°'*' 

and the general value of the coefficient, referred to this as a 
standard, will be 
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h 1. 0375 X 5r .82 
^.6 ^ 1 + .002083^0 • 

Such is the numerical coefficient given by Dr. Brinkley *. 

The coefficient of refraction derived from the French tables 
(barom. 29.6 inches, and Fahrenheit 50°) is 57".72 ; and that 
obtained by Dr. Brinkley from upwards of 500 observations 
made at the observatory of Trinity College, Dublin, is 57''.56; 
so that the results derived from astronomical observation diffoF 
by but a very small quantity from those obtained by direct ex- 
periment. The author just mentioned considers the latter 
susceptible of a higher degree of precision than the former, 
and consequently more to be relied upon. 

(393.) We have hitherto supposed the atmospherical strata 
to be parallel throughout the course of the ray. The results 
obtained on this supposition are sufficiently accurate for stars 
near the zenith ; but when the zenith distance is consider- 
able, there will be a correction required depending upon the 
sphericity of the strata. The deviation from parallelism being 
small, we may suppose, as before, the direction of the ray when 
it reaches the eye to be the same as if it had proceeded directly 
from a vacuum into air of the same density as that at the 
earth's surface. Wherefore, if d denote the angle of refrac- 
tion at the surface of the homogeneous atmosphere, supposed 
spherical and concentric with the earth, we have, as before (390.), 

wi — 1 
R = -: — 777 tan. 6 ; 
sm. 1" 

d being no longer equal to z, the apparent zenith distance of 
the object. It is evident from the consideration of the triangle, 
formed by lines drawn from the centre of the earth to the ex« 
treme points of the refracted ray, that the sine of the angle of 
refraction is to the sine of the apparent zenith distance, as the 
radius of the earth to the radius of the exterior surface of thd 
homogeneous atmosphere. Wherefore, if p denote the ratio 
which the height of the homogeneous atmosphere bears to the 
radius of the earth, there is 



* Transactions of the Rojt/al Irish Academy, vol. xii. 
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sin. z 



sin. 6 = 



1 +f' 

This equation combined with the preceding will determine the 
refraction. In order to eliminate d, we have 



^ /^ sin.^z Vcos/^z + ^e 

neglecting ^* in comparison with %. Whence there is 

sin. z tan. z 



tan. 6 = 



a/cos.« z + % v' 1 + % sec.'^ z 



Or, expanding the denominator by the binomial theorem, and 
neglecting the powers of g sec' z, after the first, 

tan. 6 = tan. z (1 — ^ sec.^ z) ; 

m — 1 ,^ . 

.*. E = —: — rjrtan. zil — P.sec.*z). 
sm. 1" ^ * ^ 

The height of the homogeneous atmosphere z= 5.095 miles 
at the temperature of 50^ Fahr., and the radius of the earth 
= 3979 miles ; whence the value off is found to be .00128. 
This quantity will have a correction depending upon the tem- 
perature ; but the quantity itself being very small, its variation 
may be disregarded. 

From the preceding it appears that the formula of refraction 
consists of two terms, the first of which is independent of the 
curvature of the earth, and the same as if the surface of the 
earth and the atmospheric strata were plane, and the second is 
the correction due to the sphericity. This latter term, at 80® 
zenith distance, amounts to about 14" only, and at 40^ zenith 
distance it is insensible. 

(394.) The preceding formula for refraction has been ob- 
tuned independently of any hypothesis respecting the law of 
variation of density of the atmosphere ; and it is sufliciently 
accurate for all astronomical purposes as far as 74® zenith 
distance. For lower altitudes the law of variation of the 
density of the air will sensibly affect the quantity of atmo- 
spherical refraction ; and as this law is as yet unknown, all 
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formulas for refraction hitherto given, beyond 749 zenith 
distance, must be considered as in some degree empirical. If 
the density of the air decreased in geometric progression (as 
would be the case on the supposition of a uniform temperature), 
Laplace has shown from theory that the refraction at the 
horizon would amount to iff nearly ; the temperature being 
that of melting ice, and the height of the barometer 29.93 
inches. If the density of the air diminished in arithmetical 
progression, the horizontal refraction would be about 3ff. Now 
the observed horizontal refraction, which is about 35' at the 
same temperature and pressure, is a mean between these re- 
sults. Hence Laplace concludes that the law of the variation 
of the density of the air is nearly a mean between the above- 
mentioned progressions ; and, assuming a law of this nature, 
he has deduced a formula for the refraction which is applicable 
to all altitudes *. The French tables of refraction are con- 
structed upon this formula. 

At very low altitudes, however, the irregularity of refraction 
is so great, as to baffle all attempts to define it by a law. The 
variations in the state of the atmosphere at the surface of the 
earth, arising chiefly from sudden changes of temperature, 
produce variations in the horizontal refraction frequently ex- 
ceeding its mean value Several instances have been recorded 
of unusually great refraction in the horizon. One of the most 
remarkable is that described in the Philosophical Transactions 
for the year 1798, in which an account is given of a refraction 
by which the French coast was rendered distinctly visible to 
the naked eye at the shore at Hastings, the distance being 
about fifty miles. By the aid of the telescope the French fishing- 
boats were plidnly seen lying at anchor, and the buildings on 
the land distinctly discernible. Lalande mentions that the 
mountains of Corsica are occasionally visible from Grenoa, a 
distance upwards of a hundred miles. 



* See Mecanique Celeste, book 10^ chap. 1 . See also Dr. Brinkley's 
paper in the Transactions of the Royal Irish jlcademy, yoh xii.; in 
which the author has deduced^ by a method as simple as the subject 
will admits a formula which gives the refraction with sufficient ac- 
coracy as fiur as 80^ xenith distance. 
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(395.) In a medium composed of parallel strata, whose re- 
fractive power is continually increasing or continually diminish- 
ing^ a ray of light proceeding from the denser into the rarer 
part of the medium will be continually bent out of its course, 
and describe a curve which is concave towards the denser 
medium. Hence, as the angle of incidence with the strata of 
equal density is continually increasing, this angle may approach 
indefinitely to a right angle ; and the ray, becoming parallel to 
these strata, may be bent back into the denser medium, and 
describe a second branch of the curve precisely similar to the 
first, the two branches of the curve intersecting the same sur- 
faces at equal angles. The efiect in such a case, therefore, 
will be the same as if the ray had suffered reflexion at some 
stratum of the rarer medium. 

Thus let AMB be the curvilinear course of the ray, which is 
parallel to the strata of equal density at the point m : also 
let AB be one of these strata, intersecting the curve in a and b ; 




and let an, bn, be tangents to the curve at these points. Then 
the ray will appear to be reflected from the stratum ef, which 
passes through n, the point of intersection of the tangents. 
For, since the strata of equal density intersect the two branches 
of the curve at equal angles, the angles nab and nba, and 
therefore their equals ane and bnf, are equal. Hence, if the 
rays proceed from an object at b, and be refracted to the eye 
at A, the image of the object thus seen will be inverted. Also, 
the object being seen in the direction of the line an, the tan- 
gent to the curve at the point where it meets the eye, it will 
appear elevated above its true position when the rarer medium 
is above the denser, and, on the contrary, depressed when it 
is below, the ray always inclining towards the denser medium. 
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It is evident, further, that if the eye be situated in the same 
stratum of the varying medium vith the object, the rays pro- 
ceeding directly from the object to the eye, through the medium 
of uniform density, may meet there with some of the curvi- 
linear rays above mentioned proceeding out of the rarer 
medium ; and that in this manner two images of the object 
will be visible, one erect by direct rays, and the other inverted 
by the rays which are as it were reflected from the rarer 
medium. 

Thus, if into a rectangular vessel containing sulphuric 
acid water be gently poured, in such a manner that the two 
fluids may not mix, except throughout a small space in which 
a partial combination will take place, a medium will be pro- 
duced between the acid and the water, decreasing gradually 
in density and therefore in refractive power as it approaches 
the water. If then any object be viewed through the upper 
part of the concentrated acid, it will be seen by the rays which 
proceed directly to the eye placed at an equal elevation on the 
opposite side; and the image thus formed will be erect. But 
it will be also seen by the rays which, proceeding from the 
object towards the rarer medium, are continually bent towards 
the denser, and finally intersect the direct ray& at the place of 
the eye ; and it is evident from what has been said that its 
image thus formed will be inverted. In this^ case, in which 
the upper medium is rarer than that below it, the second image 
is elevated with regard to the first : the contrary would have 
been the case had the rarer medium been the lower. 

(396.) In the ordinary constitution of the atmosphere these 
phenomena are not exhibited. For, on account of the slow 
variation of density, the rays proceeding from the denser into 
the rarer medium would have an immense space to traverse in 
order to reach the eye situated in the same medium with 
the object : these rays, consequently, are extinguished in the 
atmosphere before they can reach the eye. When from any 
occasional cause, however, the change of density is very rapid, 
the appearances which we have been describing are plainly 
seen. It sometimes happens that the temperature of the sea is 
higher than that of the atmosphere, the former not cooling so 
rapidly as the latter, and therefore its temperature not being 
subject to the same sudden vicissitudes. When this is the case, 
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the superficial stratum of air becomes warmer, and therefore also 
rarer, than that immediately above it; and the density will in« 
crease rapidly up to a certain height, and then diminish gra- 
dually. Now if the eye of a spectator be situated in the 
stratum of greatest density, and be directed to an object in the 
same stratum, he will observe two images : one erect, by the 
rays which are transmitted directly through the uniform me- 
dium ; and the other inverted, by the rays which are, as it 
were, reflected upwards from the rarer medium. This second 
image will be depressed. 

This phenomenon is frequently observed off^the coast of Sicily, 
where it is attributed by the peasants to a supernatural agent, 
whom they call FcUa Morgana. The French call it mirage. 
It is known in this country by the name of looming; and 
has been often seen at Leith, near Edinburgh, and on the 
north coast of Ireland, in the neighbourhood of the Giant's 
Causeway. 

The same phenomenon, attended with some other remarkable 
appearances, is observed almost every day on the sandy plains 
of Lower Egypt; the dry soil of which becomes intensely 
heated by the midday sun, and thus rarefies the contiguous 
stratum of air much more than that above it. The plains at a 
distance become invisible, the light proceeding from objects 
situated there never reaching the eye. At the same time the 
Villages on the heights, which are above the rarefied air, are 
seen directly through air of nearly uniform density, together 
with inverted images below them reflected from the rarer 
medium. Thus the plains themselves appear like a vast sea; 
above which the villages are seen like islands, together with 
their images beneath them reflected as it were from the sur- 
face of the water. As the traveller advances, the nearer parts 
of the plain become visible by the light transmitted thence 
directly to the eye; and thus the inundation seems to recede 
as if in mockery of his thirst *. 



* An account of this phenomenon was given by Monge, who ac- 
companied Buonaparte in the Egyptian campaign. A mathe- 
matical explanation of its laws has been given by M. Biot in the 
Memoirs of the Institute for the year 1809. 
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Appearances similar to these may be produced artificially by 
heating a bar of metal, or a blackened stick, and looking along 
its edge at some distant object. The upper image, seen through 
a denser stratum of air, will be erect; while the lower, which 
is seen by light reflected from the rarer stratum, is inverted. 

When the density of the strata decreases rapidly from 
the surface upwards, as will sometimes be the case when the 
temperature of the air over the sea is f^uddenly raised by the 
heat of the sun, the effects will be the opposite to those we 
have been describing, the inverted image being in this case 
elevated. Sometimes the appearances become more compli- 
cated, and two extraordinary images are seen, one of which 
is erect and the other inverted. Occasionally, when the object is 
distant, the ordinary image disappears, and one or two ex- 
traordinary images are seen suspended in the air. Appear- 
ances of this kind have been observed by Professor Vince at 
Ramsgate, and described in a paper read before the Royal 
Society in the year 1798. Others of the same nature have 
been described by Captain Scoresby, as witnessed by himself 
in the arctic seas. This author mentions an instance in which 
he recognized his father'^s vessel, when actually some leagues 
beyond the limit of direct vision, by means of an inverted 
image in the air, which was so well defined that he could 
distinguish every sail. 

(397.) Before we leave the subject of atmospheric refrac- 
tions, it will be necessary to say a few words on the theory of 
the rainbow^ a phenomenon produced by the refraction of the 
sun'*s rays in the drops of fdling rain. The first satisfactory 
account of the rainbow is that given by Antonius de Dominis, 
archbishop of Spalatro, in his work De Radlis Visus et LticiSf 
published in the year 1611. This author shows in what 
manner the interior bow is formed by two refractions of the 
8un''s light in the drops of rain, and one internl^diate re- 
flexion ; and the exterior bow by two refractions, and two re- 
flexions. This explanation, which was afterwards adopted by 
Descartes, was confirmed by experiments made with glass 
globes filled with water, and placed in such a manner as to 
exhibit the colours of the two bows. Neither of these au- 
thors, however, being acquainted with the true nature of 

c c 
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colours^ the full development of the theory of the rainbow was 
reserved for Newton. 

(398.) When a pencil of solar rays is incident upon a 
spherical drop of water, and emergent after one reflexion within 
the drop, it is evident that the deviation of each ray of the 
pencil will depend upon its incidence ; being equal to 

*+ 20- 40'; 

6 and 0' denoting the angles of incidence and refraction re- 
spectively (223.). Consequently the angle formed by the 
incident and emergent ray, which is equal to the excess of two 
right angles above the angle of deviation, will be 

Now this angle increases with the incidence, and then dimi- 
nishes; and becomes a maodmum when the angle of deviation 
is least, that is (224.) when 



cos. 6 =: i/ " 



W'-. 



And since, from the nature of maxima and minima, the angle 
formed by the incident and emergent rays will then vary very 
little with the change of incidence, it is evident that the rays 
will emerge much more copiously at this inclination to the in- 
cident rays, than at any other ; and consequently will afiect the 
eye most strongly. Hence, to determine the angle which the 
emergent rays make with the incident, when refracted most 
copiously, we have only to find the value of 0, the angle of in- 
cidence, by the preceding formula ; and from that to determine 
6', the angle of refraction, by the equation 

sin. 6 = fAsin.ff; 

and finally, to substitute the values of 6 and ffy thus obtained, 
in the formula 46' — 20, the general expression of the angle 
required. 

It is evident that the value of this angle will depend upon 
the index of refraction, |x ; and therefore that it will be dif- 
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ftrent for each of the different species of homogeneous light of 
which the solar light is composed. Consequently the rays of 
the different colours will emerge most copiously at different 
angles, and therefore become visible to the eye in different 
directions. 

The values of the refractive index from air into water, for 
the red and violet rays respectively, are 

108 ^ 109 
and 



81 



81 



And these values being substituted for jx in the preceding equa- 
tions, by the aid of the trigonometrical tables we find the 
angles contained by the emergent red and violet rays with the 
incident, when most copiously refracted, to be respectively 

42°.2' and WAT. 

(399.) Now if o be the place of the eye of a spectator, sos' 
a line drawn through it in the direction of the sun's rays, and 
s'oF and s'oc equal to 42®.£' and 40^.17', respectively ; the red 




rays will be visible in the direction of, the violet in the di- 
rection oc, and the rays of intermediate refrangibility in inter- 
mediate positions. For, the line sos' being parallel to the 
direction of the incident rays, the angles contained by the in- 
cident and emergent rays are equal to the angles s'of, s'oc, 
contained by the emergent rays with this line ; and therefore 

c c2 
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equal to 42^.2' and 40^. 1 T respectively. Wherefore the red rays 
will emerge most copiously in the direction fo^ and the violet 
in the direction co. But further, if the lines of and oc revolve 
round the line os', which is called the aans of vision^ it is 
evident that all the drops in the conical surface, generated by 
the revolution of the line of, will transmit the red rays copiously 
to the eye ; those in the conical surface, generated by the revo- 
lution of oc, the violet J and those in the intermediate surfaces 
the intermediate rays, in the order of their refrangibility. To 
the eye, therefore, there will appear a succession of coloured 
arches, in the order of the colours of the spectrum ; the radii 
of the extremes of which, estimated by the angles which they 
subtend to the eye, are 4SP.S/ and 40**.17' respectively. This 
coloured band is called the primary bow. 

(400.) The deviation of a ray of light which is incident 
upon a spherical drop of water, and emergent after two re- 
flexions within the drop, is (223.) 

2ir + 2e-6a'; 

and the angle contained by the incident and emergent rays, 
which is the excess of this above two right angles, is 

* -f 2a - ^. 

Now this angle at first diminishes as the incidence increases, 
and afterwards increases ; and becomes a minimum when the 
angle of deviation is least, that is (224.) when 



^«- 1 
cos, '^ 



.>.Jt 



8 



And this equation, as is evident from what has been said above 
(398.) in the case of one reflexion, combined with the equation 

sin. d = /L sin. ff^ 

will determine 6 and 0', the angles of incidence and refraction, 
when the rays emerge most copiously. These angles being 
known, the angle contained by the incident and emergent rays 
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under the same circumstaDces, or «* + 29 — 66^, b determined. 
And it is evident that this angle will be different for each of the 
species of simple light ; and therefore that the rays of the se- 
veral colours will emerge most copiously at different angles. 

To determine these angles for the extreme red and violet 
rays, we have only to substitute the corresponding values of /e^, 
namely, ^ and '^, in the preceding equations; and by the 
aid of the trigonometrical tables we find the angles contained by 
the emergent red and violet rays with the incident, when re- 
fracted most copiously after two reflexions, to be 

50P.S7 and 6*>.7'. 

(401.) Now o bdng the place of the spectator'^s eye, and 
sos' the Une drawn through it in the direction of the incidc^nt 
rays, or the axis of vision, let the angles s'od, s'oh, be taken 
equal to 50^.57' and 54^.7', respectively. Then, these angles 




being equal to the angles contained by the incident and 
emergent rays, it is evident that the red rays will emerge after 
two reflexions most copiously in the direction od; and the 
violet in the direction oh. 

Again, if the lines od and oh be supposed to revolve round 
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the axis of vision, os', they will generate two conicid sdrfaces ; 
the drops in the former of which will transmit the red rays 
most copiously ; those in the latter the violet ; and those in the 
intermediate surfaces the intermediate rays, in . the order of 
their refrangibility* There will be seen therefore a succession 
of coloured arches, in the order of the colours of the spectrum, 
the radii of the extremes of which are B0P.5T and 54P.1\ re- 
spectively. This is called the secondary how* 

The order of the colours in the secondary bow is the re- 
verse of that in the primary ; the red rays bounding the latter 
externally, and the former internally. For, in the interior or 
primary bow, the angle which the emergent rays form with the 
axis of vision is w — angle of deviation ; in the secondary or 
exterior bow it is angle of deviation — it. Therefore the most 
refrangible rays, whose deviation is greatest, rti$ike the smallest 
angle with the axis of vision in the foriner case, amd in the 
latter the greatest. 

The secondary bow is much more faint than the primary, 
and is frequently invisible when the latter is distinctly seen. 
The reason of this is, that a portion of the light emerges from 
the drop at each reflexion, the reflexion being in no case total 
(S^3.) ; and consequently the pencil becomes weaker after each 
reflexion. 

Sometimes a tertiary bow is seen, formed by two refractions 
and three reflexions ; but, owing to the quantity of light lost 
at each reflexion, it is always extremely fiunt. The radii of its 
bounding arches are calculated from the formulae of (2^-4.), 
in the same manner as in the cases of the primary and se- 
condary bows. 

(402.) The altitude of any arc of the rainbow above the 
horizon is equal to the radius of that arc, diminished by the 
altitude of the sun ; the two angles being referred to the same 
point of the sun's disc. But as the highest red arc of the 
primary bow is produced by rays flowing from the lowest 
pmnt of the sun's disc, and the Ibwest violet arc by rays pro- 
ceeding from the highest, the altitude of the highest red arc of 
the primary bow will be 42^.2' — (a — 16^, and that of the 
lowest violet arc 40°. 17' — (a 4- 16') ; a denoting the altitude 
of the sun^^s centre, and 16^ being the apparent semi-diameter 
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of the sun. And the breadth of the b&w, which is the dif- 
ference of these altitudes, is 1°.45' + 32', or SP.IT. 

In like manner it appears that the altitude of the highest 
violet arc, in the secondary bow, is 64^7' — (a — 16^), and 
that of the lowest red arc 60o.5T — (a + 16'). And the 
breadth of the bow^ which is the dijSerence of these angles, is 
3M(y + S^, or 80.42/. 

The primary bow is invisible, when the altitude of the sun 
is equal to, or greater than, 4^^.18'; and the secondary^ when 
that altitude is equal to, or greater than, 54^.28'. When the 
sun is in the horizon, the altitude of either bow is greatest, 
and equal to the entire radius of the exterior arc *. 

(403.) In some cases a succes^on of coloured arches, of a 
reddish purple and green colour alternately, are seen within 
the primary rainbow, and immediately in contact with it* These 
are called avfemumera/ry rainbows. The first of these is a 
reddish purple arch immediately in contact with the violet of 
the primary bow ; next follows a green, then a purple, &c., 
diminishing in breadth and diameter like the coloured rings 
exhibited by thin plates. 

Dr. Langwith has described a phenomenon of this kind, 
in which the supernumerary bows were continued as far as 
four alternations. The writer of these pages observed these 
arches, continued with great distinctness to as many suc- 
cessions, during the late autumn (1830). Similar arches, but 
much fainter, have been observed by M. Dicquemarre withovi 



* The preceding results rest upon the supposition that the view 
is limited by a plane drawn parallel to the horizon through the 
place of the eye. When this is not the case^ or when there is as it 
were a dip, a greater part^ or even the whole of the conical sur&ces 
above mentioned^ may transmit the rays of their respective colours . 
to the eye. Such is the case when the phenomena of the bow are 
exhibited by the drops of dew in the grass. It is evident that the 
drops from which the rays are transmitted^ in this case> are situated 
in the section of the cone formed by the surface of the ground ; and 
that this section will be an ellipse^ parabola, or hyperbola^ according 
as the altitude of the suu is greater^ equal to> or less than the semi- 
angle of the cone. 
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the secondary bow. They have been explained by Dr. Young 
on the principle of the interference of the rays of light. 

(404.) In the high northern latitudes the sun and moon are 
frequently seen surrounded by halos, or coloured circles^ the 
diameters of which^ measured by the angles which they sub- 
tend to the eye, are about 46® and 90® respectively. The 
colours exhibited by these circles are similar to those of the 
rainbow, but less distinct ; and their external boundaries are 
very ill defined* The order of the colours is the same in 
both, the red being next the luminary. The same phenomenon 
is occasionally seen in our own latitude, especially in the colder 
months. These circles are sometimes accompanied by a horizon- 
tal circle passing through the sun ; as also by two inverted and 
concentric arches of circles, touching the halos at their highest 
points, and whose common centre is, like that of the circle last 
mentioned, in the zenith. The latter arches are generally 
highly coloured: the horizontal circle is white. They are 
usually attended by brighter spots, or parhelia^ at their points 
of intersection with the two circles first mentioned. Another 
bright spot, or anihelion^ is sometimes seen at the point of 
the horizontal circle diametrically opposite to the sun. An 
interesting combination of these appearances is described by 
the astronomer Hevelius *, who observed it at Dantzic in the 
year 1661. In this beautiful phenomenon, which lasted for 
more than an hour, six mock suns were seen, some white and 
some coloured ; and were attended with long and waving tails, 
which pointed from the true sun. 

(405.) The phenomena of halos have been explained by 
Huyghens by the refraction of the globular particles of hail, 
a portion of the central parts of which he supposes to be formed 
of snow and opaque ; and, by assigning certain magnitudes to 
these opaque nuclei, he has derived from theory the two circles 
above mentioned. 

The most probable account of these phenomena, however, 
is that long since given by Mariotte, and of late revived by 



* Mercurius in Sole visus. Appendix, page 1 74, 
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Dr. Young. It is now well established that water has a 
natural tendency to crystallize at an angle of 60^ ; and that 
the common form of the crystal of ice is the triangular or the 
hexagonal prism of equal sides. Now Mariotte has calcu- 
lated, on principles analogous to those by which the rainbow 
is explained, that prisms of ice suspended in the atmosphere, 
whose refracting angles are 60^^, will produce a halo about 
the sun whose diameter is 45^4(y ; which agrees very nearly 
with the dimensions obtained by the most accurate observa- 
tions. The external halo may be explained, according to 
Dr, Young, by two successive refractions of the light through 
two prisms of the same refracting angle; by which means 
the deviation will be doubled, and a halo of 90^ produced. 
Or, as Mr. Cavendish has suggested, this halo is more pro- 
bably the effect of refraction through the rectangular termina- 
tions of the crystals ; prisms of ice whose refracting angle is 
90® producing a halo of 90^.28', the refractive index of ice 
being 1.31. Or, lastly, this halo may be produced by refrac- 
tion through the Jaces of four-sided equilateral prisms of ice; 
such prisms having been actually found. 

The same explanation has been given also by M. Fraun- 
hofer. According to this author, the diameters of the two 
principal halos, as derived from theory, are 4SM2' and 90*^ 
respectively, the refractive index of ice being 1.32. These 
he calls hahs of the greater class. The coro7ice, or coloured 
rings, which are sometimes seen round the sun and moon, 
and are contiguous to one another and to the luminous 
body, are explained by the same author by the irtflexion of 
the rays of light round the vesicles of vapour which float in 
the atmosphere ; and he has calculated the diameter of these 
vesicles which will produce the rings observed. These rings 
are called by M. Fraunhofer halos of the lesser class. 

The foregoing theory is well illustrated by an experiment 
adduced for that purpose by Dr. Brewster. If a few drops 
of a saturated solution of alum be spread upon a plate of 
glass, on evaporation it will crystallize, and a crust will be 
formed on the glass consisting of minute octohedral crystals. 
Now if the glass be held between the eye and the sun, or 
any other luminous object, three halos will be seen encircling 
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Cryolite 

Vinegar .... 

Port wine 

Human blood 

Albumen (extreme red) 

White of hen's egg 

Brandy and rum 

Alcohol 

Ether .... 

Crystalline of human eye (mean index) 

Muriatic acid (s. g. = 1.134) 

Ditto (highly concentrated) 

Nitric add (s. o. = 1.48) 

Sulphuric acid 

Fluor spar 

Alum (a.Q. — 1.714) 

Borax (s. g. = 1.714) 

Spermaceti oil 

Oil of olives 

Naphtha 

Oil of turpentine (s. g. = 0.885) 

Carbonate of potash 

Linseed oil (s. g. — 0.93S) 

Train oil . . 

Obsidian 

Oil of castor 

Sulphate of iron (greatest refraction) 

Honey .... 

Rochelle salt 

Camphor (s. g. = 0.996) 

Stilbite . . . . 

Sulphate of potash 

Gum arable 

Needlestone from Faroe 

Mesotype (least refraction) 

— — (greatest) 

Sulphate of zinc 

Tartaric acid (least refraction) 

Iceland spar (least refraction) 



1.346 
1.347 
1.351 
1.354 
1.860 
1.360 
1.360 
1.872 
1.874 
1.384 
1.892 
1.410 
1.410 
1.435 
1.436 
1.458 
1.467 
1.470 
1.470 
1.475 
1.478 
1.482 
1.482 
1.488 
1.488 
1.490 
1.494 
1.495 
1.498 
1.500 
1.508 
1.509 
1.512 
1.515 
1.516 
1.522 
1.517 
1.518 
1.519 
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Iceland spar (greatest) 


1.665 


Myrrh . . . ■ 


1.5S0 


Glas.ofbora»l,»lex2 


1.6IB 


Leucite ..... 


1.527 


Bdsam of Gilead . 


1.629 


Sulphate of copper (least refraction) 


1.681 


(greatest) 


I.66S 


Ghiss of borax .... 


1.532 


Manna 


1.633 


Caoutdiouc .... 


1.531 


Pialeghus . . . 1.6a 


S to 1.542 




1.535 


(ordinary) 


1.698 


Selenite (greatest refraction) 


ijsas 


Pekpar .... 


1.686 


Canada balsam 


1.540 


Carbonate of barytes (least refraction) 


1.640 


Apopbyllite .... 


1.548 


Carbonate of strontia (least refraction) 


1.543 


(greatest) 


1.700 


Dichroite .... 


1.644 


Petroleum 


1.544 


fiockEalt(s. G. = S.143) 


1.546 


Turpentine .... 


1.645 


Oil of tobacco .... 


1.547 


Mellite .... 


1.547 


Crown glass • • ■ 1.S3 


1 to 1.663 


Quartz (ordinary index) 


1.548 


(extraordinary) 


1.568 


Copal .... 


1.549 


Kesin 


1.553 


Chalcedony .... 


1.553 


Amber (s. o. = 1.01) 


1.556 


Horn .... 


1.666 


Pink-coloured glass 


1.670 


Anhydrite (ordinary index) 


■ 1.677 




1.622 


Bottle-glass 


1.582 


Emerald .... 


1.685 



PIteh 


1.SS8 


Tortoise-sheU ' . 


1.691 


B»yl . • . • 


1.698 


Baby-red gl«» .... 


i.eoi 


Meionite 


1;606 


Purple-coloured glass 


1.608 


Flint-glass • • 1.67 


6 to 1.648 


Colourless topaz 


1.610 


Green-eoloiired glass 


1.616 


OU of cassia 


1.632 


Bnzilian topaz (ordinary index) 


1.6SS 


(extraordinary) 


1.610 


Blue topaz .... 


1.636 


Yellow topaz .... 


1.638 


Euclase (ordinary index) 


1.643 


(extraordinary) • 


1.663 


Sulphate of strontia 


1.644 


Sulphate of barytas (ordinary refraction) 


1.646 


Hyacinth-red glass 


1.647 


Red topaz .... 


1.668 


Mother pearl 


1.663 




1.661 


(greatest) 


1.703 


Tourmaline 


1.668 


Chrysolite (least refraction) 


1.668 


(greatest) 


1.685 


Orange-coloured glass 


1.696 


Boracite 


1.701 


Ghu»(leadl,flint2) 


1.724 


Deep red glass 


1.729 


Nitrate of silver (least refraction) 


1.729 


_ (greatest) 


1.788 


Glass (lead 3, flint!) 


1.732 


Axinite .... 


1.736 


Nitrate of lead 


1.758 


Spinelle .... 


1.758 


Cinnamon stone 


1.759 


Chrvsoberyl 


1.760 


Bubellite .... 


1.773 
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Ruby ...... 


1.779 


Jargon . . . . 


1.782 


Glass (lead 1, flint 1) • 


1.787 


Pyrope 


1.792 


Sapphire (blue) . . . . 


1.794 


Labrador hornblende . . . . 


1.800 


Arsenic (extreme red) 


1.811 


Carbonate of lead (least refraction) 


1.81S 
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Sulphate of lead . . . , 


1.925 


Zircon (least refraction) 


1.961 




SMR 




iS)»\I LiJ 


Calomel . • • • 


1.970 


Tungstate of lime (least refraction) 


1.970 


(greatest) 


2.129 


Glass (lead 2, flint 1) • • • • 


1.987 


(lead 3, flint 1) • • . 


2.028 


Sulphur (native) • . . . 


2.115 


(melted) 


2.148 


Silicate of lead (extreme red) 


2.123 


Phosphorus • • • •2,12, 


5 to 2.260 


Glass of antimony ... 


2.216 


Plumbago (extreme red) • • 2.04i 


to 2.440 


Nitrite of lead (ordinary refraction) 


2.322 


Octohedrite .... 


2.500 


Chromate of lead (least refraction) 


2.500 




2.950 




Realgar 


2.549 


Read ore of silver 


2.564 


Diamond .... 2.43' 


9 to 2.755 


Mercury (probable) 


5.829 



TABLE OF DISFER8IVE POWEKS *. 



Cbromate of lead (greatest refracdon) estimated 

_ e- --•- 

Cbromate of lead (least refraction) 
Realgar (metted) 

(different kind) 

Oil of cassia 

Sulphur (aiter fusion) 

Pliosphorus 

Carbonate of lead (g;reatest refraction) 

— (least) 

Green glass 

Sulphate of lead 

Deep red glass 

Resin 

Orange- coloured glass 

Rock salt 

Caoutchouc 

Flint-glass 

Deep purple glass 

Flint-glass (another kind) • 

Chio tnrpentiae 

Flint-glass (another speinmen) 



"f 

p-1- 


t^ 


)ted 0.400 


0.770 


<i! 0.296 


0.570 


. 0.262 


0.388 


0.267 


0.301 


0.256 


0.371 


0.130 


080 


0.130 


0.119 


0.128 


0.156 


0.091 


0.091 


. 0.066 


0.056 


0.061 


0.037 


0060 


0.056 


. 0.060 


O.OM 


• 0.057 


0.032 


0.053 


0.012 


0.053 


0.029 


0.052 


0.028 


. 0.052 


0.032 


. 0.051 


0.031 


■ 0.018 


0.029 


• 0.018 


0.028 


. 0.018 


0.028 



* This table is taken from that given by Dr. Brewster from the 
results of his own obBervationa. The first column contiiins the names 
of the media ; the third the values of iji, or the dilFerence of the re- 
fractive indices of the extreme red and violet raysjand the second the 

values of — —, or of the dispersive index. 
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Carbonate of strontia (greatest refraction) 


- 0.046 


0.032 


Nitric acid 


. 0.045 


0.019 


Tortoise shell 


. 0.045 


0.027 


Horn • • . . 


0.045 


0.025 


Canada balsam i 


' 0.045 


0.024 


Nitrous acid 


. 0.044 


0.018 


Pink-coloured glass 


. 0.044 


0.025 


Jargon (greatest refittction) 


. 0.044 


0.045 


Muriatic acid 


• 0.043 


0.016 


Gum copal • • . . 


0.043 


0.024 


Burgundy pitch 


► 0.043 


0.024 


Oil of turpentine 


• 0.042 


0.020 


Felspar . . . . 


0.042 


0.022 


Amber .... 


• 0.041 


0.023 


Stilbite 


• 0.041 


0.021 


Spinelle ruby- 


• 0.040 


0.031 


Calcareous spar (greatest refraction) 


0.040 


0.027 


Bottle glass 


. 0.040 


0.023 


Sulphate of iron 


0.039 


0.019 


Diamond 


0.038 


0.056 


Olive oil • 


• 0.038 


0.018 


White of an egg 


• 0.037 


0.013 


Gum myrrh 


• 0.037 


0.020 


Beryl . . . . . 


• 0.037 


0.022 


Obsidian . . . , 


0.037 


0.018 


Ether . . . , 


• 0.037 


0.012 


Selenite ... 


0.037 


0.020 


Alum . . . . , 


0.036 


0.017 


Oil of castor 


. 0.036 


0.018 


Sulphate of copper 


. 0.036 


0.019 


Crown glass (very green) 


0.036 


0.020 


Gum arable . . . . 


0.036 


0.018 


Water 


. 0,035 


0.012 


Aqueous humour of haddock's eye 


0.035 


0.012 


Vitreous humour of same 


0.035 


0.012 


Rubellite 


. 0.035 


0.027 


Leucite . . . . 


0.035 


0.018 


Epidote 


. 0.035 


0.024 


Garnet 


. 0.033 

D D 


0.027 



Pyrope . , . 

Chrysolite . 

Crown g-law 

Plate glass 

Sulphuric acid 

Tartaric add 

Borax 

Axinite 

Alcohol 

Sulphate of barytas 

Tourmaline 

Carbonate of strontia (least refractioti) 

Rock crystal 

Emerald 

CalcareoDB spar (least refifaction) 

Sapphire (blue) 

Chrysoberyl 

Topaz (bluish, Cairngorm). 

(blue, Aberdeenshire) 

Sulphate of strontia . ' ' 

Fluor spar 

Cryolite 



OjO&B 0.0d6 

0.033 0.02a 

0.033 OStlS 

0.032 0.01T 

0.081 0.011 

0.030 0.016 

0.030 0.014 

0.030 o.oaa 

0.029 0.011 

0.039 0.019 

0.028 0.019 

0.087 0.015 

0.026 0.014 

0.026 0.015 

0.026 0.016 

0.026 0.081 

0.026 0.019 

0.025 0.016 

0.024 0.025 

0.024 0.015 

0.022 0.010 

0.022 0.007 



LONDON: 

PRINVED BT lUOUAB SAVlgOV, WBITEFIIAKS. 



